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a b s t r a c t

A conjecture of Matsuda, Ozeki, and Yamashita posits that, for any positive integer k, a
connected claw-free n-vertex graph G must contain either a spanning tree with at most
k branch vertices or an independent set of 2k + 3 vertices whose degrees add up to at
most n − 3. In other words, G has this spanning tree whenever σ2k+3(G) ≥ n − 2. We
prove this conjecture.

© 2019 Published by Elsevier B.V.

1. Introduction

In a tree, vertices of degree one and vertices of degree at least three are called leaves and branch vertices, respectively. A
hamiltonian path can be regarded as a spanning tree with maximum degree at most two, a spanning tree with at most two
leaves, or a spanning tree with no branch vertex. A natural extension of the hamiltonian path problem is, therefore, to look
for conditions that guarantee the existence of a spanning tree that is ‘‘almost" a hamiltonian path in each of these ways.
Many researchers have investigated independence number conditions and degree sum conditions for the existence of
spanning trees with low maximum degree [3,9,12,15]; few leaves [1,8,14,16]; and few branch vertices [2,4–7,10]. Several
of these results are discussed in more detail in a 2011 survey of spanning trees [13].

We denote by σm(G) the smallest possible sum of degrees of an independent set of m vertices in G. If there is no
such independent set, we say σm(G) = ∞. We also denote by G[V ] = G[v1, v2, . . . , vt ] the subgraph induced by
V = {v1, v2, . . . , vt}. A paper of Matsuda, Ozeki, and Yamashita [10] conjectures a condition on connected claw-free
graphs which ensures the existence of a spanning tree with at most k branch vertices. As they mention, it is best possible.

Conjecture 1 ([10]). Let k be a non-negative integer and let G be a connected claw-free graph of order n. If σ2k+3 ≥ n − 2,
then G has a spanning tree with at most k branch vertices.

The k = 0 case, as the authors point out, follows from a theorem of Matthews and Sumner [11]. The authors prove
the k = 1 case in the same paper [10], and the k = 2 case has since been shown in [7]. In this paper, we prove the entire
conjecture, but must first give some definitions and notation. Throughout this paper, uv denotes the edge between any
two vertices u and v.

Definition 1. Let B = B(T ) denote the set of branch vertices of a tree T , and let L(T ) denote the set of leaves. Let Bn(T )
denote the set of branch vertices of T with degree exactly n, and let B≤n(T )

(
B≥n(T )

)
denote the set of branch vertices

of T with degree at most (at least) n. Any two vertices of T , say u and v, are joined by a unique path, denoted uTv, and
we denote d(u, v) = |E(uTv)|. Now if e ∈ E(T ), then eTv denotes the unique shortest path containing v and one of the
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Fig. 1. An example of a tree T . Its internal subtree, in this case, is the path b1Tb2 .

Fig. 2. A path between vertices u and v within some tree T , as described in Definition 1, showing g(e, v) as described in Definition 2. If T is a
spanning tree of some graph G, note that v is an oblique neighbor of e with respect to T if and only if vg(e, v) ∈ E(G).

vertices incident to e, but not the edge e itself. We also denote {uv} := V (uTv) ∩ NT (u) and ev as the vertex incident to
e in the direction toward v. If ev ̸= v, then we denote {evv} := V (evTv) ∩ NT (ev), similar to the uv notation. (See Fig. 2.)
Lastly, we call the set ST =

⋃
u,v∈B

uTv the internal subtree of T . (See Fig. 1.)

Definition 2. Let T be a spanning tree of a graph G and let v ∈ V (G) and e ∈ E(T ). Denote g(e, v) as the vertex incident
to e farthest away from v in T . We say v is an oblique neighbor of e with respect to T if vg(e, v) ∈ E(G).

Note that both vertices incident to a given edge of T are among its oblique neighbors.

Definition 3. Let T be a spanning tree of a graph. Two vertices are pseudoadjacent with respect to T if there is some
e ∈ E(T ) which has them both as oblique neighbors. Similarly, a vertex set is pseudoindependent with respect to T if no
two vertices in the set are pseudoadjacent with respect to T .

Note that pseudoadjacency (with respect to any tree) is a weaker condition than adjacency, while pseudoindependence
is a stronger condition than independence.

Theorem 1. Let G be a connected, claw-free graph on n vertices, and let k be a non-negative integer. If σ2k+3(G) ≥ n−2, then
G has a spanning tree with at most k branch vertices.

Proof. Suppose some G, as described in the theorem, has no spanning tree with at most k branch vertices. As the theorem
is proved for k < 3, we may assume k ≥ 3. Choose some spanning tree T of G such that:

(T1) |B(T )| is as small as possible.
(T2) We select trees with at least one degree 3 vertex over those with none, subject to (T1).
(T3) If (T2) allows no trees with a degree 3 vertex, |L(T )| is as small as possible.
(T4) If (T2) allows a tree with at least one degree 3 vertex, the vertices with more than 4 neighbors have the smallest

possible total number of neighbors in excess of 4. That is,∑
v∈B≥5(T )

(degT (v) − 4)

is as small as possible.

Note that T must have at least four branch vertices.
We begin by showing that T must have at least one vertex of degree 3. Suppose T has no vertices of degree 3. The

number of leaves in T is therefore:

|L(T )| = 2 +

∑
b∈B(T )

(degT (b) − 2) ≥ 2 +

∑
b∈B(T )

(2) ≥ 2 + (k + 1)(2) = 2k + 4.

We will first establish that L(T ) is independent, and then that it is pseudoindependent with respect to T .
Suppose two leaves s and t are adjacent in G. Then s has some nearest branch vertex b, so T ′

:= T − {bbs} + {st} has
fewer leaves than T , violating either (T2) or (T3) depending on degT (b). Therefore L(T ) must be independent in G.



R.J. Gould and W. Shull / Discrete Mathematics 343 (2020) 111581 3

Suppose two leaves s and t are pseudoadjacent with respect to T . Then there is some edge e ∈ E(T ) such that
sg(e, s), tg(e, t) ∈ E(G). Consider two cases.

Case 1: Suppose g(e, s) = g(e, t). Define a := g(e, s) = g(e, t), so V (sTt) ∩ V (sTa) ∩ V (tTa) =: {w} ̸⊆ {s, t, a}. Since
G[a, ew, s, t] is not a claw, either sew ∈ E(G) or tew ∈ E(G) (we know st ̸∈ E(G) since L(T ) is independent). We may assume
the first by symmetry, so T ′

:= T −{e, wws}+{sew, ta} violates either (T2) or (T3) since two leaves are lost (s and t) while
at most one is gained (ws). This argument works even if ws = s, in which case the leaf t is lost and no leaves are gained.

Case 2: Suppose g(e, s) ̸= g(e, t). Then es = g(e, t) and et = g(e, s), so set , tes ∈ E(G). This implies that es, et ∈ V (sTt).
Choose an arbitrary branch vertex b ∈ V (sTt); assume b ∈ V (eTt) by symmetry. Then T ′

:= T −{e, bbt}+ {set , tes} violates
either (T2) or (T3) since two leaves are lost (s and t) while at most one is gained (bt ).

Therefore L(T ) is pseudoindependent with respect to T , so no edge of T has more than one leaf of T as an oblique
neighbor. We next find two edges of T that have no leaves of T as oblique neighbors. Since T has at least four branch
vertices, we know ST ̸= ∅ and ST ̸= K1. Choose a leaf of ST (note that it is a branch vertex of T ) and call it b. As T has no
vertices of degree exactly 3, then degT (b) ≥ 4 and |NT (b) ∩ ST | = 1, so |NT (b) \ ST | ≥ 3. Choose three of these vertices and
call them u, v, w. Since G[b, u, v, w] is not a claw, {u, v, w} cannot be independent in G. By symmetry, assume uv ∈ E(G).
We will show that bu and bv have no leaves as oblique neighbors.

Since u ̸∈ ST , there is some z ∈ L(T ) such that u = bz . If some leaf l ̸= z is an oblique neighbor of bu, then lu ∈ E(G),
so T ′

:= T − {bu} + {lu} violates (T2) if degT (b) = 4, or (T3) otherwise. If z is an oblique neighbor of bu, then bz ∈ E(G),
so T ′

:= T − {bu, bv} + {bz, uv} similarly violates either (T2) or (T3). Note that this works even if z = u. Therefore bu has
no leaves as oblique neighbors, and by the same argument, neither does bv.

For any v, x ∈ V (G), we have vx ∈ E(G) if and only if v is an oblique neighbor of xxv . Therefore the number of edges with
v as an oblique neighbor equals the degree of v. Since no edge has more than one leaf as an oblique neighbor, and two of
them have no leaves as oblique neighbors, the degrees of the leaves can add up to at most |E(T )|−2 = (n−1)−2 = n−3,
contradicting the assumption of the theorem.

Therefore T must have at least one vertex of degree 3, so we can choose a root r ∈ B3(T ), denoting NT (r) =: {r1, r2, r3}.
Since no claw can be centered at r , we may assume by symmetry that r1r2 ∈ E(G). We denote the branch vertex or leaf
closest to any e ∈ E(T ) in the direction away from the root as x = x(e). For each i ∈ [3], define xi := x(rri). We will need
one more definition.

Definition 4. For any rooted spanning tree T with root r ∈ B3(T ), denoted (T , r), each branch vertex x ∈ B(T ) \ {r}
has a distance–degree pair (d(x, r), degT (x)). We define a pair sequence on the entire set B(T ) \ {r}, which contains the
distance–degree pairs of all vertices of B(T )\{r} in lexicographically increasing order (shortest distance first, and smallest
degree first given equal distance).

Since such an r must exist, choose (T , r) such that:

(T5) The sequence of distance–degree pairs of B(T )\{r}, as defined above, is lexicographically as small as possible, subject
to (T4). That is, given a tree TA with its root rA and a tree TB with its root rB, we select (TA, rA) over (TB, rB) if and only
if the earliest entry that differs in their pair sequences is ‘‘smaller" (lexicographically, as described in Definition 4)
for (TA, rA) than it is for (TB, rB). (See Fig. 3.)

Before completing the proof of Conjecture 1, we introduce several useful lemmas.

Lemma 1. If a is a child of b ∈ B(T ) \ {r}, then a is adjacent in G to some c ∈ NT (b) \ {a}.

Proof. Suppose there is no such c. To avoid claws centered at b, NT (b) \ {a} must be a clique in G, so T ′
:= T − {bd : d ∈

NT (b) \ {a, br}} + {brd : d ∈ NT (b) \ {a, br}} violates (T1) if br ∈ B(T ), or (T5) otherwise since d(br , r) < d(b, r). □

Lemma 2. Let a, x, and y be three distinct vertices of G. If degT (x) = 3, degT (y) ∈ {1, 3}, a ∈ V (rTx), and x ∈ V (rTy), then
ya ̸∈ E(G).

Proof. If ya ∈ E(G), then T ′
:= T −{xxy}+{ya} violates (T1) if a ∈ B(T ) or xy ∈ B3(T ), or (T5) otherwise, due to the shorter

distance from r to a than there was from r to x. □

Lemma 3. Let a and x be two distinct vertices of G. If degT (x) = 3, a ∈ V (rTx), and y is a child of x, then ya ̸∈ E(G).

Proof. Given these conditions, if ya ∈ E(G), then T ′
:= T − {xy} + {ya} violates (T1) if a ∈ B(T ), or (T5) otherwise, due to

the shorter distance from r to a than there was from r to x. □

Corollary 1. If x ∈ B3(T ) \ {r}, then the two children of x are adjacent in G.

Proof. By Lemma 3, neither child of x is adjacent to xr . Since no claw can be centered at x, this requires that the two
children are adjacent. □
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Fig. 3. An example of a rooted spanning tree (T , r) of a connected claw-free graph G with pair sequence ((3, 4), (4, 3), (4, 5), (5, 4), (7, 6)). Since
G[r, r1, r2, r3] cannot be a claw, we assume by symmetry that r1r2 ∈ E(G) (shown as a squiggly line segment). Note that

∑
v∈B≥5(T )

(degT (v) − 4) = 3.

Define X := L(T ) ∪ B3(T ) \ {r}. We will now show that |X | ≥ 2k + 3. Define m := |B3(T )|, so |B≥4(T )| ≥ k + 1 − m.
Therefore:

|L(T )| = 2 +

∑
b∈B(T )

(degT (b) − 2) ≥ 2 + m + 2(k + 1 − m)

= 2 + m + 2k + 2 − 2m
= 2k + 4 − m

hence:

|X | = |L(T )| + |B3(T ) \ {r}| ≥ (2k + 4 − m) + (m − 1) = 2k + 3.

We next show that X is independent. Let u, v ∈ X and assume uv ∈ E(G). Now if r ∈ V (uTv), then T ′
:= T −{rru}+{uv}

violates (T1). If u ∈ V (rTv) (or, symmetrically, v ∈ V (rTu)), then u ∈ B3(T ), so define {u∗
} := NT (u) \ {ur , uv}. Now

Corollary 1 gives that uvu∗
∈ E(G), so T ′

:= T − {uuv, uu∗
} + {uv, uvu∗

} violates (T1). (This works even if uv = v, in
which case the edge uv is deleted and added back, so T ′ simplifies to T −{uu∗

}+{uvu∗
}.) The remaining possibility is that

V (rTu)∩V (rTv)∩V (uTv) =: {w} ̸⊆ {r, u, v}. Now consider T ′
:= T −{wwu}+ {uv}. If w ∈ B3(T ) (or u ̸= wu ∈ B3(T )), then

T ′ violates (T1) since w (or wu) is no longer a branch vertex. If w ∈ B≥5(T ), then T ′ violates (T4) since w decreases the sum
total but neither u nor v increases it (their degrees were originally at most 3 and are now at most 4). The remaining case
is that w ∈ B4(T ), in which case T ′ violates (T5) since w, which is closer to r than either u or v, has its distance–degree
pair decreased.

Having established X as an adequately large independent set, it remains to show that X is pseudoindependent with
respect to T , and then find two edges of T with no oblique neighbors in X , as we did for the case B3(T ) = ∅. To that end,
here are several more lemmas.

Lemma 4. If y, z ∈ X are both oblique neighbors of e ∈ E(T ), then er = ey = ez .

Proof. If this is not the case, then either ex = ey = ez (where x = x(e) as described just before Definition 4), or
{ey, ez} = {er , ex}. Consider both these cases.

Case 1: Suppose ex = ey = ez . Lemma 2 ensures that y ̸∈ V (xTz) and z ̸∈ V (xTy). We can therefore define
V (xTy) ∩ V (xTz) ∩ V (yTz) =: {w} ̸⊆ {y, z} (it is possible that w = x), and so degT (w) ≥ 4 by Lemma 2. If w ∈ B4(T ),
then T ′

:= T − {wwy, wwz} + {yer , zer} violates (T1) if er is a branch vertex, or (T5) if not. Otherwise w ∈ B≥5(T ), and
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then we note that G[er , ex, y, z] is not a claw, so either yex ∈ E(G) or zex ∈ E(G). We may assume the first by symmetry,
so T ′

:= T − {e, wwy} + {yex, zer} violates (T4) via w.
Case 2: Suppose ey = er but ez = ex (or vice versa, by symmetry). Depending on the location of y, we may have

r ∈ V (yTx), or y ∈ V (rTx), or neither. If r ∈ V (yTx), then T ′
:= T − {e, rrx} + {yex, zer} violates (T1) via r . If y ∈ V (rTer ), we

can define {y∗
} := NT (y) \ {yr , yx}; we then have from Corollary 1 that yxy∗

∈ E(G), implying that T ′
:= T − {e, yyx, yy∗

} +

{yex, zer , yxy∗
} violates (T1) via y. If neither inclusion is true, we may denote V (rTx)∩V (rTy)∩V (xTy) =: {w} ̸⊆ {r, y}. We

then have T ′
:= T − {e, wwy} + {yex, zer}. This T ′ violates (T1) if w ∈ B3(T ), or (T4) if w ∈ B≥5(T ), or (T5) if w ∈ B4(T ). □

Lemma 5. If y, z ∈ X are both oblique neighbors of some e ∈ E(T ), then neither y nor z is separated from e by r.

Proof. Suppose at least one of y and z is separated from e by r . If they both are, then to avoid a claw centered at ex, we
must have either yer ∈ E(G) or zer ∈ E(G). We may assume the first by symmetry, and therefore T ′

:= T−{e, rrx}+{yer , zex}
violates (T1) via r . Therefore only one of them is separated from x by r (say r ∈ V (xTz) \ V (xTy)), and we note that ex ̸= x
(otherwise T ′

:= T − {rrx} + {zx} violates (T1)), so exx exists. Now either y ∈ V (rTx) or y ̸∈ V (rTx), so consider both cases.
Case 1: Suppose y ∈ V (rTx). We can define {y∗

} := NT (y) \ {yr , yx}, so Corollary 1 requires that yxy∗
∈ E(G). Thus

T ′
:= T − {yyx, yy∗, rrz} + {yex, zex, yxy∗

} violates (T1) since at least two branch vertices are lost (r and y) while only one
is gained (ex).

Case 2: Suppose y ̸∈ V (rTx). We can then define V (rTx)∩V (rTy)∩V (xTy) =: {w} ̸⊆ {r, y}. We can assume G[ex, exx, y, z]
is not a claw, so either yexx ∈ E(G) or zexx ∈ E(G). If yexx ∈ E(G), then T ′

:= T − {exexx, rrz} + {yexx, zex} violates (T1) via r .
Otherwise zexx ∈ E(G), and either z ∈ L(T ) or z ∈ B3(T ). If z ∈ B3(T ), then T ′

:= T − {exexx, rrz} + {zex, zexx} violates (T1)
via r . Otherwise z ∈ L(T ) and then T ′

:= T − {exexx, wwy} + {yex, zexx} violates either (T1) if w ∈ B3(T ) (or wy ∈ B3(T )), or
(T4) if w ∈ B≥5(T ), or (T5) if w ∈ B4(T ). □

We now reach the heart of the argument that X is pseudoindependent with respect to T . Suppose some y, z ∈ X are
pseudoadjacent with respect to T , so they are both oblique neighbors of some e ∈ E(T ). As before, we denote x = x(e).
Now either both y and z are on the path rTx (and must be closer to the root than e on this path, as we established with
Lemma 4), or exactly one of them is, or neither of them is, so consider all three cases.

Case A: Suppose y, z ∈ V (rTx). Then y, z ∈ B3(T ). By symmetry, we may assume y ∈ V (rTz). Define {y∗
} := NT (y)\{yr , yx}

and {z∗
} := NT (z) \ {zr , zx}, so Corollary 1 requires that yxy∗, zxz∗

∈ E(G). Now T ′
:= T − {yyx, yy∗, zzx, zz∗

} +

{yex, zex, yxy∗, zxz∗
} violates (T1) since two branch vertices are lost (y and z) while at most one is gained (ex). (See Fig. 4.)

Case B: Suppose y ∈ V (rTx) but z ̸∈ V (rTx). Define {y∗
} := NT (y) \ {yr , yx}, so Corollary 1 requires that yxy∗

∈ E(G).
If ex = x, then T ′

:= T − {yyx, yy∗
} + {xy, yxy∗

} violates (T1), so we may assume exx exists. In general, while it is
possible that exx = x, this will not be a problem since degT (exx) = degT ′ (exx) in the upcoming subcases. We define
V (rTx)∩ V (rTz)∩ V (xTz) =: {w}. Now Lemma 5 ensures that w ̸= r , and our starting assumption ensures that w ̸= z. We
know that w, y ∈ V (rTx), but we do not know which is closer to r , or indeed if they are the same, so consider three cases:

Subcase B1: Suppose w ∈ V (rTyr ), and consider T ′
:= T − {wwx, yyx, yy∗

} + {yex, zex, yxy∗
}. Now T ′ violates (T1) if

w ∈ B3(T ), or (T4) if w ∈ B≥5(T ), or (T5) if w ∈ B4(T ), since at least one branch vertex is lost (y) while exactly one is
gained (ex).

Subcase B2: Suppose w = y, and note that y∗
= yz . Since G[ex, exx, y, z] is not a claw, either yexx ∈ E(G) or zexx ∈ E(G).

If zexx ∈ E(G), then T ′
:= T − {exexx, yyx, yyz} + {yex, zexx, yxyz} violates (T1) via y. Otherwise yexx ∈ E(G), so since

G[y, yr , yx, exx] is not a claw, either yrexx ∈ E(G) or yxexx ∈ E(G) (recall that Lemma 3 implies yryx ̸∈ E(G)). If yxexx ∈ E(G),
then T ′

:= T − {exexx, yyx} + {yxexx, zex} violates (T1) via y. (Note that this works even if e = yyx.) Otherwise yrexx ∈ E(G),
and then T ′

:= T − {exexx, yyz} + {yrexx, zex} violates (T1) if yr ∈ B(T ), or (T5) otherwise.
Subcase B3: Suppose w ∈ V (yxTx) (note that w is above e on this path by Lemma 4). Since G[ex, exx, y, z] is not a claw,

either yexx ∈ E(G) or zexx ∈ E(G). If zexx ∈ E(G), then T ′
:= T − {exexx, yyx, yy∗

} + {yex, zexx, yxy∗
} violates (T1) via y.

Otherwise yexx ∈ E(G), and then we consider degT (w). If w ∈ B≥5(T ), then T ′
= T − {exexx, wwz} + {yexx, zex} violates (T1)

if wz ∈ B3(T ) and otherwise (T4) via w. Otherwise w ∈ B≤4(T ), so Lemma 1 requires that wz must have some neighbor in G
among the remaining vertices of NT (w). If this neighbor is wr , then T ′

:= T −{exexx, wwr , wwz}+{yexx, zex, wrwz} violates
(T1) via w. If, instead, this neighbor is wx, then T ′

:= T−{exexx, wwx, wwz}+{yex, yexx, wxwz} violates (T1) via w. (Note that
this works even if e = wwx.) If this neighbor is neither wr nor wx, then it must be w∗, where NT (w) =: {wr , wx, wz, w

∗
},

and then T ′
:= T − {exexx, wwz, ww∗

} + {yexx, zex, wzw
∗
} violates (T1) via w.

Case C: Suppose y, z ̸∈ V (rTx). Recall that r ̸∈ V (xTy)∪V (xTz) by Lemma 5. Define {w} := V (rTx)∩V (rTy)∩V (xTy) and
{u} := V (rTx)∩V (rTz)∩V (xTz), so {u, w}∩{r, y, z} = ∅. Suppose u = w. Then the locations of y and z relative to each other
have a few possibilities (y ∈ V (uTz), or z ∈ V (uTy), or neither), but the following argument will work the same for all of
them. Since G[ex, er , y, z] is not a claw, either yer ∈ E(G) or zer ∈ E(G). We may assume the first by symmetry, so as long
as e ̸= wwx, we have T ′

:= T − {e, wwx} + {yer , zex} violates either (T1), (T4), or (T5), depending on degT (w). If e = wwx,
then T ′

:= T − {e} + {zwx} similarly violates (T1), (T4), or (T5). Otherwise u ̸= w, and we may assume u ∈ V (rTw) by
symmetry.

If ex = x, note that degT (x) ≥ 4 (by our choice of independent set X) and consider degT (w). If w ∈ B≥5(T ), then
T ′

:= T − {wwy} + {xy} violates (T1) if y ̸= wy ∈ B3(T ), or else (T4) if wy ∈ B≥5(T ), or (T5) otherwise, since the sum
total in (T4) would remain the same. Still assuming ex = x, it remains to consider the case w ∈ B≤4(T ). Now Lemma 1
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Fig. 4. These pictures show how one might visualize Case A, provided er ̸= z. The first picture shows the relative positions of important vertices,
as they are assumed in this case. In the second picture, the straight-line edges are part of the tree, while the curved and jagged edges are known
to exist in the graph. The third picture shows the corresponding parts of T ′ , which has one less branch vertex than T .

requires that wy must have some neighbor in G among the remaining vertices of NT (w). If this neighbor is wr , then T ′
:=

T − {wwr , wwy} + {xy, wrwy} violates (T1) via w. If, instead, this neighbor is wx, then T ′
:= T − {wwx, wwy} + {xz, wxwy}

violates (T1) via w. If this neighbor is neither wr nor wx, then it must be w∗, where NT (w) =: {wr , wx, wy, w
∗
}, and then

T ′
:= T − {wwy, ww∗

} + {xy, wyw
∗
} again violates (T1) via w.

We have thus established that ex ̸= x, so exx exists. In general, as in Case B above, it will not be a problem if
exx = x since degT (exx) = degT ′ (exx) in the upcoming subcases. Since G[ex, exx, y, z] is not a claw, either yexx ∈ E(G)
or zexx ∈ E(G). If yexx ∈ E(G), then T ′

:= T − {exexx, uux} + {yexx, zex} violates either (T1), (T4), or (T5), depending on
degT (u) as in the first paragraph of this case. Otherwise zexx ∈ E(G), and then we consider degT (w). If w ∈ B≥5(T ), then
T ′

:= T − {exexx, wwy} + {yex, zexx} violates (T4) via w. Otherwise w ∈ B≤4(T ), and then Lemma 1 ensures that wy is
adjacent in G to at least one other vertex of NT (w). If wrwy ∈ E(G), then T ′

:= T − {exexx, wwr , wwy} + {yex, zexx, wrwy}

violates (T1) via w. If wxwy ∈ E(G), we consider degT (z). If z ∈ L(T ), then T ′
:= T − {exexx, wwy} + {yex, zexx} violates

either (T1) or (T5). Otherwise z ∈ B3(T ), and then T ′
:= T − {exexx, wwx, wwy} + {zex, zexx, wxwy} violates (T1) via w. The

remaining possibility is that wyw
∗, where NT (w) =: {wr , wx, wy, w

∗
}. Then T ′

:= T −{exexx, wwy, ww∗
}+{yex, zexx, wyw

∗
}

violates (T1) via w. This concludes case C and thus the pseudoindependence argument.
Therefore X is a pseudoindependent set with respect to T . We will now show that rr1 (and rr2, by symmetry) has no

oblique neighbors in X . Suppose some x ∈ X is an oblique neighbor of rr1. Now either r ∈ V (r1Tx) or r1 ∈ V (rTx). If
r ∈ V (r1Tx), then xr1 ∈ E(G), so T ′

:= T − {rr1} + {xr1} violates (T1) via r . Otherwise r1 ∈ V (rTx), and then xr ∈ E(G), so
T ′

:= T − {rr1, rr2} + {xr, r1r2} violates (T1) via r .
Therefore rr1 and rr2 have no oblique neighbors in X . As before, the number of edges with any v ∈ X as an oblique

neighbor equals the degree of v, so the degrees of X add up to at most |E(T )| − 2 = (n − 1) − 2 = n − 3, contradicting
the assumption of the theorem. Therefore the theorem is proven. □

2. Concluding remarks

Having shown than any connected claw-free graph must contain either a spanning tree with at most k branch vertices
or an independent (2k + 3)-set with at most n − 3 outgoing edges, perhaps an algorithm can be found to search a given
graph for one feature or the other. One can undoubtedly be constructed directly out of this proof, but perhaps its run
time can be shortened.
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