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ABSTRACT

Two finite nonempty sets S, and S2 of'positive integers

1

are called bigraphical if they.are the degree sets of the par-

" tite sets of a bipartite graph. It is shown that avery two such

sets are bigraphical. The minimum order of a corresponding

~’bipartite graph is determined for certain sets Sl

L
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1. Bigraphical sets,

and 8§,.

2

The degree set of a graph G 1is the set of degrees of the

vertices of G. A finite nonempty set 5 of positive integers

is called graphical if there exists a graph whose degree set is

8. In [1] it was shown that every finite nonempty set of

positive integers is graphical and the minimum order

with a given degree set was determined.

of a graph

The degree sets of a bipartite graph G with partite sets

V, and V, are the sets §) = {deg vlv e v,} and
{deg viv e VZ}. Two finite nonempty sets S, eand
positive integers are called bigraphical if they are

" sets of a bipartite graph. It is the object of this

}
* * show that every two finite nonempty sets of pesitive

is bigraphical and to determine, for certain pairs of

2 k]

8, =

52 of

the degree
article to
integers

sets Sl

and § the minimum order of a bipartite graph whose degree
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182 Bigraphical Sets o
sets are .5y and -8, . We begin with the first of these .

objectives.

Propogition 1. Every two finite nonempty sets of positive
' integers are bigraphical and can be realized by a conmected
graph. ' o , ,
Proof. Let S1 = {al,az,...,am} and 52 = {bl’bZ""’bn}
be sets of positive integers, where m < n. For 1 <1i<m,
let Gi‘ denote the complete bipartite graph K(ai,bi) with
partite sets U, and V., vhere [Uil = bi and |Vi| =a,.
If m<n, then for m+1<i<n, let G = K(al’bi) with
partite sets U, and V,, where lU11 = b, and |Vi| = a; -
n 0 n

Now let G = U G, . If we let U = U Uy and V= y V,,
i=1 i=1 i=1

then G may be considered as a bipartite graph with partite
sets U and V and degree sets Sl and S2 . To obtain a
connected praph, delete an edge u,vy in Gi and w1 Vil in .
Gi+l(3.=l,2,...,n-l) and insert u,v.,, and ug .V, . ]
In view of Proposition 1, for finite nonempty sets S1 =
{al,az,...,am} and 8§, = {bl,bz,...,bn} of positive integers,
let u(Sl;Sz) = u(al,az,...,am;bl,bz,...,bn) denote the minimum
order of .a bipartite graph having degree sets -Sl and SZ' We
now investigate the pumbers u(Sl;Sé) for certain finite non-
empty sets 8§, and S, of positive integers. For the remainder
of this article we assume that if 35, = {al,az,...,am} and
S2 = {bl’bz""’bn} then a, < a, < ... <ay and bl < b2 <

e 2 bn' The following observation is elementary but useful. a

Proposition 2. 1f S, = {al,az,...,am} and 8, = {bl’bz""’bJ

are sets of positive integers, then u(Sl;Sz) > a, + bn.
If S and 8§, have the same cardinality, then u(Sl;SZ)

can be evaluated.
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Théorem 3. 1f Sl = {al,az,...,a } and Sy {bl,bz,....b }
are nonempty sets of positive integers, then u(Sl,Sz) = .a,n-i-lzan
Proof. By Proposition 2, u(Sl,S ) > a + b . To show
that u(Sl,S ) < a + b » it suffices ro show the existence of
a bipartite graph of order a + b having degree sets Sl and
let G be & bipartite graph with partite sets U apd W

sichthat UaUluU U---UUn and w~wluw2u...uw,
where |U | = a, and [U | = ~1{221<n) and where

[W | = b, and IW | = b, ~ 1(2<i<n) To construct the
edge set af G we join each vertex of W (1< 1<n) to each of
the vertices in Ul s U2 Yorne Un —141 Each vertex in

W (l 21i<n) has degree an—i+l while each vertex in

Ui(l—<- 1<n} has degree b completing the proof, »

-i+1

If [S f # IS I we have no general formula for p(S 2)
However, Proposition l yields an obvious upper bound on p(S 2)
and with the aid of Theorem 3 this bound can be improved.

Corollary 4. 1f S = {al,az,...,a } and 52 {bl,bz,...,bn}
are gets of positive integers where m < n and t is a

positive integer, then

M uls;38,) < ta + Z L7 if n=tm or,
i=1
£
(I1) u(Sl;Sz) < ta + ) b+ a,+b  if n=tm+r,
i=1
O<r<n.

Proof. For 1 <1<t let B, = {b(i—l)m-i-l’ b(i-—l)m—FZ'

sewyb. } and if n=tm+r.0<r<n, let B 1=

im
. {btm-i—l’btnrl-z""’bn} . By Theorem 3, there exlsts a blpartite
graph Gi of order a + bim w1th degree sets Sl and
Bi(liii t), and a bipartite graph Gt+1 with degree sets
1?.':4_1 and {al,az,...,ar}. T
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t
If n=tm, 1let G= U Gi and if n=tm+ r let
i=1
t+1 t
G= UG,. Then G 1is bipartite and has order ta_+ Z b, ,
1=1 1 m LS im

’ t
if n=tm, and G has order ta_+ Z b
mo=1

n=tm+r and G has degree sets S1 and SZ' As in

+a +b if
im r n

Proposition 1 we may modify G to obtain a connected graph. =

In‘particular, note that Corollary 4 implies that

o
u(a;bl,hz,...,bn) < na + izl,bi and if a =1 it is easily
seen that

n
..,bn)=n+'z bi. '..
i=1

In what follows we deal with the case !Sl| = 1 and !sz| =2.

u(l;bl,bz,.

Theorem 5. 1f a and b are integers such that 1 < a < b
then

a+b+1 if l<a<b-1 and (b-a)|b,

u{asa,b) =
a+ b+ 2 otherwise

Proof. We note that u(aja,b) < a+ b+ 2 since the
bipartite graph G with partite sets V1 , containing b+ 1
vertices of degree a, and V2, containing a vertices of
degree b and one vertex of degree a, can easily be con-
strﬁcted. Also, by Proposition 2, u{aja,b) > a+b.

Let & be a bipartite graph with partite sets Vl and
v, with degree sets S, = {a} and 8, = {a,b} respectively
and let |v(6)| = u{aja,b) . Then lVlI > b and |V2| >a. -
Let V2

Suppose ufaj;a,b) =a+b. Then |Vl| = b and |V2| =a,

contain x vertices of degree a.

By counting the number of edges incident with the vertices in
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each partite set we arrive at the equation ab = ax + b{a-x) .
But then, ab = ab + (a-—b)k < ab, a contradiction. Thus,
.u(a;a,b) >a+bh,

Now, suppose p(aia,b) = a4 + b + 1. Then there are only
twe possibilities for the cardinalities of Vl and V’2 .
Case 1. Suppose ]Vll =b+ 1 and ]Vzl = a., Then the
equation a(b+ 1) = ax + b{a ~x) must hold. But this implies
that a(b+1) = ab + (a-b)x < ab, again a contradiction.
Case 3. Suppose fVl[ = b and [VZI —a+1 + Then we see
that the equation ab = ax + b(a+1l-x) must hold, where
l<x<a. Thus, b= (b-2a)x so that x = b/(b~a) and
hence b/(b-a) Xa. S8Since x 1is an integer, (b-a) must

divide b. By hypothesis, a < b, moreover, a ¥ b - 1,

for otherwise b/(b- (b-1)) = b L4, implyingthat a < b - 1,
Further, a.> 1 implies that b > 3. Thus, since (b-a)
divides b s We see thar a3 > 1, Clearly, if these conditions

f£ail, then wu(aja,b) =a +b + 2,

If these conditions are satisfied, we construct. a bipartitre
graph G with partite sets Vl = {vo,vl,...,vb__l} and v, =
{uo,ul,. ..,ua} + Join each vertex ui((}i 1<x-1) to each of

the vertices v {subscripts expressed

1a* Viatl * " vt 0 Vii41)an1
module b). Then join u. to each of the vertices
Vea ? vxa-!-l Yoeoe ey vxa+b-1 - {Lontinue to eyclically join each
of the remaining vertices Woglo s U, to the vertices of
V1

vertex of Vl has degree a » While in Vz » each u 0 <

(so that each uJ. » X+1<j<a, has degree b). Then each

1i<x-~1, has degree a and each uj s X< j<a+1 has degree .
b. Thus € has degree sets Sl and 52 and order a+b+1..m

For a real number x, let {x} denote the smallest
integer not less than x. Further, let {x}e (respectively
{x}o) denote the smallest &ven integer (odd integer) not less

than x.
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Although no general formula is known for u(a;bl,bz) , we ,

can determine the value of u(2;bl,b2) .

Theorem 6, Let b, and b, be integers with 1 < by < b,
and x = bzlbl .
(1) If bl is even and b2 is odd, then

u(2;bl,b2) = b, + b1/2 + 3.

(1I) If b, and I:»2 are even, then

1 .
{x}b, +b, ~

u(2;b1,b2) = min{b2+b1/2+3,—--2— +{x}+1}.
(I11) 1If bl is odd and b2 is even, then

- {x} b, +b,

u(Z;bl,bz) = min{bl+b2+ 4, 7 +{x}e+l} .
(Iv) 1f bl and b2 are odd, then

{x}obl+b2 ,
u(2;bl,b2) = min{b1+b2+4,—--2—-—+{x}o+l} . o

Proof. Suppese b, is even and b, is odd. Note that
u(2;bl,b2) < b2 + b1/2 + 3 since a bipartite graph with one
vertex of degree bl and two vertices of degree b2 in one
partite set and b2 + b1/2 vertices of degree 2 1in the other
partite set exists.

To see the reverse inequality holds, note that at least
two vertices of degtee b2 and hence at least b2 + b1/2
 vertices of degree 2 are necessary.

(I1). Suppose that b1 and b2 are even. As above, there
exists a bipartite graph of order b2 + bl/2 + 3 having degree
sets {2} and {bl,bz}. It is also straightforward to con-

{x}bl + b2
struct a bipartite graph of order —-—-2'——-"4- {x} + 1 with one

vertex of degree b, , {x} wvertices of degree b1 and
({x}b1+b2)/2 vertices of degree 2. Thus,

{x}b1+b2
u(23by,by) < min{b2+b1/2+3,———2— +{x}+1}.
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¢ ——5—+ {x}_ + 1 with one vertex of degree b, , {x}
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‘ Now- suppose that G 18 a bipartite graph with degree sets

{2} and {bl;bzl. If G has exactly one vertex of degree

b then G Has at ieast {x} v'erticeslof degree b, and

2 ‘ , ‘
thus, at least ({x}b,+b,)/2 vertices of degree 2. Thus the
ST by 4+ by '
order of G 'is at least —5——+ {x} + 1. 1If on the
other hand, G has at least two vertices of degree b2 y - then

G has at least one vertex of degrée b1 and thus-at least
b2 + b1/2 vertices of degree 2, implying G has order at

least b, + b1/2 + 3, thus producing the desired result.

(T11). S:ppoge b1 is odd and bz 1s even. It is easy to
construct a bipartite graph of order b1 + b2 + 4 that has two
vertices of .degree bl,’ two vertices of degree b2 and bl + ,bz
vertices of degree 2. TFurthermore, a bipartite graph of order
Mxbby + by

e

’ {x} b, + b
‘vertices of degree b1 and ___E_%____Z vertices of degree 2
also exists. ,

Now suppose that G 1s a bipartite graph having degree
sets {2}  and {bl’bZ}' If G has exactly one vertex of
degree b,, then G has at least {x}e vertices of degree

b since b1 is odd and b2 is even. But then G has at

1!
{x}ebl + b, .
least — vertices of degree 2, implying G has
'{x}ebl + b,
order at least — {x}e +1. If G contains at

,least two vertices of degree b2 » then G must contain at
~least two vertices of degree b1 and, hence, at least bl + b2

vertices of degree 2. Therefore, G has order at least

L)
bl + b2 + 4, It is easily seen that if G contains more than
two vertices of degree b2 s them G has order greater than
bl + b2 + 4, giving the result.

(IV). Suppose that bl and b2 are odd. In a manner analogous
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te (III), the inequality u(2;b1,b2) < min{b1+b2+ 4,
{x} b, +b, o
3 + {x} ot 1} must hold. To verify the lower bound,

let G denote a bipartite -graph having degree sets {2} and

{bl,Bz} . I G has_exactiy one vertex of degree b2 , then
G has at least {x}o vertices of degree bl since bl and
b. are odd. Thus, G has at least . ({x}ob1+b2)/2 vertices

2 o
of degree 2, and hence, the order of G is at least

{x}.obl +b,
2 -
degree . b2 , it has at least two vertices of degree bl and

+ .{x}o +1. If G has exactly two vertices of

therefore, at least -bl + b2

the order of G is at least b, + Db

vertices of degree 2. Hence,
, b ' Finally, if G has
at least three vertices of degree b2 , it must have at least
one vertex of degree _bi:.' and so, at least (3b2+b1)/2 of

degree 2 and order at least ‘1(3b2+b1)/2 + 4, However, since

by < by,
: - 3bl + b2
b1+b2+4<—--T-——+4, " so that
' {:a-:}oblﬂs2 ‘
u(2;bl,b2) > min{b1+b2+4, > +{x} +11,

completing the proof. L

We note that in Theorem 6, (I1) - (I¥), it is possible to
find pairs b1 » ]:)2 , 60 that the minimum is attained by edither

of the two expressions.

REFERENCES

1. §.F. Xapoor, A.D. Polimeni and C.E. Wall, Degree sets for
graphs, Fund. Math., XCV(1977), 189-194.

Western Michigan University, Emory University, $,U.N.Y. College
at Fredonia, and 0ld Dominion University.



