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Abstract: For a positive integer k, a graph G is k-ordered hamiltonian if for
every ordered sequence of k vertices there is a hamiltonian cycle that
encounters the vertices of the sequence in the given order. It is shown
that if G is a graph of order n with 3 < k < n/2, and deg(u) +deg(v) >
n+ (3k—9)/2 for every pair u,v of nonadjacent vertices of G, then G is
k-ordered hamiltonian. Minimum degree conditions are also given for
k-ordered hamiltonicity. © 2003 Wiley Periodicals, Inc. J Graph Theory 42: 199-210, 2003
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1. INTRODUCTION

One of the most widely studied classes of graphs are hamiltonian graphs, that is,
graphs that possess spanning cycles. In this article, we consider a special family of
hamiltonian graphs known as k-ordered hamiltonian graphs. A graph is k-ordered
hamiltonian if for every ordered sequence of k vertices there is a hamiltonian
cycle that encounters the vertices of the sequence in the given order. This concept
was introduced by Chartrand. Clearly, every hamiltonian graph is 3-ordered
hamiltonian. Ng and Schultz [5] showed the following.

Theorem 1.1. Let G be a graph of order n and let k be an integer with 3 <
k < n.Ifdeg(u) + deg(v) > n + 2k — 6 for every pair u, v of nonadjacent vertices
of G, then G is k-ordered hamiltonian.

Corollary 1.1. Let G be a graph of order n and let k be an integer with
3 <k<n.Ifdeg(u) >n/2+ k — 3 for every vertex u of G, then G is k-ordered
hamiltonian.

Corollary 1.1 is an analog of the well-known theorem of Dirac [1] that says
that every graph of order n > 3 with minimum degree at least /2 is hamiltonian,
and Theorem 1.1 is an analog of Ore’s theorem [6] that says that every graph of
order n > 3 such that deg(u) 4+ deg(v) > n for every pair u,v of nonadjacent
vertices is hamiltonian. We note that the restriction »n in the statement of Ore’s
theorem is simply twice the restriction n/2 in the statement of Dirac’s theorem.
The same holds for Corollary 1.1 and Theorem 1.1.

Both bounds for k-hamiltonicity were improved for small £ with respect to n.
The first result was improved by Faudree et al. [2].

Theorem 1.2. Let k > 3 be an integer and let G be a graph of order n > 53k*. If
deg(u) + deg(v) > n+ (3k — 9)/2 for every pair u, v of nonadjacent vertices of
G, then G is k-ordered hamiltonian.

The second result was improved by Kierstead et al. [3] as follows.

Theorem 1.3. Let k > 2 be an integer and let G be a graph of order n > 11k — 3.
If deg(u) > [%1 + L%J — 1 for every vertex u of G, then G is k-ordered hamiltonian.
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We note that both of these bounds are sharp for the respective values of k.
Thus, a bit unexpectedly, for small &, the Dirac type bound does not follow from
the Ore type bound.

Our main result says that the bound of Theorem 1.2 holds for every k.

Theorem 1.4. Let k be an integer with 3 < k < n/2 and let G be a graph of
order n. If deg(u) + deg(v) > n+ (3k — 9)/2 for every pair u, v of nonadjacent
vertices of G, then G is k-ordered hamiltonian.

The bound in this theorem is sharp. Moreover, for large k it implies the bound
of the Dirac type. Thus,

(a) for large k, the Ore type bound yields the Dirac type bound;

(b) for small k, the Ore type bound is more than twice the Dirac type bound;
and

(c) for moderate k, the situation is not clear.

2. DEGREE SUM CONDITIONS

The following concept will be useful in establishing the primary result of this
section. For a positive integer k, a graph G is k-ordered if for every sequence of
k vertices there is a cycle that encounters the vertices of the sequence in the given
order. The following lemma gives a condition under which a k-ordered graph is
k-ordered hamiltonian. The proof uses the following notations. If C is a cycle in a
graph with an understood orientation, and S is a set of vertices of C, then S* and
S~ denote the successors and predecessors of the vertices in § on C, respec-
tively. If § = {x}, we simply write x* and x~. Also, if x and y are vertices of C,
then xéy denotes the path from x to y along C in the de(:iignated direction or, when
appropriate, the vertex set of this path. The notation x C'y denotes the path from x
to y in the opposite direction. Similar notation is used in the case of paths.

Lemma 2.1. [f G is a k-ordered, (k + 1)-connected graph of order n > 3 such
that deg(u) + deg(v) > n for every pair u, v of nonadjacent vertices of G, then G
is k-ordered hamiltonian.

Proof. Letx,xy,...x; be an ordered sequence of k vertices of G. Since G is
k-ordered, there is a cycle C that encounters these vertices in this order. Choose
such a cycle C such that |V(C)| is as large as possible. Assume V(C) # V(G) and
let H be a component of G — V(C). Since G is (k + 1)-connected, |[Nc(H)| >
k + 1 and hence }NC(H) N x,»(_fx,-ﬂ‘ > 2 for some i, 1 < i < k, where we consider
Xi+1 = Xx1. We may assume JNC(H) ﬂkax]| > 2. Choose a pair of distinct
vertices y1,y2 in Nc(H) Nx;Cx; so that xi,y;,y2, and x; appear in this order
along C, and so that y; éyz is as short as possible. Possibly x; = y; or y, = x1. Let
zi € Ny(y;) (i = 1,2). Note that possibly z; = z,. Since H is connected, there
exists a path P from z; to z in H. Then C' = ygéylzlf’zzyg is a cycle which
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encounters Xy, x, ..., X in this order. If y, = y|, then \V(C’)\ > |V(C)|, which
contradicts the maximality of |V(C)|. Therefore, y, 7& - y1 - Note that possibly
yi =y;. By the choice of y; and y», Nc(H)Ny{ Cy2 = ¢. In particular,
yi21¢ E(G), and hence degq(y7) + degg(z1) = . )
Let Ay = No(y{) = V(C), A= Nc(y)I N Y201, = N(yy) Ny{ Cy;,
=Ng(z1) — V(C) and By = Ng(z1) ﬂyZCyl Then NG(yl) is the disjoint
union of Ay, Ay, and A3, and since Ng(z1) Ny, Cy2 = ¢, Ng(z1) is the disjoint
union of By and B,. If Ay N B, # d) say v € A N By, then v € V(H) since
vE N(;(Zl) However, this implies ¥ € Nc(H), which contradicts the fact that
Nc(H) Ny; Cy2 = ¢. Thus, we have A; N By = ¢. Since 21¢A1 U B, we have
n—|V(C)| ~1>|A; UBi| = |A;| +|B)|. Furthermore, since y; ¢ A3, we have
A3 < |y Cy2 | — 1. Therefore, we have

n < deg;(y]) + degs(z1) = |A1] + |Az] + |As] + |Bi] + | B,
<n—|V(C)| = 1+ |yf Cyy | — 1+ |Az| + |Bal,

or |Az| + |By| > |y2Cy1‘ +2
Assume |By| >3 ‘y2Cy1{ + 1. Then {v, v*} C Ng(z1) for some v € y,Cy;, and
+Cvzl vt is a cycle which contains xy,x,,...,x; in this order. However, this
again contradicts the maximality of |V(C)|. Therefore, |B2| < %(‘yzéyl‘ +1)
This implies

I T
42| = |NG(y]) Ny2Cy1| > 3 |y2Cy1| +3-

Applymg the same arguments to z and y; instead of z; and yi, we have
‘NG vy ﬂysz]| >3 |y2Cy1‘ +3. Let X = (Ng(y{)Ny; Cy;)” and Y = Ng
(y5) Ny2Cy;. Since

= 1
X = X" = [No(y{) Nyy Cyi| >+ ‘)’2Cy1{ +5

and XUY C yzéyl,

XNY| =X+ Y] - |XUY]

1, 5 1 1, - 3 -
Z§|ysz1\ +§+§|y2Cy1‘ +§— |y2Cy1‘ =2
and hence X NY # ¢. Let v € X N Y. Then v+ € Ng(y}) Ny Cy;. Let

- R -
C" = y1z1P2y,Cuy; Cyf v Cyy.
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Then C” contains xi,xy, . .., X in this order and |V(C")| > |V(C)|. (Note that the
arguments are valid even if y; = y{".) This contradicts the maximality of |V (C)],
and the lemma follows. [ ]

Lemma 2.1 can now be used to improve the result of Theorem 1.2. For con-
venience, we restate Theorem 1.5 here as Theorem 2.1.

Theorem 2.1. Let k be an integer with 3 < k < n/2 and let G be a graph of
order n. If deg(u) + deg(v) > n+ (3k — 9)/2 for every pair u, v of nonadjacent
vertices of G, then G is k-ordered hamiltonian.

Proof. By the assumptions of the theorem, G is hamiltonian, and hence,
k-ordered hamiltonian for k£ < 3. Thus we may assume that k > 4. Furthermore,
the assumed degree conditions imply that G is (k + 1)-connected unless k = 4
or 5. In these cases it is straightforward to check that G is k-ordered hamiltonian.
Thus we may assume that G is (k + 1)-connected and, by the previous lemma, it
suffices to show that G is k-ordered.

Let K = {x1,x2,...,x} be an ordered sequence of k vertices of G. We show
that G contains a cycle that encounters these vertices in the given order. Let W be
the set of indices i such that x;x; ;1 € E(G) and w = |W|. A 1-improvement of size
s of G is a set of vertices S = {y1,y2,...,ys} C V(G) — K and a set of indices
{i1,i2,...,is} such that for every j = 1,2,...,s, we have that x; x; ;; ¢ E(G) and
y; is adjacent to both x; and x;,1. The indices iy, i, . . . , i will be called S-indices.
For i=1,2,...,k, let (i) = 1 if neither of the edges x;_1x; and x;x; is in
E(G), and otherwise, 6(i) = 0.

Claim 2.1. There is a 1-improvement of size s > 3k —n — 2w.
Consider the auxiliary bipartite graph H with partite sets P and Q, where
Q0 =V(G)—K, and
P={{xj,xip1}:i€{1,2,...,k}\W,where k + 1 = 1},

and a vertex {x;,x;.1} € P is adjacent to a vertex ¢ € Q if and only if g is a
common neighbor of x; and x;;1 in G. By the construction of H, s is the size of a
maximum matching in H. By Ore’s theorem or, more generally, by Berge’s
theorem on maximum matchings [4], there exists 7 C P such that

INu(T)| = [T| = (k=5 —w).

If s =k —w, we immediately get the desired conclusion for Theorem 2.1.
Thus we may assume s < k —w which, in particular, implies 7 # ¢. Let
{xi,xiy1} € T such that 6(i) + 6(i + 1) is maximum. Let L = Q — Ny(T). By
definition, L = (L — Ng(x;)) U (L — Ng(xi41)). We may assume that

IL — Ng(x;)| > |L — Ng(xi41)] (1)
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and that y € L — Ng(x;).
By (1),

degg(x;) <m—2—06(i) —|L|/2

and deg;(y) <n—1—(|T|+1—6(i))/2. Since x;y ¢ E(G), we conclude that

n+3k2—9§ <n_2_5(i)—%>+<n_1_w>

2
T+ 7+6(3) +n— k—|Nu(T)|
2
T +T7+6@) +n—k—|T|+k—s—w

=2n

=2n

Hence,

<0. (2)

Case 1. Suppose w + 6(i) > 2. Then we are finished by (2).

Case 2. Suppose w = 0. Then 4(j) = 1 for every j. In particular, §(i) = 1. Thus,
if the inequality in (2) is strict, then we are done. In order to have equality in (2),
we must have

(@) |L — Ng(x;)] =|L|/2, so |L| is even and, in view of (1), L — Ng(x;) =
LN Ng(Xiy1)s

(b) 3k — 9 is even (and hence k is odd);

(c) degs(y) =n—1—|T|/2, so that |T| is even;

(d) every nonedge at y must “spoil” exactly two elements of T to have
deg;y =n — 1 —|T|/2; in particular, the pair (x;_;,x;) must be in 7.

Because of (a), the roles of x; and x;,; are interchangeable, and hence
(xi+1,X:12) must be in 7. Applying the above reasoning to the pair (x;y1,X;12), we
get that (x;42,x;:3) € T, and so on. It follows that 7 = P and, since W = (), |T| =
k. Then by (c), k is even, a contradiction to (b).

Case 3. Suppose w = 1 and (i) = 0. This is possible only if i — 1 is the unique
index in W. Because of the choice of i, we get |T| < 2. Thus, |[Ny(T)| <2-—
(k — s —w). On the other hand, since x;x;+1 ¢ E(G),

INu(T)| = NG (x;) N Ng(xiv1) — K|
3k—9 k+1

2n+T—(n—2)—(k—2)+(5(i)+6(i+l):T.
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Since k —s—w >0, we get (k+ 1)/2 <2. This is posssible only for k < 3,
which is impossible since k > 4. This proves Claim 2.1.

Let (S, {i1,i2,...,i5)} be a 1-improvement of G. Construct the auxiliary bi-
partite graph F as follows. One partite set of F is M = V(G) — K — S . The other
partite set of F is R. In order to define R, let I = {1,2,...,k}\{i1,i2,...,is}\W.
Then

R = U[{(i, x,-), (i,xi+1)}.

We join v e M with (i,x;)) € R if and only if wx; € E(G). Note that |R| =
2(k — s —w). Call a pair (i,x;) € R senior if x; is adjacent in G to at least k — w
vertices in V(G) — K, and junior, otherwise.

Claim 2.2. [fS is a 1-improvement of maximum size, then the auxiliary graph F
contains a matching covering all senior elements of R.

If there is no such matching, then there exists 7 C R consisting of senior
vertices with |[Ng(T)| < |T| — 1.

Case 1. Suppose there is an i such that (i,x;) € T and (i, x;41) € T, say i = 1.
Due to the maximality of S, (Ng(x1) N Ng(x2)) — K C S. Hence, |Np(T)| >
(k —w) + (k—w) — 2s = |R|, a contradiction to the choice of 7.

Case 2. Suppose |T| <k —s—w. Let (i,x;) € T. Since (i,x;) is senior, x; is
adjacent in G to at least k —w — s vertices in V(G) — K — S. Therefore,
INF(T)| > k —s —w > |T|, again a contradiction to the choice of T.

Claim 2.3. [fS is a 1-improvement of maximum size, then the auxiliary graph F
contains a matching covering all elements of R.

By Claim 2.1, |R| =2(k—s—w) <2k —s—2w— 3k —n—2w) = n— k—
s = |[M|, and hence by Claim 2.2, we can assign to every (i,x;) € R a vertex z;
and to every (i — 1,x;) € Ravertex z;_ » so that x;z;; € E(G) provided that (i, x;)
is senior and x;z;_; 2 € E(G) provided that (i — 1,x;) is senior. Among all such
assignments choose one with the maximum number of edges of the form x;z; ; and
x;zi—1,. We will show that all edges of this kind exist in G which will prove the
claim.

Assume that, say, x; is not adjacent to z; ;. Recall then that (1,x;) is junior.
LetZ, = {Zi,1,zi,z} and Z = U, _,Z;. Let Z* be the set of vertices in Z adjacent to
x; and let $* be the set of vertices in S adjacent to x;. If some z;; € Z* and
zi1% € E(G), then we can switch z;; with z;; and have zj;x; € E(G),
maintaining the desired properties. Thus, in this case, z;1x; ¢ E(G). Similarly,
zia%i1 € E(G) if zox1 € E(G). By the maximality of S, if y; € §*, then z;; is
not adjacent to both x; and x;_, but possibly one of them. Therefore, since
z11 ¢ Z%, it follows that deg(z11) <n—1—(|S*| +|Z*| + (1 — 6(1)))/2, where
in |S*| + |T%|, one missing edge (other than z; ;x;) is counted at most twice, and
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the missing edge z; jx; is counted at most once if 6(1) = 1 and is not counted if
6(1) = 0. Hence

o T < deg(n) + deg(zr) < (k=2 = 6(1) +[8°] + |27)) +
* ZF| +2—6(1 * Z*| —o(1
(-1 SLHELR2 00 S E 00

It follows that k < |S*| 4 |Z*| + 1 — 6(1). Since x; is junior, |S*|+ |Z*| <
k—1—w and thus k <k —w —6(1). But if w=0, then §(1) = 1. This con-
tradiction proves Claim 2.3.

We now complete the proof of the theorem. Claim 2.3 says that we can assume
that for every i = 1,2,..., k there is either y; € S adjacent to both x; and x;,; in
the case x;x;;1 ¢ E(G) or there are two vertices z;; € Ng(x;) and z;» € Ng(xit1).
Moreover, all the y; and z;; are distinct. Let Z; = {zi1,2i2} and Z = Uf.;IZi.
Among all such assignments, choose one with the maximum number of edges of
the kind z; 1z;». We will show that all edges of this kind exist, which will imply
the theorem.

Assume that in our assignment there is an i such that z;1z;» ¢ E(G), say i = 1.
Let P = V(G) — K — S — Z. By the maximality of S, no vertex in P is adjacent to
both xjand x;. Let Py be the set of vertices in P that are adjacent to neither x; nor
Xz, and for i = 1,2, let P; be the set of vertices in P adjacent to x;. Fori = 0, 1,2,
let p; = |P;|. For j =0,1,2, let S; denote the set of vertices in S adjacent to
exactly j of the vertices x; and x, and let s5; = {Sj‘.

Since xix, ¢ E(G), deg(x;) + deg(x2) > n+ (3k —9)/2. Recall that by the
maximality of S, no vertex in Z is adjacent to both x; and x;. It follows that

3k—-9

"ty

< deg(x1) + deg(xz) < (n—2) + (k —2) = 6(1) — 8(2) + 5 — 50 — po,
and hence
s > —054+6(1) + 6(2) + so + po + k/2.

Since z; 1 and z; » are nonadjacent, deg(z; 1) + deg(zi2) > n+ (3k —9)/2. On
the other hand, z;; is adjacent to no vertex in P3_;(j = 1,2). Furthermore, for
every Z-index or S,-index j, each of z;; and z; 5 is not adjacent to at least one of
Xj,Xj41. It follows that

3
n-+

< deg(zm) + deg(Z1,2) <

[zl + (1 = 6(1)) + (1 - 6(2))
5 ;

2n=2)—pr—p1— s —
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and hence

Z|—6(1)—6(2
3k/2+0.5+p1+p2+$2+| | (2) ()Sn

Recall that

52> —0.5+6(1) + 6(2) + 50 + po + k/2.

Hence
%+m+m+pﬁmyﬂ§+ﬁﬁgﬂggn
But
P0+P1+P2+|§—’:|V(G)—K—S|—|§—|:n—k—(k—w):n—2k—|—w.

These last two statements imply that 2k +n — 2k +w + w < n, which
in turn gives w +w < 0. But by the definitions of w and 6(1), we have
w+ w > 1. This contradiction completes the proof of the theorem. ]

Corollary 2.1. Let k be an integer with 3 < k < n/2 and let G be a graph of
order n. If deg(v) > n/2+ %2 for every vertex v of G, then G is k-ordered
hamiltonian.

That Theorem 2.1 is sharp is indicated by the following example which was
mentioned in Ng et al. [5]. The graph G with n vertices is composed of three
parts: copies of Kj_;, Ky — Cy, and K,,_»+1, where the vertices of the “missing”
cycle C; are indexed in the natural order. Further, G contains all the edges
between the copies of K;_jand K,_»;+1, and all of the edges between the copies
of K;_; and K; — C;. Between the copies of K,,_;+ and K; — Cy, G contains all
edges incident to the even indexed vertices of C. This graph is not k-ordered
because there is no cycle containing the vertices of Cy in order. However, when k
is even, if u € V(K,_2+1) and v € V(K — Cy), where v is an odd-indexed
vertex, deg(u) + deg(v) = n + %510,

3. MINIMUM DEGREE CONDITIONS

In this section, we consider minimum degree conditions that guarantee that a
graph is k-ordered hamiltonian. The main interest in such results follows from
the following observation. Theorem 2.1 gives a result based on the degree sums
of nonadjacent vertices of a graph of order n. Here we have the condition for



208 JOURNAL OF GRAPH THEORY

3 <k < n/2, that if deg(u) + deg(v) > n + (3k — 9)/2 for all nonadjacent ver-
tices u and v of a graph G, then G is k-ordered hamiltonian. However,
Theorem 1.3 gives a minimum degree result that says that for n > 11k — 3, if
deg(u) > [ﬂ + L%J — 1 for every vertex u of a graph G, then G is k-ordered
hamiltonian. Both of these results are sharp. However, the bound given in
Theorem 2.1 is not twice the bound given in Theorem 1.3, unlike most results of
this nature. So an obvious questions is, for all n and k, what minimum degree
condition implies that a graph G is k-ordered hamiltonian?

In the previous sections, we have seen two such results, the aforementioned
Theorem 1.3 for values of n,k satisfying n > 11k — 3, and Corollary 2.1 for
values of n,k satisfying k < n/2. It is also obvious that for n/2 < k < 2n/3,
minimum degree at least n — 2 guarantees a k-ordered hamiltonian graph, and
that for k > 2n/3 (and in fact for any k), minimum degree n — 1 gives a k-ordered
hamiltonian graph. The main object of this section is to provide examples that
discuss the sharpness of these known results.

For 2 < k < n/3, consider the graph G that consists of three parts: two copies
of K(,_x12)2 and a copy of Ky, where n and k are of the same parity. The
vertices in the copy of K;_, are adjacent to all other vertices of the graph. Then G
is not k-ordered hamiltonian since G is not (k — 1)-connected, a necessary
condition for a graph to be k-ordered hamiltonian, and 6(G) is § + % - 2.

For n/3 < k < 2(n+ 2)/5, consider the graph G that consists of three parts:
copies of K3;_,—1,Kz—ar+1 and K — Ci, where the vertices of the ‘“missing”
cycle are indexed in the natural order. G contains all the edges between the copy
of K3;_,—1 and the rest of the graph. The vertices of K5, 4,11 are divided into two
sets A and B, where |A| =n —2k+1 and |B| = n — 2k. All vertices of A are
adjacent to the even indexed vertices of C; and all vertices of B are adjacent to the
odd indexed vertices of Cy. Then G is not k-ordered hamiltonian since there is no
hamiltonian cycle containing the vertices of Cy in order, and §(G) = 2k — 3.

For 2(n+2)/5 <k <n/2, consider the graph that consists of three parts:
copies of Ky p, K,_3t/2 and Ky — Ci, where the vertices of the “missing” cycle
are indexed in the natural order and k is even. The vertices of K, 3/, are as
evenly as possible divided into two sets A and B. All vertices of A are adjacent to
the even indexed vertices of C; and all vertices of B are adjacent to the odd
indexed vertices of Ci. In addition, there is a specified set of 5k/2 —n —2
consecutive vertices of Cj that are adjacent to all vertices of A and B. Then G is
not k-ordered hamiltonian since there is no hamiltonian cycle containing the
vertices of Cy in order, and 6(G) = n/2 + 3k/4 — 3.

For n/2 < k < 2n/3, consider the graph K, — C;. Then G is not k-ordered
hamiltonian since there is no hamiltonian cycle containing the vertices of Cy in
order, and 6(G) =n — 3.

For 2n/3 < k < n, consider the graph K, — (k/2)K>, where k is even, and the
vertices of the ‘““missing” matching are labeled as xi,xp,...,x; in the natural
order. Then G is not k-ordered hamiltonian since there is no hamiltonian cycle
containing xj,xz,...,x; in order, and 6(G) =n — 2.
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We can summarize the previous discussion as follows. Let §(n,k) be the
smallest integer m for which any graph of order » with minimum degree at least

m is k-ordered hamiltonian. We then have the following theorem.

Theorem 3.1. For positive integers k,n with 3 < k < n we have

(i) 6(n,k) = [5] + |5] — 1, for k < (n+3)/11;

(i) 8(n,k) >2+5—2, for (n+3)/11 <k <n/3;
(i) 6(n,k) > 2k —2, for n/3 < k < 2(n+2)/5;
(iv) 8(n,k) = [n/2+3*2], for 2(n+2)/5 < k < n/2;
(v) 6(n,k) =n—2, for n/2 < k < 2n/3; and
(vi) 6(n,k) =n—1, for 2n/3 < k < n.

Figure 1 indicates the relationship between the exact values known for 6(n, k)
and the bounds provided by the examples.

™/8

5n/6

2n/3

n/2

0 n/3 2n/5 n/2 2n/3
FIGURE 1. Bounds for §(n,k).
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