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Abstract: An assignment of positive integer weights to the edges of a
simple graph G is called irregular, if the weighted degrees of the vertices
are all different. The irregularity strength, s(G), is the maximal weight, mini-
mized over all irregular assignments. In this study, we show that
s(G)� c1 n /�, for graphs with maximum degree � � n1=2 and minimum
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degree �, and s(G)� c2 (log n)n /�, for graphs with � > n1=2, where c1 and
c2 are explicit constants. To prove the result, we are using a combination of
deterministic and probabilistic techniques. � 2002 Wiley Periodicals, Inc. J Graph Theory

41: 120–137, 2002
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1. INTRODUCTION

Perhaps, the second oldest ‘‘fact’’ in graph theory is that in a simple graph, two
vertices must have the same degree. This fact no longer holds for multigraphs. By an
irregular multigraph, we mean one in which each vertex has a different degree.
Hence, a natural question would be: What is the least number of edges. We would
need to add to a graph in order to convert a simple graph into an irregular multigraph?

Another way to view this question is through an assignment of integer weights
to the edges of the graph. Given a simple graph G of order n, an assignment
f : EðGÞ ! f1; . . . ;wg ¼ ½w� of positive integers weights to the edges of G is
called irregular if the weighted degrees, f ðvÞ ¼

P
u2NðvÞ f ðuvÞ of the vertices are

all different. The irregularity strength, sðGÞ, is the maximal weight w, minimized
over all irregular weight assignments, and is set to 1, if no such assignment is
possible. Clearly, sðGÞ < 1 if and only if G contains no isolated edges and at
most one isolated vertex.

The irregularity strength was introduced by Chartrand et al. [3]. The irregu-
larity strength of regular graphs was considered by Faudree and Lehel [4]. They
showed that if G is a d-regular graph of order n, d � 2,then sðGÞ � dn=2e þ 9,
and they conjectured that sðGÞ ¼ nþ d� 1

d

� �
þ c for some constant c. This con-

jecture comes from the lower bound sðGÞ � nþ d� 1
d

� �
. For general graphs with

finite irregularity strength,Aigner and Triesch [1] showed that sðGÞ � n� 1, if G
is connected and sðGÞ � nþ 1 otherwise. Nierhoff [8] refined their method to
show sðGÞ � n� 1 holds for all graphs with finite irregularity strength, except for
K3. We will provide an improvement of both the Faudree–Lehel bound and the
Aigner–Triesch–Nierhoff bound in this study.

For a review of other results and open problems in this area, we refer the reader
to a survey by Lehel [7].

In this study; all graphs are simple of order n. The degree of a vertex v is denoted
by dv or degðvÞ, we shall denote the minimum degree of G by � and the maximum
degree by �. For terms not found here, see [2] or [6]. Our upper bounds on sðGÞ
involve a function of n and � or both � and �, and are stated in the next theorem.

Theorem 1. Let G be a graph with no isolated vertices or edges.

(a) If � � bðn=ln nÞ1=4c, then sðGÞ � 7n 1
� þ 1

�

� �
,

(b) If bðn=ln nÞ1=4c þ 1 � � � bn1=2c, then sðGÞ � 60n=�,
(c) If � � bn1=2c þ 1; � � d6 log ne then sðGÞ � 336ðlog nÞn=�.

For regular graphs, we get the following theorem with improved constants.
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Theorem 2. Let G be a d-regular graph with no isolated vertices or edges.

(a) If d � bðn=ln nÞ1=4c, then sðGÞ � 10n=d þ 1,
(b) If bðn=ln nÞ1=4c þ 1 � d � bn1=2c, then sðGÞ � 48n=d þ 1,
(c) If d � bn1=2c þ 1, then sðGÞ � 240ðlog nÞn=d þ 1.

Observe that both (a) and (b) give bounds of the correct order of magnitude.
If � � dn1=2e þ 1 and � < b6 ln nc, Theorem 1 does not apply, but we can still
make the following statement.

Theorem 3. Let G be a graph with no isolated vertices or edges. If n is suffi-

ciently large, then sðGÞ � 14n=�1=2.

To explain the main technique used to prove all results, let us define

mg ¼ max
X�VðGÞ

fjXj : gðvÞ ¼ gðuÞ for all v; u 2 Xg;

where g is defined as a weight assignment, i.e., g : EðGÞ ! f1; 2; . . . ;wg ¼ ½w�,
for some integer w. In the deterministic part of our proof (see Lemma 4), we show
that sðGÞ � 3ðwþ 1Þmg. Next, we use probabilistic tools to establish bounds on
mg. Here the idea is to assign weights to edges from the set f1; 2g or f1; 2; 3g, and
show that for such weightings, there exist assignments with mg of the order n=� or
n log n=� (see Lemma 7, 8 and 9).

2. DETERMINISTIC LEMMAS

The next two lemmas will be fundamental to our results. Their proofs follow
below.

Lemma 4. Let G be a graph without isolated vertices or isolated edges. Let
g : EðGÞ ! ½w� be a weight assignment. Then, there exists an irregular assign-

ment f :EðGÞ ! f2mg; . . . ; ð3wþ 1Þmgg.
Lemma 5. Let G be a d-regular graph without isolated vertices or isolated
edges. Let g : EðGÞ ! ½w� be a weight assignment. Then, there exists an irregular

assignment f :EðGÞ ! ½ð3w� 1Þmg þ 1�.
We begin with a lemma needed to prove Lemma 4.We will call a tree with at most
one vertex of degree greater than two, and k vertices of degree one, a generalized
k-star.

Lemma 6. Let G be a graph without isolated vertices or isolated edges. Then,
G has a factor consisting of generalized stars of order at least three.

Proof. Let T be a spanning tree of a component of G. Note that jVðTÞj � 3
by our hypothesis. We show that T can be broken into disjoint generalized stars
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that together span VðTÞ. Then repeating this argument on each component pro-
duces the result.

To do this, we induct on jUj, where U ¼ fu 2 VðTÞjdegTðuÞ � 3g. If jUj � 1,
we are done, as T is itself a generalized star. Now assume the result holds on any
tree T with jUj ¼ l � 1 and suppose T is a tree with jUj ¼ lþ 1. Now root T , at
u 2 U and select any vertex v 2 U; v 6¼ u, such that the distance in T between u

and v is maximum over all vertices of U. Let Tv be the subtree of T rooted at v
and consider T 0 ¼ T n Tv. This tree has jUj ¼ l and by the induction hypothesis,
we can find generalized stars in T 0 that span VðT 0Þ. Further, the tree Tv is, by our
choice of v, a generalized star of order at least three. This star, together with the
collection of stars that spans T 0, spans T , completing the proof. &

Proof of Lemma 4. Denote the weight class of a vertex v 2 VðGÞ as

Cv ¼ fu 2 VðGÞ :gðuÞ ¼ gðvÞg:

Define a new weight function f̂ : E ! ½3mgw� by f̂ ðeÞ ¼ 3mggðeÞ. Note that the
weight classes are unchanged under this function. Let S be a generalized star
factor of G, guaranteed by Lemma 6. We select one generalized star S from S. Let
u be a vertex of maximum degree in S and suppose that S consists of t paths
rooted at u. Let u1; u2; . . . ; ut be the neighbors of u in S. Consider the first branch
(path) of S, say v1; v2; . . . ; vr, where v1 ¼ u1 and r � 2 (if such a branch of S
exists). Now begin with the last edge vrvr�1. We change the weight of this edge
as follows. Put f ðvrvr�1Þ ¼ f̂ ðvrvr�1Þ þ x;where x is selected from the set
L ¼ f0;�1; . . . ;�ðmg � 1Þg in such a way that f ðvrÞ, its new weighted degree,
is different from the current weighted degrees of any vertex from Cvrnfvrg.
Since jCvr j � mg, it is always possible to select an appropriate x. We now repeat
this process to the edges vr�1vr�2; vr�2vr�3; . . . ; v2v1, thus making f ðvr�1Þ;
f ðvr�2Þ; . . . ; f ðv2Þ unique also. To complete the first phase, repeat the procedure
on the paths emanating from u2; u3; . . . ; ut, in this order.

It remains to adjust the weights of the star centered at u. So, we change the
weights of the edges uu1; uu2; . . . ; uut�1, one by one, starting at uu1. Let f ðuuiÞ ¼
f̂ ðuuiÞ þ yi; where yi is chosen from the set L0 ¼ f�mg;�ðmg � 1Þ; . . . ; mg � 1;
mgg, in such a way that f ðuiÞ; i ¼ 1; 2; . . . ; t � 1, the new weighted degree of ui,
is different from the current weighted degrees of any vertex from Cuinfuig and,
additionally, such that

Pi
k¼ 1 yi belongs to the set ðL [ f�mggÞnff ðutvÞ �f̂ ðutvÞg,

where v is the second vertex of the path starting in ut(if no such vertex v exists,
use instead ðL [ f�mggÞnf0g). Now, we are left with uut. Observe that u and ut
have different weighted degrees at this time. Now let f ðuutÞ ¼ f̂ ðuutÞ þ x, where
x 2 L0nf�mgg, such that both f ðuÞ and f ðutÞ are unique in their respective classes.
This is possible, since thereare 2mg options, and Cu and Cut can only block
2ðmg � 1Þ of these. Finally, repeat the process for all remaining stars S 2 S.

Now, for every weight class Cu, all vertices have different weighted degrees
under f . The weighted degrees were altered from f̂ by total values from the range
f�2mg þ 1; . . . ;mgg, the different classes were at least 3mg apart from each
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other under f̂ , so f is an irregular assignment to the set f2mg; 2mg þ 1; . . . ; 3mgw
þmgg &

Proof of Lemma 5. Use Lemma 4 to get an irregular weight assignment
f 0 : EðGÞ ! f2mg; 2mg þ 1; . . . ; 3mgwþ mgg. Now define f : EðGÞ ! ½ð3w� 1Þ
mg þ 1� by f ðeÞ ¼ f 0ðeÞ � 2mg þ 1. This assignment is irregular, since the
weighted degree of every vertex is reduced by dð2mg � 1Þ. &

3. PROBABILISTIC LEMMAS

The following two lemmas will be used to get bounds on the irregularity strength
of graphs with maximal degree � � n1=2. Again, the proofs follow below.

Lemma 7. Let G be a graph. If � � ðn= ln nÞ1=4
, then 9g :EðGÞ ! f1; 2g, such

that mg � n
� þ n

� :

Lemma 8. Let G be a graph. If� � n1=2, then 9g :EðGÞ ! f1; 2; 3g, such that,
mg � 6n=�:

The next lemma is used for graphs with � > n1=2.

Lemma 9. Let G be a graph. If n � 10 and � � 10 log n, then

9g :EðGÞ ! f1; 2g, such that mg � 48ðlog nÞn=�.

Finally, we state the lemma which provides bounds on mg, without any
restrictions on vertex degrees of a graph G, but for sufficiently large n only.

Lemma 10. Let G be a graph. If n is sufficiently large, then 9g :EðGÞ ! f1; 2g,
such that mg � 2n=�1=2.

Since the proofs of both Lemma 7 and 9 use the same model of assigning weights
to the edges, at random, we will present their proof together.

Proof of Lemma 7 and 9. Let Xv; v 2 V be independent random variables
with uniform distibution over the interval ½0; 1�, and then for e ¼ uv 2 E, let

gðeÞ ¼ 2 if Xu þ Xv � 1;

1 if Xu þ Xv < 1:

�

For the non-negative integer y 2 f0; 1; . . . ; dvg,

PrðgðvÞ ¼ dv þ yÞ ¼
Z 1

x¼ 0

dv

y

� �
xyð1 � xÞdv�y

dx ¼ 1

dv þ 1
� 1

� þ 1
: ð1Þ

It follows for every y with � � y � 2� and Zy ¼ jfv 2 V :gðvÞ ¼ ygj that

EðZyÞ �
n

� þ 1
: ð2Þ
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To prove Lemma 7, we assume that G is a graph with maximum degree � �
ðn= log nÞ1=4

.
We apply the Hoeffding–Azuma inequality, see, for example, Janson, Luczak,

and Ruciński [6]. Changing the value of an Xv can only change the value of Zy by
at most �þ 1. It follows that for t > 0,

PrðZy � EðZyÞ þ tÞ � exp � t2

2nð�þ 1Þ2

( )
: ð3Þ

Putting t ¼ n
�þ 1

and using (2) we see that

PrðZy � EðZyÞ þ tÞ < 1

2�
;

and thus

Pr 9y :Zy �
n

�
þ n

�

� 	
< 1;

and Lemma 7 follows. &

We now prove Lemma 9. We use the Markov inequality for t; k > 0 and any
event E, to obtain

PrðZy > t jEÞ �
E Zyk jE
� �

t
k

� � : ð4Þ

But

E
Zy

k

� �
jE

� �
¼
X
jSj ¼ k

PrðgðvÞ ¼ y; v 2 S jEÞ: ð5Þ

Now fix S ¼ fv1; v2; . . . ; vkg in Equation (5). For v 2 S, let NSðvÞ ¼ NðvÞnS,
and let �ðvÞ ¼ jNSðvÞj. Note that dv � �ðvÞ � k � 1. For v 2 S, let �1 <
�2 < � � � < �dv be the values of Xu; u 2 NðvÞ, sorted in increasing order and let
�1 < �2 < � � � < ��ðvÞ be the values of Xu; u 2 NSðvÞ, also sorted in increasing
order.

Note that, in general, if �1 < �2 < � � � < �s is the sequence of order statistics
from the uniform distribution over ½0; 1�, then �i has the same distribution as
ðY1 þ Y2 þ � � � þ YiÞ=ðY1 þ Y2 þ � � � þ Ysþ1Þwhere Y1;Y2; . . . ; Ysþ1 is a sequence
of independent random variables, each having exponential distribution with mean
one, see for example Ross, Theorem 2.3.1 [9].

To prove the lemma we need to show the following general statement.
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Lemma 11. Let Y1; Y2; . . . ;Ys be a sequence of independent random variables,
each having exponential distribution with mean one. Then for any real a > 0;
0 < b < 1; we have

PrðY1 þ � � � þ Ys � ð1 þ aÞsÞÞ � ðð1 þ aÞe�aÞs;
PrðY1 þ � � � þ Ys � ð1 � bÞsÞÞ � ðð1 � bÞebÞs:

Proof.

PrðY1 þ � � � þ Ys � tÞ � Pr e�ðY1þ���þYs�tÞ � 1
� 	

� e��tE e�ðY1þ���þYsÞ
� 	

¼ e��t

ð1 � �Þs ;

provided � 2 ð0; 1Þ.
So putting t ¼ ð1 þ aÞs, we see that

PrðY1 þ � � � þ Ys � ð1 þ aÞsÞ � e��ð1þaÞ

1 � �

� �s

¼ ðð1 þ aÞe�aÞs;

on putting � ¼ a=ð1 þ aÞ.
A similar argument shows that

PrðY1 þ � � � þ Ys � ð1 � bÞsÞ � ðð1 � bÞebÞs;

completing the proof of Lemma 11. &

Let k ¼ b log nc and

E ¼ ð� < ð16 log nÞ=�Þ;

where

� ¼ max
v 2V

�v; and �v ¼ max
0� i� dv�2kþ 1

�iþ2k � �i :

Here, by default, we take �0 ¼ 0 and �dvþ1 ¼ 1.
Now, observe that gðvÞ ¼ y implies

1 � Xv 2 ½�2dv�y; �2dv�yþ1� � ½�2dv�y�kþ1; �2dv�yþ1� � ½�2dv�y�kþ1; �2dv�yþk�:

In the above formula, we take �j ¼ �j ¼ 0 for j � 0, and �dvþj ¼ ��ðvÞþj ¼ 1 for
j � 1.

126 JOURNAL OF GRAPH THEORY



Applying Lemma 11 to the order statistics defining �, we see that

Prð:EÞ ¼ Pr 9v 2V : �v �
16 log n

�

� �

� nPr 90 � i � �� 2k þ 1 :
Yi þ � � � þ Yiþ2k�1

Y1 þ � � � þ Y�þ1

� 16 log n

�

� �
� nPrðY1 þ � � � þ Y�þ1 � �=2Þ þ n2PrðY1 þ � � � þ Y2k � 8kÞ
� nðe1=2=2Þ�þ1 þ n2ð4e�3Þ2k

� 1=10: ð6Þ

Further,

PrðgðvÞ ¼ y; v 2 S jEÞ � Prð1 � Xvi 2 ½�2dvi�y�kþ1; �2dvi�yþ1�; i ¼ 1; 2; . . . ; k jEÞ

� 2Pr 1 � Xvi 2 �2dvi�y�kþ1; �2dvi�y�kþ1 þ
16 log n

�


 �
;

�

i ¼ 1; 2; . . . ; k
	

� 2
16 log n

�

� �k

:

From Equation (4) and (5) we obtain

Prð9y : Zy > t jEÞ � 2n
t

k

� 	�1 n

k

� 	 16 log n

�

� �k

:

Putting t ¼ 48ðlog nÞn��1 together with Equation (6) establishes

Prð9y : Zy > tÞ � Prð9y : Zy > t jEÞ þ Prð:EÞ < 1;

proving Lemma 9. &

Proof of Lemma 8. For every vertex v independently assign a number Wv

from f0; . . . ; dvg uniformly at random.Now pick a random subset N � NðvÞ of
size Wv , and for every u 2 N, set vu ¼ 1, and for every u 2 NðvÞnN, set vu ¼ 0.

Let g :E ! ½3� as follows: For uv 2 E, let gðuvÞ ¼ 1 þ vu þ uv . For a vertex v,
let gðvÞ ¼

P
u2NðvÞ gðuvÞ. For some integer y with � � y � 3�, let Zy ¼

jfv 2 V :gðvÞ ¼ ygj. Then

EðZyÞ �
n

�
; ð7Þ

since

PrðgðvÞ ¼ yÞ ¼ Pr Wv ¼ y� d �
X

u2NðvÞ
uv

0
@

1
A � 1

dv þ 1
:
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By the symmetry of the construction, we know that 8x 2 V; v; u 2 NðxÞ:

Prðxv ¼ 1Þ ¼ 1=2;

Prðxv ¼ xu ¼ 1Þ ¼ Prðxv ¼ xu ¼ 0Þ ¼ 1=3;

Prðxv ¼ 1; xu ¼ 0Þ ¼ Prðxv ¼ 0; xu ¼ 1Þ ¼ 1=6:

ð8Þ

To use Chebyshev’s inequality, we have to bound the variance of Zy:

VarðZyÞ ¼
X
v 2V

X
u2V

ðPrðgðvÞ ¼ gðuÞ ¼ yÞ � PrðgðvÞ ¼ yÞPrðgðuÞ ¼ yÞÞ:

Fix a v 2 V , and consider

Sv ¼
X
u2V

ðPrðgðvÞ ¼ gðuÞ ¼ yÞ � PrðgðvÞ ¼ yÞPrðgðuÞ ¼ yÞÞ:

Divide V into three classes V1;V2;V3, and consider the partial sums

Si ¼
X
u2Vi

ðPrðgðvÞ ¼ gðuÞ ¼ yÞ � PrðgðvÞ ¼ yÞPrðgðuÞ ¼ yÞÞ:

Class 1 V1 ¼ fvg.

S1 � PrðgðvÞ ¼ yÞ � 1

dv
� �

�2
: ð9Þ

Class 2 V2 ¼ NðvÞ.

S2 � dvPrðgðvÞ ¼ gðuÞ ¼ yÞ

� dvPr Wv ¼ y� dv �
X

x2NðvÞ
xv jgðuÞ ¼ y

0
@

1
APr Wu ¼ y� du �

X
x2NðuÞ

xu

0
@

1
A

� dv
2

ðdv þ 1Þ
1

ðdu þ 1Þ <
2

du
� 2�

�2
:

ð10Þ

Class 3 V3 ¼ V nðfvg [ NðvÞÞ.
Let u 2 V3, and let c ¼ jNðvÞ \ NðuÞj. For the sake of the analysis, pick

a random subset A from fx 2 NðuÞ \ NðvÞ : xu ¼ xvg, by choosing each
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vertex with probability 1=2. So, using Equation (8), for every vertex x 2 N
ðuÞ \ NðvÞ,

Prðxu ¼ xv ¼ 1 ^ x 2 AÞ ¼ Prðxu ¼ xv ¼ 1 ^ x 62 AÞ
¼ Prðxu ¼ xv ¼ 0 ^ x 2 AÞ ¼ Prðxu ¼ xv ¼ 0 ^ x 62 AÞ
¼ Prðxu ¼ 0 ^ xv ¼ 1Þ ¼ Prðxu ¼ 1 ^ xv ¼ 0Þ ¼ 1=6;

and

Prðx 2 AÞ ¼ 1=3:

Let A � NðuÞ \ NðvÞ, and let a ¼ jAj.
Then, for every vertex x 2 NðuÞ \ NðvÞ,

Prðxu ¼ xv ¼ 1 jA ¼ A ^ x 62 AÞ ¼ Prðxu ¼ xv ¼ 1 ^ A ¼ A jx 62 AÞ
PrðA ¼ A jx 62 AÞ

¼ ð1=6Þð1=3Það2=3Þc�a�1

ð1=3Það2=3Þc�a ¼ 1

4
:

By symmetry, we get

Prðxu ¼ xv ¼ 0 jA ¼ AÞ ¼ Prðxu ¼ 0; xv ¼ 1 jA ¼ AÞ
¼ Prðxu ¼ 1; xv ¼ 0 jA ¼ AÞ ¼ 1=4:

Thus, given x 62 A and A ¼ A, the events ðxv ¼ 1Þ and ðxu ¼ 1Þ are independent.
For x 2 A, we get

Prðxu ¼ xv ¼ 1 jA ¼ A ^ x 2 AÞ ¼ Prðxu ¼ xv ¼ 0 jA ¼ A ^ x 2 AÞ ¼ 1=2:

We introduce the following notation:

PA ¼ PrðgðvÞ ¼ gðwÞ ¼ y jA ¼ AÞ � PrðgðvÞ ¼ y jA ¼ AÞPrðgðwÞ ¼ yA ¼ AÞ
¼ PrðgðvÞ ¼ gðwÞ ¼ y jA ¼ AÞ � PrðgðvÞ ¼ yÞPrðgðwÞ ¼ yÞ;

since PrðgðvÞ ¼ yÞ is independent from the choice of A. In particular,

P; ¼ PrðgðvÞ ¼ gðwÞ ¼ y jA ¼ ;Þ � PrðgðvÞ ¼ yÞPrðgðwÞ ¼ yÞ ¼ 0: ð11Þ

For A 6¼ ;, pick any x 2 A. We want to bound the difference PA � PAnx. Let

bv ¼ dv þ
X

z2NðvÞnx
zv; bu ¼ du þ

X
z2NðuÞnx

zu:
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Now consider the difference between PA and PAnx, given that bv ¼ l and bu ¼ r,
and denote it by

P
l;r
A � P

l;r
Anx ¼

¼ PrðgðvÞ ¼ gðwÞ ¼ y jA ¼ A ^ bv ¼ l ^ bu ¼ rÞ
� PrðgðvÞ ¼ gðwÞ ¼ y jA ¼ A n x ^ bv ¼ l ^ bu ¼ rÞ

¼ ½Prðxu ¼ xv ¼ 1 jA ¼ AÞ � Prðxu ¼ xv ¼ 1 jA ¼ AnxÞ�
� PrðWv ¼ y� l� 1ÞPrðWu ¼ y� r � 1Þ
þ ½Prðxu ¼ xv ¼ 0 jA ¼ AÞ � Prðxu ¼ xv ¼ 0 jA ¼ AnxÞ�

� PrðWv ¼ y� lÞPrðWu ¼ y� rÞ
þ ½Prðxu ¼ 1 ^ xv ¼ 0 jA ¼ AÞ � Prðxu ¼ 1 ^ xv ¼ 0 jA ¼ AnxÞ�

� PrðWv ¼ y� lÞPrðWu ¼ y� r � 1Þ
þ ½Prðxu ¼ 0 ^ xv ¼ 1 jA ¼ AÞ � Prðxu ¼ 0 ^ xv ¼ 1 jA ¼ AnxÞ�

� PrðWv ¼ y� l� 1ÞPrðWu ¼ y� rÞ

¼ 1

4
½PrðWv ¼ y� l� 1ÞPrðWu ¼ y� r � 1Þ þ PrðWv ¼ y� lÞPrðWu ¼ y� rÞ

� PrðWv ¼ y� lÞPrðWu ¼ y� r � 1Þ� PrðWv ¼ y� l� 1ÞPrðWu ¼ y� rÞ�:

Therefore,

Pl;r
A � Pl;r

Anx ¼

1=½4ðdv þ 1Þðdu þ 1Þ� if ðr ¼ y� du � 1 ^ l ¼ y� dv � 1Þ;
or ðr ¼ y ^ l ¼ yÞ;

�1=½4ðdv þ 1Þðdu þ 1Þ� if ðr ¼ y� du � 1 ^ l ¼ yÞ;
or ðr ¼ y ^ l ¼ y� dv � 1Þ;

0 otherwise:

8>>>>>><
>>>>>>:

Thus, summing over all possible values of l, r and
t ¼ jfz 2 A n x : zu ¼ zv ¼ 1gj,

PA � PAnx �
� 1=½4ðdv þ 1Þðdu þ 1Þ�
� ½Prðbu ¼ y� du � 1 ^ bv ¼ y� dv � 1Þ þ Prðbu ¼ y ^ bv ¼ yÞ�

� 1=½4ðdv þ 1Þðdu þ 1Þ�

�
Xa� 1

t¼ 0

a� 1

t

� �
2�aþ1

du � a

y� 2du � 1 � t

� �
dv � a

y� 2dv � 1 � t

� �
2�du�dvþ2a

"

þ
Xa� 1

t¼ 0

a� 1

t

� �
2�aþ1

du � a

y� du � t

� �
dv � a

y� dv � t

� �
2�du�dvþ2a

#

� 1

ðdv þ 1Þðdu þ 1Þ
du � a

ðdu � aÞ=2

� �
dv � a

ðdv � aÞ=2

� �
2�du�dvþa

Xa� 1

t¼ 0

a� 1

t

� �
:
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Suppose first that 1 � a � �=3. Then,

PA � PAnx �
2�dv�duþ2a�1

ðdv þ 1Þðdu þ 1Þ
2dv�aþ1

ðdv � aÞ1=2

 !
2du�aþ1

ðdu � aÞ1=2

 !

¼ 2

ðdv þ 1Þðdu þ 1Þðdv � aÞ1=2ðdu � aÞ1=2
� 3

dv�2
:

Hence,

PA � 3a

dv�2
� 3c

dv�2
: ð12Þ

Note that for all A,

PrðgðvÞ ¼ gðuÞ ¼ y jA ¼ AÞ � 1

ðdv þ 1Þðdu þ 1Þ ;

hence, for a > �=3,

PA � PrðgðvÞ ¼ gðuÞ ¼ y jA ¼ AÞ � 3a

dv�2
� 3c

dv�2
: ð13Þ

Therefore, combining (11), (12) and (13),

PrðgðvÞ ¼ gðuÞ ¼ yÞ � PrðgðvÞ ¼ yÞPrðgðuÞ ¼ yÞ

�
X

A�NðuÞ \ NðvÞ
ð3c=dv�2ÞPrðA ¼ AÞ ¼ 3jNðvÞ \ NðuÞj

dv�2
:

Now notice that
P

u2V jNðvÞ \ NðuÞj counts the number of walks of length two
starting in v, thus

P
u2V jNðvÞ \ NðuÞj � dv�, and therefore,

S3 �
X
u2V3

3jNðvÞ \ NðuÞj
dv�2

� 3�

�2
: ð14Þ

Altogether, we get from (9), (10), and (14),

Sv ¼ S1 þ S2 þ S3 � 6�

�2
;

and thus,

VarðZyÞ ¼
X
v 2V

Sv �
6n�

�2
:
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By Chebyshev’s inequality and (7) we get

PrðZy > 6n=�Þ � VarðZyÞ
ð5n=�Þ2

<
1

3�
;

and thus,

Prð9y : Zy > 6n=�Þ < 1;

finishing the proof. &

Proof of Lemma 10. Choose g randomly from f1; 2gE. Observe that
gðvÞ � dv has the binomial distribution Biðdv; 1=2Þ. For a non-negative integer y
let

Vy ¼ v : y� 3

2
dv

����
���� � ð2dv log nÞ1=2

� 

:

The Chernoff bounds for the tails of the binomial (see, e.g., [6]) imply that for
any t > 0,

PrðjgðvÞ � 3

2
dvj � tÞ � e�2t2=dv :

Hence,

PrðgðvÞ ¼ yÞ � 1

n4
if v =2Vy: ð15Þ

Now consider v 2 Vy. Clearly,

PrðgðvÞ ¼ yÞ ¼ 0 if dv < y=2: ð16Þ

Case 1 y � n1=4

If dv � y=2 � n1=4=2, then we can use Stirling’s inequality or apply Feller [5],
Chapter VII (2.7) to get

PrðgðvÞ ¼ yÞ ¼ 1

2dv

dv
y� dv

� �
	

ffiffiffiffiffiffiffi
2

�dv

r
e�z2=2; ð17Þ

where z ¼ 2ðy� 3
2
dvÞ=d1=2

v .
Let Zy ¼ jfv :gðvÞ ¼ ygj. It follows from (15), (16), and (17) that

EðZyÞ �
jVyj
�1=2

: ð18Þ
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Let

Z1
y ¼ jfv 2 Vy :gðvÞ ¼ ygj and Z2

y ¼ jfv =2Vy :gðvÞ ¼ ygj:

It follows from (15) that

Pr Z2
y 6¼ 0

� 	
� 1

n3
: ð19Þ

Note also that v 2 Vy implies that

y ¼ 3

2
dv þ O dv log nð Þ1=2

� 	
: ð20Þ

Now for t > 0 and k ¼ ðlog nÞ2
, we use the Markov’s inequality to obtain

PrðZ1
y > tÞ �

E
Z1
y

k

� �� �
t

k

� � : ð21Þ

But

E
Z1
y

k

� �� �
¼

X
S�Vy;jSj ¼ k

PrðgðvÞ ¼ y; v 2 SÞ

¼
X

S�Vy;jSj ¼ k

X
�2f1;2gES

PrðgðvÞ ¼ y; v 2 S j gðESÞ ¼ �Þ PrðgðESÞ ¼ �Þ

ð22Þ

where ES ¼ fe 2 E :e � Sg.
Now fix S in Inequality (22). For v 2 S, let

Av ¼ fe ¼ uv 2 E :u =2 Sgand Bv ¼ fe ¼ uv 2 E :u 2 Sg:

Then, if jgðBvÞj denotes
P

u2Bv
gðuÞ,

PrðgðvÞ ¼ y jgðESÞ ¼ �Þ ¼ PrðjgðAvÞj ¼ y� jgðBvÞjÞ

¼ 2�jAv j jAvj
y� jgðBvÞj � jAvj

� �
: ð23Þ
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Therefore,

PrðjgðAvÞj ¼ y� jgðBvÞjÞ
PrðgðvÞ ¼ yÞ ¼ 2jBv j

jAvj
y� jgðBvÞj � jAvj

� �
dv

y� dv

� �

¼ 2jBv j jAvjðjAvj � 1Þ � � � ð2jAvj þ jgðBvÞj � yþ 1Þ
1 � 2 � � � � � ðy� jgðBvÞj � jAvjÞ

� 1 � 2 � � � � � ðy� dvÞ
dvðdv � 1Þ � � � ð2dv � yþ 1Þ: ð24Þ

Now we use

jAvj þ jBvj ¼ dv and jBvj � jgðBvÞj � 2jBvj � 2k

and Equation (20) to verify that

1 � 2 � � � � � ðy� dvÞ
1 � 2 � � � � � ðy� jgðBvÞj � jAvjÞ

¼ ðy� dvÞðy� dv � 1Þ � � � ðy� jgðBvÞj � jAvj þ 1Þ

¼ 1

2
dv

� �jgðBvÞj�jBv j
1 þ O k

log n

dv

� �1=2
 ! !

ð25Þ

and

jAvjðjAvj � 1Þ � � � ð2jAvj þ jgðjBvjÞ � yþ 1Þ
dvðdv � 1Þ � � � ð2dv � yþ 1Þ

¼ ð2dv � yÞð2dv � y� 1Þ � � � ð2jAvj þ jgðBvÞj � yþ 1Þ
dvðdv � 1Þ � � � ðjAvj þ 1Þ

¼ djBv j�jgðBvÞj
v � 2jgðBvÞj�2jBv j 1 þ O k

log n

dv

� �1=2
 ! !

: ð26Þ

Plugging Equation (25) and (26) into (24), we see that

PrðjgðAvÞj ¼ y� jgðBvÞjÞ
PrðgðvÞ ¼ yÞ ¼ 1 þ O k

log n

dv

� �1=2
 !

:
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So from Equation (22) and (23) we see that

E
Z1
y

k

� �� �

�
X

S�Vy;jSj ¼ k

X
�2f1;2gES

Y
v 2 S

1þO k
log n

dv

� �1=2
 ! !

PrðgðvÞ¼yÞ
 !

PrðgðESÞ¼�Þ

� 1 þ O k2 ð log nÞ1=2

n1=8

 ! ! X
S�Vy;jSj ¼ k

Y
v 2 S

PrðgðvÞ ¼ yÞ

� ð1 þ oð1ÞÞ 1

k!

X
S�Vy;jSj ¼ k

PrðgðvÞ ¼ yÞ

0
@

1
A

k

¼ ð1 þ oð1ÞÞ
EðZ1

y Þ
k

k!
:

So Inequality (18), (21) imply

Pr Z1
y > 2

n

�1=2

� �
� ð1 þ oð1ÞÞ

EðZ1
y Þ

k

ð2n=�1=2Þk
� ð1 þ oð1ÞÞ2�k

and then together with Inequality (19) we get

Pr 9y :Zy > 2
n

�1=2

� �
� 2nðð1 þ oð1ÞÞ2�k þ n�3Þ ¼ oð1Þ: ð27Þ

Case 2 y � n1=4.
Assume that Vy 6¼ ;. We apply the Hoeffding–Azuma inequality. Changing the

value of g on a single edge can only change the value of Z1
y by at most 2. Also, Z1

y

is determinedby the outcome of at most

X
v 2Vy

dv � jVyjðyþ ðlog nÞ2Þ

random choices. It follows that for t > 0,

Pr Z1
y � EðZ1

y Þ þ t
� 	

� exp � t2

2jVyjðyþ ðlog nÞ2Þ

( )
: ð28Þ
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Putting t ¼ n=�1=2 and observing that Vy 6¼ ; implies � � n1=4 and y� � n1=2, and
applying Inequality (18), (19), (28), we see that

Pr Z1
y > 2

n

�1=2

� �
� e�n1=2=3: ð29Þ

The lemma follows from Inequality (19), (27), and (29). &

4. PROOFS OF THEOREMS

We are now able to prove the Theorems.

Proof of Theorem 1. Let � � n1=2. By Lemma 8, there exists a weight
assignment g :E ! ½w� with mg � 6n=� and w ¼ 3. Now by Lemma 4,
sðGÞ � 3mgwþ mg � 60n=�, proving (b). Similar arguments, using Lemma 7
and Lemma 9 in place of Lemma 8, provide part (a) and (c). &

Proof of Theorem 2. The proof is similar to the proof of Theorem 1, just use
Lemma 5 in place of Lemma 4. &

Proof of Theorem 3. The proof is similar to the proof of Theorem 1, just use
Lemma 4 and Lemma 10. &
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