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Abstract: An assignment of positive integer weights to the edges of a
simple graph G is called irregular, if the weighted degrees of the vertices
are all different. The irregularity strength, s(G), is the maximal weight, mini-
mized over all irregular assignments. In this study, we show that
s(G) < ¢y n/é, for graphs with maximum degree A < n'/2 and minimum
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degree 6, and s(G) < ¢, (log n)n/é, for graphs with A > n'/2, where ¢; and
¢, are explicit constants. To prove the result, we are using a combination of
deterministic and probabilistic techniques. © 2002 Wiley Periodicals, Inc. J Graph Theory
41: 120-137, 2002
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1. INTRODUCTION

Perhaps, the second oldest “fact” in graph theory is that in a simple graph, two
vertices must have the same degree. This fact no longer holds for multigraphs. By an
irregular multigraph, we mean one in which each vertex has a different degree.
Hence, a natural question would be: What is the least number of edges. We would
need to add to a graph in order to convert a simple graph into an irregular multigraph?

Another way to view this question is through an assignment of integer weights
to the edges of the graph. Given a simple graph G of order n, an assignment
fE(G) — {1,...,w} = [w] of positive integers weights to the edges of G is
called irregular if the weighted degrees, f(v) = 3_, c v(,) f(uv) of the vertices are
all different. The irregularity strength, s(G), is the maximal weight w, minimized
over all irregular weight assignments, and is set to oo, if no such assignment is
possible. Clearly, s(G) < oo if and only if G contains no isolated edges and at
most one isolated vertex.

The irregularity strength was introduced by Chartrand et al. [3]. The irregu-
larity strength of regular graphs was considered by Faudree and Lehel [4]. They
showed that if G is a d-regular graph of order n, d > 2,then s(G) < [n/2] + 9,
and they conjectured that s(G) = [%] + ¢ for some constant c¢. This con-
jecture comes from the lower bound s(G) > {"*%5"1. For general graphs with
finite irregularity strength,Aigner and Triesch [1] showed that s(G) <n —1,if G
is connected and s(G) < n + 1 otherwise. Nierhoff [8] refined their method to
show s(G) < n — 1 holds for all graphs with finite irregularity strength, except for
K5. We will provide an improvement of both the Faudree—Lehel bound and the
Aigner—Triesch—Nierhoff bound in this study.

For a review of other results and open problems in this area, we refer the reader
to a survey by Lehel [7].

In this study; all graphs are simple of order n. The degree of a vertex v is denoted
by d, or deg(v), we shall denote the minimum degree of G by 6 and the maximum
degree by A. For terms not found here, see [2] or [6]. Our upper bounds on s(G)
involve a function of n and 6 or both § and A, and are stated in the next theorem.

Theorem 1. Let G be a graph with no isolated vertices or edges.

@ If A < [(n/Inn)"*|, then s(G) < n(3+ %),
(b) If [(n/Inn)"/*] +1 < A < [n'/2], then s(G) < 60n/é,
(©) If A > |[n'?| +1, § > [6logn] then s(G) < 336(logn)n/é.

For regular graphs, we get the following theorem with improved constants.
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Theorem 2. Let G be a d-regular graph with no isolated vertices or edges.

(a) If d < |(n/Inn)"*], then s(G) < 10n/d + 1,

(b) If [(n/Inn)"*| +1 < d < [n'/2], then s(G) < 48n/d + 1,

() If d > [n'/?] + 1, then s(G) < 240(logn)n/d + 1.
Observe that both (a) and (b) give bounds of the correct order of magnitude.
If A > [n'/?]41 and § < [6Inn|, Theorem 1 does not apply, but we can still
make the following statement.

Theorem 3. Let G be a graph with no isolated vertices or edges. If n is suffi-
ciently large, then s(G) < 14n/§'/2.

To explain the main technique used to prove all results, let us define

my = Xrgn‘z}E(G){\X| :g(v) = g(u) for all v,u € X},

where g is defined as a weight assignment, i.e., g : E(G) — {1,2,...,w} = [w],
for some integer w. In the deterministic part of our proof (see Lemma 4), we show
that s(G) < 3(w + 1)m,. Next, we use probabilistic tools to establish bounds on
mg. Here the idea is to assign weights to edges from the set {1,2} or {1,2,3}, and
show that for such weightings, there exist assignments with m, of the order n/é or
nlogn/é (see Lemma 7, 8 and 9).

2. DETERMINISTIC LEMMAS

The next two lemmas will be fundamental to our results. Their proofs follow
below.

Lemma 4. Let G be a graph without isolated vertices or isolated edges. Let
g : E(G) — [w] be a weight assignment. Then, there exists an irregular assign-
ment f:E(G) — {2mg, ..., (3w + 1)m,}.

Lemma 5. Let G be a d-regular graph without isolated vertices or isolated
edges. Let g : E(G) — |[w] be a weight assignment. Then, there exists an irregular
assignment f:E(G) — [(3w — 1)mg, + 1].

We begin with a lemma needed to prove Lemma 4.We will call a tree with at most
one vertex of degree greater than two, and k vertices of degree one, a generalized
k-star.

Lemma 6. Let G be a graph without isolated vertices or isolated edges. Then,
G has a factor consisting of generalized stars of order at least three.

Proof. Let T be a spanning tree of a component of G. Note that |V(T)| > 3
by our hypothesis. We show that 7' can be broken into disjoint generalized stars
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that together span V(7). Then repeating this argument on each component pro-
duces the result.

To do this, we induct on |U|, where U = {u € V(T)|degr(u) > 3}.If |U| < 1,
we are done, as 7 is itself a generalized star. Now assume the result holds on any
tree 7 with |U| =1 > 1 and suppose T is a tree with |U| = [+ 1. Now root 7, at
u € U and select any vertex v € U, v # u, such that the distance in 7 between u
and v is maximum over all vertices of U. Let T, be the subtree of T rooted at v
and consider 7" = T \ T,. This tree has |U| = [ and by the induction hypothesis,
we can find generalized stars in 7’ that span V(T”). Further, the tree T, is, by our
choice of v, a generalized star of order at least three. This star, together with the
collection of stars that spans 77, spans T, completing the proof. ]

Proof of Lemma 4. Denote the weight class of a vertex v € V(G) as
C, ={ucV(G):g(u) = g(v)}.

Define a new weight functionf : E — [3m,w] by f(e) = 3mgg(e). Note that the
weight classes are unchanged under this function. Let S be a generalized star
factor of G, guaranteed by Lemma 6. We select one generalized star S from S. Let
u be a vertex of maximum degree in S and suppose that S consists of ¢ paths
rooted at u. Let uy,uy, ..., u, be the neighbors of u in S. Consider the first branch
(path) of S, say vy, vy,..., v, where v; = u; and r > 2 (if such a branch of S
exists). Now begin with the last edge v,v,_;. We change the weight of this edge
as follows. Put f(v,v,_1) = f (v,vp—1) + x,where x is selected from the set
L=1{0,-1,...,—(my — 1)} in such a way that f(v,), its new weighted degree,
is different from the current weighted degrees of any vertex from C,\{v,}.
Since |C,,| < my, it is always possible to select an appropriate x. We now repeat
this process to the edges v,_1v,-2,V,—2Ur_3,...,v20;, thus making f(v,_1),
f(v,22),...,f(v2) unique also. To complete the first phase, repeat the procedure
on the paths emanating from u;, us, ..., u,, in this order.
It remains to adjust the weights of the star centered at u. So, we change the
weights of the edges uuy, uu,, . .., uu, 1, one by one, starting at uu;. Let f(uu;) =
f(uu,-) + y;, where y; is chosen from the set L' = {—m,, —(my, — 1),..., mg — 1,
mg}, in such a way that f(u;), i = 1,2,...,7 — 1, the new weighted degree of u;,
is different from the current weighted degrees of any vertex from C,, \ {;} and,
additionally, such that 37, _, y; belongs to the set (L U {—m, )\ {f (u;v) —f (u;0)},
where v is the second vertex of the path starting in u,(if no such vertex v exists,
use instead (L U {—m,})\{0}). Now, we are left with uu,. Observe that u and u,
have different weighted degrees at this time. Now let f(uu,) = f (uu,) + x, where
x € L'\{—mg}, such that both f () and f (u,) are unique in their respective classes.
This is possible, since thereare 2m, options, and C, and C,, can only block
2(my — 1) of these. Finally, repeat the process for all remaining stars S € S.

Now, for every weight class C,, all vertices have different weighted degrees
under f. The weighted degrees were altered from f by total values from the range
{—2my +1,...,m,}, the different classes were at least 3m, apart from each
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other underf, so f is an irregular assignment to the set {2m,, 2m, + 1,...,3mew
+mg} [

Proof of Lemma 5. Use Lemma 4 to get an irregular weight assignment
f 1 E(G) — {2mg,2my + 1,...,3mew + mg}. Now define f : E(G) — [(3w — 1)
mg + 1] by f(e) =f'(e) —2my + 1. This assignment is irregular, since the
weighted degree of every vertex is reduced by d(2mg — 1). ]

3. PROBABILISTIC LEMMAS

The following two lemmas will be used to get bounds on the irregularity strength
of graphs with maximal degree A < n'/2. Again, the proofs follow below.

Lemma7. Let G be a graph. If A < (n/Inn)"*, then 3g:E(G) — {1,2}, such
that mg <%+ X.

Lemma$8. Let G be a graph. If A < n'/?, then 3g:E(G) — {1,2,3}, such that,
mg < 6n/é.

The next lemma is used for graphs with A > n!/2,

Lemma 9. Let G be a graph. If n>10 and 6> 10logn, then
Jg:E(G) — {1,2}, such that my < 48(logn)n/é.

Finally, we state the lemma which provides bounds on m,, without any
restrictions on vertex degrees of a graph G, but for sufficiently large n only.

Lemma 10. Let G be a graph. If n is sufficiently large, then 3g:E(G) — {1,2},
such that my < 2n/8'2,

Since the proofs of both Lemma 7 and 9 use the same model of assigning weights
to the edges, at random, we will present their proof together.

Proof of Lemma 7 and 9. Let X,,v € V be independent random variables
with uniform distibution over the interval [0, 1], and then for e = uv € E, let

© 2 i X, 4 X, >,
e =
g 1 ifX, +X, < 1.

For the non-negative integer y € {0, 1,...,d,},

! d d 1 1
P =d, +y) = ") (1 = x)* V= <—. q(
r(g(v) y) /x_o(y>x (I —x)" dx 315571 (1)

It follows for every y with 6 <y <2A and Z, = [{v € V:g(v) = y}| that

n

< .
E(Z) < §+1
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To prove Lemma 7, we assume that G is a graph with maximum degree A <
(n/log n)"/*.

We apply the Hoeffding—Azuma inequality, see, for example, Janson, Luczak,
and Rucinski [6]. Changing the value of an X, can only change the value of Z, by
at most A + 1. It follows that for ¢ > 0,

2
Pr(Z, > E(Z,) +1t) <exp{ ———— ». 3
(y (y) ) P{ 2n(A+1)2} (3)
Putting 7 = £ and using (2) we see that
1
Pr(Z, > E(Z,) +1) < TN
and thus
non
P (3 .z > _) 1,
r(Jy:Z, _6+A <
and Lemma 7 follows. [ |

We now prove Lemma 9. We use the Markov inequality for #,k > 0 and any
event &£, to obtain

E(z4]€)

()

Pr(Z, >1|€) < (4)

But

E((i)\g) = 3 Pr(g(v) = y,v € 5]). (5)

IS| =k

Now fix S = {vj, va,..., v} in Equation (5). For v € S, let Ng(v) = N(v)\S,
and let p(v) = |Ns(v)|. Note that d, —pu(v) <k—1. For veS, let & <
& < -+ < &y, be the values of X,,,u € N(v), sorted in increasing order and let
m < mp < -+ <1y be the values of X,,u € Ng(v), also sorted in increasing
order.

Note that, in general, if & < & < --- < & is the sequence of order statistics
from the uniform distribution over [0, 1], then & has the same distribution as
Yi+Ya+--+Y)/(Yi+ Yo+ -+ Yo )where Yy, Yo, ..., Y is a sequence
of independent random variables, each having exponential distribution with mean
one, see for example Ross, Theorem 2.3.1 [9].

To prove the lemma we need to show the following general statement.
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Lemma 11. Let Y1, Y, ..., Y, be a sequence of independent random variables,
each having exponential distribution with mean one. Then for any real a > 0,
0<b <1, we have

Pr(Yi+- -+ Y > (1+a)s) <((1+a)e ),
Pr(Y; + -+ Y, < (1=b)s)) < ((1 —b)e).

Proof.
Pr(Yi+ - +Y, >1) < Pr(eA(Y"L"'*YJ_’) > 1)

< e ME (eA<Y1+-~-+xv>)

provided X € (0, 1).
So putting ¢ = (1 + a)s, we see that

N
Pr(Yi+---+Y,>(1+a)s) < < Y > = ((1+a)e ),

on putting A = a/(1 + a).

A similar argument shows that

Pr(Y; +---+ Y, < (1 —=5b)s) < ((1—b)e’)’,

completing the proof of Lemma 11. ]

Let k = | logn] and

E=(©< (16 1log n)/d),

where

© =maxO,,and O, = max i — & .
vev Y 0§i§d1,72k+l£l+ &

Here, by default, we take {, =0 and &;,; = 1.
Now, observe that g(v) = y implies

1 =X, € [&d,—y, &2d,—y+1) C [dy—y—ict15 2d,—y+1) € [E2d,—y—kt15 E2dy—y+k] -

In the above formula, we take & = 1; = 0 for j < 0, and &§y,+; = 7,(0)4; = 1 for
iz L



ON GRAPH IRREGULARITY STRENGTH 127

Applying Lemma 11 to the order statistics defining ©, we see that

Pr(-€) = Pr (av cv.o, >0 l;)g ”)

Yid o+ Yiy 161
gnPr<30gigA—2k+1; L Og”>

Ni+-+Ysy — 06
<nPr(Yy+ -+ Yy <6/2) + nPr(Yy + - + Yy > 8k)
< n(€1/2/2)5+1 + n2(4ef3>2k
< 1/10. (6)
Further,

Pr(g(v) =y,vE S|5) < Pl’(l _Xvi € [nqu—y—k—i-la"724'1:[—)7-"-1]’ i = 1727 cee ’k|5)
16 log n
6 )

< 2Pl’<1 - Xy, € |:772d,,l.yk+17772d7,l.yk+1 +
i= 1,2,...,k)
k
< <16 lg)g n> .

From Equation (4) and (5) we obtain

Pr(Jy:Z, >1|€) < 2n<;€>1 (Z) (16 1§g n>k.

Putting ¢ = 48(log n)nd~! together with Equation (6) establishes
Pr(3y:Z,>1)<Pr(3y: Z, >t|€) +Pr(=€) < 1,
proving Lemma 9. []

Proof of Lemma 8. For every vertex v independently assign a number W,
from {0,...,d,} uniformly at random.Now pick a random subset N C N(v) of
size W,, and for every u € N, set v, = 1, and for every u € N(v)\N, set v, = 0.

Let g: E — [3] as follows: For uv € E, let g(uv) = 1 + v, + u,. For a vertex v,
let g(v) =3, cn(y&(uv). For some integer y with 6 <y <3A, let Z, =
|{v € V:g(v) = y}|. Then

n
E(z) <%, ™)
since

1
d,+1

Pr(g(v):y):Pr W?):y_d_ Z Uy S
ueN(v)
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By the symmetry of the construction, we know that Vx € V, v,u € N(x):

Pr(x, = 1) = 1/2,
Pr(x,=x,=1)=Pr(x,=x,=0)=1/3, (8)
Pr(x,=1,x,=0)=Pr(x,=0,x, = 1) = 1/6.

To use Chebyshev’s inequality, we have to bound the variance of Z,:

Var(z,) = ) Y (Pr(g(v) = g(u) = y) — Pr(g(v) = y)Pr(g(u) =)).

veVueV

Fix a v € V, and consider

Sy =Y _(Pr(g(v) = g(u) = y) — Pr(g(v) = y)Pr(g(u) =y)).

ueV

Divide V into three classes Vi, V,, V3, and consider the partial sums

Si= > (Pr(g(v) = g(u) = y) — Pr(g(v) = y)Pr(g(u) = y)).

ucvV;

Class 1 V, = {v}.

1 A
SIS Pr(g(0) =) < T <5 ©)
Class 2V, = N(v).
S < dPr(g(v) = g(u) =)
<dPr|W,=y—d,— Z X,U|g(l/l) =y |Pr{W,=y—d,— Z Xu
XEN(v) XEN (u)
10
<d 2 1 2 _2A (10)

SO TNt ) A e

Class 3 V3=V \({v} UN(v)).
Let u € V3, and let ¢ = |N(v) " N(u)|. For the sake of the analysis, pick
a random subset A from {x € N(u) NN(v):x, =x,}, by choosing each
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vertex with probability 1/2. So, using Equation (8), for every vertex x € N

(u) NN(v),

Pr(x,=x,=1Ax€A)=Pr(x,=x,=1Ax g A)
=Pr(x,=x,=0AN x€ A) =Pr(x,=x,=0Ax ¢ A)
=Pr(x,=0Ax,=1)=Pr(x,=1Ax,=0)=1/6,

and
Pr(xe A) =1/3.

Let A C N(u) NN(v), and let a = |A|.
Then, for every vertex x € N(u) N N(v),

Pr(x,=x,=1NA=A|x&A)
Pr(A=A|x ¢ A)

IUDITETCTE .

Prix, =x,=1|A=AANx¢A) =

(/337 4

By symmetry, we get

Pr(x,=x,=0{A=A)=Pr(x,=0,x,=1|A=A)
=Pr(x,=1,x,=0|A=A) =1/4.

Thus, given x ¢ A and A = A, the events (x, = 1) and (x, = 1) are independent.
For x € A, we get

Pr(x,=x,=1{A=AAx€A)=Pr(x,=x,=0|A=AANxcA)=1/2.
We introduce the following notation:

Py =Pr(g(v) =gw) =y|A=A) —Pr(g(v) =y|A=A)Pr(g(w) =y A=A)
= Pr(g(v) = g(w) =y[A=A) — Pr(g(v) = y)P (()=y),

since Pr(g(v) = y) is independent from the choice of A. In particular,

= Pr(g(v) = g(w) = y|A=0) = Pr(g(v) = y)Pr(g(w) =y) = 0. (11)
For A # (), pick any x € A. We want to bound the difference Py — Py\,. Let

b, =d,+ Z 2y, by =d, + Z Zu-

ZEN(v)\x ZEN(u
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Now consider the difference between P4 and Py, given that b, =l and b, =r,
and denote it by

/, Lr
PAr - PA\x =

=Pr(g(v) =gw)=y|A=AANDb,=1INb, =)
—Pr(g(v) =gw)=y|A=A\xAb,=IAb,=7)
=Pr(x,=x,=1|A=A) —Pr(x, =x, = 1] A =A\x)]
xPr(W,=y—1—-1)Pr(W,=y—r—1)
+ [Pr(x, =x,=0]A=A) —Pr(x, =x,=0|A=A\x)]
xPr(W,=y—-0Pr(W,=y—r)
+[Pr(x,=1Ax,=0{A=A) —Pr(x,=1Ax,=0[A=A\x)]
xPr(W,=y—0)Pr(W,=y—r—1)
+[Pr(x,=0Ax,=1|A=A) —Pr(x,=0Ax, = 1| A=A\x)]
xPr(Wy=y—1[—1)Pr(W,=y—r)
:%[Pr(WU:y—l— DPr(W,=y—r—1)+Pr(W,=y—-0)Pr(W,=y—r)

—Pr(W,=y—0)Pr(W,=y—r—1)—-Pr(W,=y—1—1)Pr(W, =y —r)].

Therefore,
1/[4(d, + 1)(d, + 1)] if(r=y—-d,—1Nl=y—-d,—1),
or (r=yAl=y),
Py =P = —1/[4d,+1)(da+1)] if (r=y—d,—1Al=Yy),
or (r=yANl=y—d,—1),
0 otherwise.

Thus, summing over all possible values of /, » and

t=H{ze A\x:z, =2z, =1},
Py — Py, <
< 1/[4(dy + 1)(dy + 1)]
x[Pr(b,=y—d,—1ANb,=y—d,—1)+Pr(b,=yANb,=Y)|
< 1/[4(d, + 1)(dy + 1)]

a—1

« Z(a_1>2_a+l< du_a )( d’U_a )2—du—d1,+2{1
—\ 1 y—2d,—1—t)\y—2d,—1~1

a—1

S S AR

t=0 t y—du—t y—dy—t

: m ( (dudu—_a)a/Z ) ( (dzlv__a;l/z ) pTh e i ( ’ ; : ) :

t=0
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Suppose first that 1 < a < §/3. Then,

ZfdﬂfdﬁZafl 2d1,7a+1 2d,,7a+l
Py —P <
! A\x_ (d1)+1)(du+1) (dv_a)l/z (du_a)1/2

2 < 3 .
(dy+ 1)(dy + 1)(dy — a)' /2(d, — a)"/* ~ du6?

Hence,
3a 3¢
Py < < 12
A=4,62 = d,8 (12)
Note that for all A,
Pr(s(v) = g(u) = y| A = A) < :
V) = u) —= = ,
s\ ==y Sy Dde+ 1)
hence, for a > §/3,
Pa < Pr(g(u) = g(u) = y| A= A) < 2% < ¢ (13)
A SIS =) =YIA=A) S e = 4,6

Therefore, combining (11), (12) and (13),

Pr(g(v) = g(u) =y) — Pr(g(v) = y)Pr(g(u) =y)
3IN(v) N N(u)|

< (3c/d,0*)Pr(A =A) = 5

ACN(u)N N(v)

Now notice that ) ., |[N(v) " N(u)| counts the number of walks of length two
starting in v, thus >, .\ [N(v) " N(u)| < d,A, and therefore,
3IN(v) NN (u)| _ 3A

ueVs

Altogether, we get from (9), (10), and (14),

6A
S1):SI+S2+S3 S?v

and thus,

A
Var(Z,) = ZS“ < 6%

veV
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By Chebyshev’s inequality and (7) we get

Var(Z,) - s
(5njoy 347

Pr(Z, > 6n/6) <

and thus,
Pr(dy:Z, > 6n/b) <1,
finishing the proof. [ |

Proof of Lemma 10. Choose g randomly from {I, 2}E. Observe that
g(v) — d, has the binomial distribution Bi(d,, 1/2). For a non-negative integer y
let

3
Vy = {v : ’y—idv < (2d, log n)]/z}.

The Chernoff bounds for the tails of the binomial (see, e.g., [6]) imply that for
any t > 0,

3 2
Pl‘(’g(v) - Edﬂl Z t) S eiZf /dv‘

Hence,

Pr(s(v) =)) <5 if vV (15)
Now consider v € V. Clearly,

Pr(g(v) =y)=0 ifd, <y/2. (16)
Casel y>n!'/4

Ifd, >y/2 > n1/4/2, then we can use Stirling’s inequality or apply Feller [5],
Chapter VII (2.7) to get

_ _ 1 dy ~ 2 -2/2
Pr(e(s) =) =5 (, 7y ) = /e (17)
where z =2(y —3d,)/d}/%.

Let Z, = |{v:g(v) = y}|. It follows from (15), (16), and (17) that

V.
E(Z,) < % (18)
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Let
Z, = [{v € Vy:g(v) = y}| and Z7 = [{v ¢ Vy:8(v) = y}|.
It follows from (15) that
Pr(zf, ;éo) g%. (19)
n
Note also that v € V, implies that

3 12
y=5d,+ 0((617, log ) ) (20)

Now for 7 > 0 and k = (log n)*, we use the Markov’s inequality to obtain

Pr(zy > 1) < E<Etzkyl>>) (21)
k

= 3 S Pr(s(v) = y,ve S| gEs) = &) Pr(g(Es) = ©)
SCVylS=k¢e {125
(22)

where Eg = {e € E:e C S}.
Now fix § in Inequality (22). For v € S, let

A,={e=uveE:u¢Stand B,={e=uvec E:ucS}.
Then, if [g(B,)| denotes »_, 5 g(u),

Pr(g(v) = y[g(Es) = &) = Pr(|g(A,)] =y — |8(By)])

) A,
Al
2 <y ~ [9(B.)] - |AU|>' (23)
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Therefore,

< Ay )
Pr(lg(A,)| =y — |gB)]) _ 5, \y —8(B.)| — |Ai]
Pr(g(v) =) < d, )
y—dy
_ ol Al (Ad = 1)~ (2JAu| + |g(Bo)| —y + 1)
Ix2x---x(y—|g(By)] — |Ay])
Ix2x%x-x(y—d,)
dy(d,— 1) (2d, —y+1).

(24)

Now we use
|Ay| +[B,| =d, and |B,] <|g(B,)| <2[B,| <2k
and Equation (20) to verify that

Ix2x--x(y—dy)
Ix2xx (y = [8(By)] — |Au])

= (y - dv)(y —d, — 1) T (y - |g(B'u)‘ - |A’U| + 1)

_ G dv> o (1 +0 (k <IO§U”> 1/2> ) (25)

and

|A[(JA,| = 1) - (2]A,] + |g(|Bs]) =y + 1)
dy(dy = 1)+ (2d, —y+1)
(2d, —y)@2dy —y —1)--- (2|Ay| + |g(Bu)[ =y + 1)
dv(dv - 1) e (|Av| + 1)

1 1/2
_ BB 5 ple(B)1-208, (1 Lo (k< 05 ”> >> , (26)

Plugging Equation (25) and (26) into (24), we see that

Pr(g(v) =) d,
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So from Equation (22) and (23) we see that

(%))

DD H((HO(/«(“’j”)1/2))Pr<g<v>:y>>Pr<g<Es>=§>

SCVyISI=k ce{12)fs veS

k
1/2
<|1+0 <k2 “051778)» Pr(g(v) =y)
s ,

SC V|8 =k

= (1 +o(1))E(Zy)

So Inequality (18), (21) imply

n

1\k
Pr<z; > 251/2> < (1+o0(1)) EZ) =< (1+o0(1))27*

(2n/6/2)
and then together with Inequality (19) we get

n

Pr <E|y:Zy > 261/2

) <2n((1+o0(1))27* +n73) =0(1). (27)

Case 2 y <n'/*

Assume that V,, # (). We apply the Hoeffding—Azuma inequality. Changing the
value of g on a single edge can only change the value of Zy1 by at most 2. Also, Zy1
is determinedby the outcome of at most

> dy < V| (y + (log n)*)

veVy

random choices. It follows that for ¢ > 0,

1 1 r
Pr(Zy > E(Z)) + t) < exp{—2|w(%L o n)z)}. (28)
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Putting ¢ = n/6'/2 and observing that V; # () implies § < n'/* and y6 < n'/?, and
applying Inequality (18), (19), (28), we see that

n _nl2
Pr<Zy1 > 2W> <e ", (29)
The lemma follows from Inequality (19), (27), and (29). [

4. PROOFS OF THEOREMS

We are now able to prove the Theorems.

Proof of Theorem 1. Let A <n'/?2. By Lemma 8, there exists a weight
assignment g:E — [w] with my, <6n/6 and w=3. Now by Lemma 4,
s(G) < 3mgw + my < 60n/6, proving (b). Similar arguments, using Lemma 7
and Lemma 9 in place of Lemma 8, provide part (a) and (c). [

Proof of Theorem 2. The proof is similar to the proof of Theorem 1, just use
Lemma 5 in place of Lemma 4. [ |

Proof of Theorem 3. The proof is similar to the proof of Theorem 1, just use
Lemma 4 and Lemma 10. [ |
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