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ABSTRACT. A bruom of urder o is a tree obtained by identifying an enclvertex
ol n path of order r with the central vertex of a star of order n-r+1. 1f r s
even (uddl) then the broum is even (odd}. It is shown that for every graph O
uf urder n, either G or & contains an even {odd) broom of order o.

1. Introduction

A family F,, of graphs of order 1w is said to be complete if for every graph G of
ordar 1, cither C or G contains a wmember of F,,. Blalostocki, Dierker and Voxman
[2] conjoctured that the family B, of all broos of order n is complete, where a
broom  of order 1 is a tree obtained by identifying an endvertex of a path of order
r with the central vertex of a star of order n - v + L. [u [2] Burr verified their
conjecture and further conjectured that, in fact, only about half of B, is needed
for a complete family. In Section 2 we will verify this conjecture.

Suppese that F, is a complete family of connected graphs of order . Then,
ag we shall see, |F,,| = [%J , and the family of even brooms {odd Droons) attains
this minimunl.  Ju Section 3 we will consider complets families of graphs of order
1 in which the graphs are not necessarily connected.

2, Complete families of brooms

For integors ¢ and u satisfying 1 < ¢ < n, let B(r.n) denote the broom of order
u obtained by identifyving an endvertex of a path of ordar r with the contral vertex
of a star of order 1 - ¢ + 1. We will call the identified vertex of the path the
central vertez of the broom and the endvertex of the path the fop of fhe handle
of the broom.  With this notation the star of erder w15 denoted by B{1, u) or ,
equivalently, B{2, 1), aud the path P, is denoted by B(n-1,n} or B(nn). Thus for
i > 3 there are 1-2 distinet bhrooms of order 1.

Our Arst result ieplies that there are proper complete subfamilies of B, Trs
prool employs the classic result of Menger [3) regarding keconnectod graphs,

THEOREN L. Let O be o heconnected graph, & > 20 Then coery & overtuwes be
on o common cycle O af G furtherinore, if b < o then O can be chosen to contain
at least b+ 1 verfices.
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THEQREM 2, Let G be o graph of ovder = 20 Then there s a positive integer
v sueh that either Goor G condodus both Bivow) and Bivi i n).

Proor. {Uis straightforward to verity the thearem for suall values of 1 Also,
without loss of generality we may assime that the connectivity (G ol Goand the
connectivicy m(G) of G satisfy #(G) > w(G).

Case 1. Suppose #{G) = 0. Then G contains the complete bipartite graph
I, for integers a < b, with a + b = 0. Ifa = b, then G contains P, = B{n-1.u)
= B{n,n}). Tf on the other hand a < b, then G cearly coutains B(2a-1, n) and
B(2a, n}.

Case 2. Suppose »(G) = 1. Lot x be a cutvertex of G, let A be the vertex
sct of the smallest component of G - xand let B = V(G- A - x. Then G contains
Al = a and Bl = hand o € b If x &5 adjacent in G o a vertex of

[, . where
A, then G contains B(2a-1, n), with x an endvertex adjacent to the central vertex
ol the brooms, and B{2a, u), with x the top of the handle of the bhroom.  Suppose,
thew, that x is adjacent in G to no vertex of A, to ab least one vertex of B, and a
< b, Then G containg B(2a-+1, n), with x the top of the handle of the broom, [f
a = b, then G also containg the broow B(2a, 1), Thus we may assume that a <
. We consider three possibilitios. (1) Tn G, x has two adjacencios v, and ys i
B. (2) In G, the subgraph induced by 13 eoutains at least one edge ¢, (3) Neither
(1} nor (2) oceurs.

In the first situation, G contains B(2a 12, u). with v, the top of the hancle,

followed by x and vo. In the second sitnation. G also containg B{2a+2, n),
where  x is the top of the handle of the broow and e lies on the handle. Thus
in cither situation, we liave the necessary pair of brooms.  [f netther oceurs, then
x is adjacent in G to every vertex of A aud to all but ane vertex of B Also, the
sithgraph induced by B i G is complete. Tu particwdar, G conrains B(3, n), B4
), ., B(h+1, n).

Case 3. Suppose 2 < x(G) < #(G ), Let S bea vertex ent of G of minimum
oreler, let. A be the vertex set of one component of G - 5w et B = V{GY - A -
S. Since w(G) > w(G) > 2, it follows from Menger's theorem thas G has a cvele C
vontaining S, with [V({?)] > [5]. Select such a evele C of waximun: wrder. If ¢
is hamiltonian, then G contains B{n-Ln) and Bn,n).  Asswine, then, that [VIC)
<L

Let A* = A - V{C) and lot B* = B - V(C), with a* = JA*] and b* = |B¥| .
Without loss of generality, assume h¥ > a*,

Subease 1. Suppose a* » (1, and that in G, C contaius a vortex x adjacent
to a vertex of AY and o vertex y adjaceut to a vertex of B*. Fix an orientation
of C and nnder this orientation. let x™ and v* donote the successors of x and v,
vespectively, Then G contains the hrooms B{VICY 1 2a% -1, n). with x* the top
ol the handle and x the last vertex of Con the handle, aud the beoow B{V(C)| +
¥, udo with vt rhe top of the hawdle and v the lase vertex of Con the handle.

Subcase 2. Suppose a® = 0. Theu b* £ 00 Let ve A Theny s on C,
with v+ and ¢t ies two inunediate suceessors. Therelore, G contaius BOV(CY -
Londowith v "5 the top of the handle, v the last vertex of C o the bandle and
the only vertex of C oot on tle handle, as well as BEVIC)Y. ). witly v the top of
the luwdle and v the st verrex of Con the Laadle,
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Subcase 3. Suppose a® > 0 bt Subease 1 does not occur. Then one of two
things pceurs. Either no verrex of O s adjacent, in G. to a vertox of B* so that A
= A% ! C consists of the vertices of S and at it\.a.sf one vertex of B; or no vertex
of Cis adjacent, in G . to a vertex of A% so that B = B¥, and C conststs of the
veortices of € and at least one vertex of A, We consider the first case in detail, and

leave the details of a siilar agment for the secoud case to the reader.

The naximality of € jmplics that C centains no two consecutive vertices from

< 18], On

B: otherwise, we could extend C by a vetex

-the other hand, let y € A Sinee w(GY = 18], there exist [S] paths in & from v to

€, digjoint except for v, By the maximality of C, the endvertices of these paths
cannot be consecutive o C, so that [V{C}| = We conciude that [B 1] =
|S| and {V{C)| = tliat is, the vertices of € altclnate hetween vertices of I and
vertices of §. Finally, the waximality of Cimplies that no two vertices of § and ne

pair of vertices from A and 5 are adjacent in G.

Lot x he a vortex of O adjacent. in G oto a vertox of A, Since a¥ < DY, G
contains the broom B{V(C) 4 2u* - 1, u), with x¥ the top of the landle and x
the last versox of on the handle, U there s an edge in G between vertices of A
— A* then G also contains the broomn B{V(C) + 2a* - 2, ), while an edge in
T hetween vertices of B* produces the broom BUIV{CH| + 2a*, 1}, Thus we may
assume that A = A* and B* indnee complete graphs in G

Thus the stracture of G is complerely determined except for the subgraph
induced by B 1 C denoted <B 0 Ce . In particular, we have the f(:lim\« ing in G

{a) <A is complete,

(b} <%~ is complere,

(e} =S s complete.

(rl every vertex of A is adjacent to every vertex of 5,
(c)

(f)

o) every vertex of C is adjacens to every veriex of B*,
no vertex of A is adjacent to a vertex of B, and
(g} no vertex of § is adjacent to o vertex of B N C.

Furthermore, since (G 2 2, we have that |B*| > 2. But then we cau construct
matty broows in G by beginniug in A traversing all the vertices of A, followed by
all of the vetices in S, and then eompleteing the handle by traversing as many of the
vorticos of B* as dosired,  The romaining vertices of B* and these of B 1 C form
the “hristles” of llw Brooms, L particnlar. G contains the broowms B{|A] -+ (5] + 1,
) and B( + 2, ul K

An even broom i a broom B{r.a), where v is even.  An odd Groom s defined
annlogously.

COROLLARY 1. For a fired integer o, the farily of even brooms of order n {odd
brooms of order ) forms o complete fanily of grophs.

Note that for a ixed w. cach of the collections of even hroows awd odd brooms
contains [n/2] graphs. Now, suppose that £y s any complete faily of connected
araphs of order wand consicder the o /20 graphs 16,2, L <1 < Ta /2], Since the
isconnoectod, it follows that each of these

cotplement of cacl of these graphs is
graphs nnist cottkain a mewber of F,0 The partite sets of Ky, 1 have orders 1
and 1-1; 8o mnst the partite sets of the contained wember of £, Tlhe partite sets



of I, _u liave arders 2 and n-2; s st the partite sets of the contained wmember
of F,. and so forth,  Since, in a connected bipartite graph, the ovcders of the partite
sots are wniqgue. it follows that |F,1 = {n/2] . Thus the family of even broamus {odd
brooms) is a miniwal complete family of counected graphs,

For odd values of 1 at most v-1, let §; = {B(i, n), B{i+L n)}. We have shown
tliat a complete fanily of brooms may be obtained by selecting the even hroom
from eacht Si. or by selecting the odd brovm from each 5, In fact, we believe that
a much stronger result 15 true and we make the following conjecture.

CoNJECTURE 1. For e fived integer noond cach odd @ ab most -1, select any
Foe 8. Theu {1, Fy, ...} s complete,

3. Other complete families of graphs

We saw in Section 2 that if 7, is a complote family of connectod graphs of order
n, theu |F, /2], and the lower bound is attainable. On the other hand. if we
put 1o restrictions o the number of compeoncnts in the graphs in 7, then there
are cowplete families F, containing exactly one graph. For example, F,, = {nl{}
Is trivially » complete family of graphs of order n containing exactly one graph.
This graph, of course, has n components. Equivalently, the ramsey mumber r{nl;)
= 1. Our next result exhibits another such graph with fewer components.

THEOREM 3. For posttive intgers noand & solisfying n > ( = ) define Fr, to
be the graph KiU K UR UK U UK e Ul - (Jt l)) o Then { Fiu}

is o complete famaly of graphs of order n, that is, r{Fe,) =

Puoor. Color the edges of [{, arbitrarily red and blue. We show that there
i a wonochromatic ¥y . Suppose first that there is a set 5 of k-1 vortices, and
vertices 1 and v sueh that all cdges from w to S are red and all edges from v to S
are blue. Consider G* = G - ({uvit St ol order n* =0 - k - L. By induction,
G* containg o wonochromatic Fp_ (., and so G containg a monochromatic 7y .
Asste, then. that no such vertices v and 8 exist.

Let v e o vertex of maximun red degree 8 and let T be the & verticos connectod
to v hy red adges. We count the munber of red edges between T and V(I )~ T -
{vh. Stuce every edge between v and V(K,J— T - {v} is blue, eacli of the & vertices
of T has at most k-2 red adjacencies in V(IC, )— T - {v}. Thus the wunber of red
eclges between T and V(K )— T - {v} is at most §(k-2}. Ou the other hand, since
each odpe from v to T is red, each vertex in VIS, )— T - {v} has at most k-2 blue
adjacencies in T, and so at feast & - k + 2 red adjacencies in T, Thus the munber
of rod edges between T and VI, )— T - {v}isat least (n- 8- 136 -k + 2). We
conchide that

Mk-2) = (n- 8- 18-k -+ 2),
ane so & o= )6+ (k- )(ll -y =0
[f, however, & = k, then k? - 2(n - 1) > 0, which cuufmrlu b5 the assinption

okt -

that n = ( 4, ) We conclude rthat 4 < k. i.c., cach vertex has rod degroe ar mose
k-1. Then. oof conrse, each vertex las blue degree at leagt n-koaod we canacbirranily
pick rle k blie stars to construet o blue 15, B



If I* is the graph described in the previous theorent in the case that ks is chosen
as large as possible, then 7 has O/} conwpoients. We conjectire that O(log u}
is the smallest mumber of components n a complete family of graphs of order n
containing exactly one graph.

CoNJECTURE . For cvery n sulficiently large theve erists e complete family
{F} where I has ob most Oflog 1} componends and | V(F)}

=1 .

Suppose that F,,  is a complete family of graphs of order n and each graph
in F. lias at most k components.  For k = 1 we know that | Ful = [n/2].
This count is hased o1 considering the |n/2} graphs I, 1 <1 < [n/2}. Since
the complement of cach of these grapls is disconnected, it follows that each of
these graphs must contain a momber of F,,. These same graphs provide us with
a bound on [F,| when k = 2, that is, when each graph m F, lias at most two
componcnts. If F is a member of F,. then F is a spanning subgraph of at most
two of the complete bipartite graphs and at most one of the cowplements. Thus,
3|F. = [v/2]. Similarly, if each graph iu Fo hias at most three compouents
and F is a member of 5, then F is a spanning subgraph of at most four of the
complete bipartite graphs and at most three of the complenlents, so that 7|7F7,]
> In/2]. In general, if cach grapl in #, has at most k components and F is
a mewmber of F,, then F is a spauning subgraph of at most 9 /3 = 2871 of the
coplete bipartite praphs and at most (24-2)/2 = 2%—1_) of the complements. It

follows, then, that (28 — )i, = /2], siving a lower hound | Foi
t

> i J This bound is tight for k = L For k = 2 we have [F,] = L;j . We

pYE s 5
will describe complete families #, of graphs of order n in which each grapls has two
comporents and {7, = [(¢ + 1)/3].  Thus the smallest such family F, salisfics
2] <17l < 1+ 11/3]

Fori=12 ...u-1, et T u) be the forest of order n with two compeonents,
one of which is a path of erder T and the other of which is a star of order n - 1. It
is clear that T(i, n) can be obtained from cither B(i -+ 1, n) or B(i + 2, n} by the
removal of a single edge. [t follows. then. fronn Theorem 2 that if 7, contaius the
[(n+13/3] graphs T(1, u), T{4, n), T(7, ), ..., then F,, is complete,
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