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Abstract

We provide a generalization to the well-known result of Harary
and Nash-Williams characterizing graphs with Hamiltonian line graphs.
Our generalization aliows us to characterize those graphs whose line
graphs contain a 2-factor with exactly k (k > 1} cyeles.

1 Imtroduction

Line Graphs and 2-{actors have hoth been popular arcas of study for many
years. In this paper, we combine these two topics in a generalization of a
classic result by Harary and Nash-Williams [2]. Their vesnit characterizes
the graphs G whose line graphs L{G) are Hamiltonian. Our generalization
. allows us to consider arbitrary 2-factors with & cycles in line graphs.
We define a dominating circuit ofta graph (¢ to be a circuit of & with
the property that every edpge of G either belongs to the eircuit or is adjacent
- to an edge of the circuit. The result we wish to generalize is the following
result by Harary and Nash-Williams [2].

Theorem 1 Let G be a graph without isolated wertices. Then L(G) is
hamiltonian if end only if G ~ K(1,n), for some n 2 3, or G contains a
dominating cirevit.

All graphs in this paper will be simple finite graphs. Given a graph &,
we say that 7 containg a k-system that dominates if G contains a collection
of k edge disjoint circuits and stars, (K(1,n;),n; > 3), such that each edge
of ¢ is either contained in one of the circuits or stars, or is adjacent to one
of the circuits. Terms that are not defined here can be found in [1].
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2 The Generalization

We now present a generalization of Theorem 1.

Theorem 2 Let G be a graph with no isoloted vertices, The graph L(G)
contains o I-factor with k (k > 1) cycles if, and only 4, G contains @
k-system that dominates.

Proof: The case when k& = 1 is Theorem 1. We will now proceed by
induction on k. Assume the theorem holds for all k¥ < n, where n > 1.
For one direction we will assume that we have a graph G such that L{G)
contains a 2-factor with n + 1 cycles; €1, Ca, ..., Cny1. Now, consider the
subgraph of L(G) induced by the vertices of Cy, ..., . This subgraphis the
line graph of a subgraph G* of G containing only the edges corresponding
to the vertices of C1,Cs, ..., Ch.

Every vertex v; of V{Cp 1) corresponds to exactly one edge ¢; in E(G).
Hence, we can also formn L{G*) by removing all of the vertices of Chpa
from L(G). Consequently, we can form the subgraph (3* of G by removing
the edges ¢; from F(G) that correspond to the vertices of Oyt in L{G)..
By induction, G* contains an n-system that dominates. Let S be such an
n-system. Now we will look at the subgraph H of G that is induced by
the edges that we removed to get G*. In other words, H uses all of the
removed edges and any vertices that they are adjacent to in G. Then L(H)
is the subgraph of L(G) induced by the vertices of Cpiy. Clearly L{H) is
hamiltonian, and so by induction, H is a star or a circuit that dominates

“the edges of H. Call this 1-system S;. Therefore, S U5 is an n + 1-system
that dominates in G.

Conversely, suppose G is a graph that contains an n + l-system that
dominates with stars and circuits S, S2, ..., Snt1. Let G* be the subgraph
of G that is induced by the vertices of the stars and circuits Si, .
and any vertices corresponding to edges that are dominated by the circuits
in this collection but are not a part of Sp41. Then by induction, L(G*)
contains a 2-factor with n cycles. Now let I be the subgraph of G that is
induced by the edges that are not in G*. The graph H must be a star or a
cireuit that dominates the edges of G not included in G*. So, by induction,
L(H) is hamiltonian. Because G* and H are edge disjoint, L(G*) and
L{H) are vertex disjoint subgraphs of L{) that include all of the vertices
of L(G). Consequently, L{G) contains a 2-factor with n + 1 eycles. O

We now show a special application of Theorem 2.

Corollary 8 The graph L(K,) (n > 3) contains a 2-factor with k cycles
for k=1,2,.., | ale=t) "6_”_|.

Sketch of Proof: We proceed by induction on n, the order of the
complete graph. The result is clear for n = 3, as L{K3) is a triangle. Tor

47




n > 3, we separate the proof of the induction step into 2 cases for n =.1
or 2(mod3} and n = O(mod3). The idea is to show that K, contains a
k-system that dominates for k = 1,2, ..,, {”’(%ﬂj

Case 1 Suppose n =1 or 2(mod3).

We begin by breaking K, into an edge disjoint K, and star K(1,n—
1). We then use induction on the K,_ to get an [-system that dominate its
edgesfor I == 1,2, ..., (=0(=2) Ty these gystems we add 1, ..., {isﬂj stars
from the K (1,n—1). It is easy 1o see that these, along with the fact that K,
is Hamiltonian, give us a k-system that dominates for k = 1,2, ..., Lﬂ%;ilj.

Case 2 Suppose n = O{mod3).

Using the technique from Case 1 we can produce a k-system that dom-
inates K, for k =1,2,..., [ﬂ"ﬁ;l) —1). It remains only to find a k-system
that dominates K, for k = @. We separate K, into an edge disjoint
K3 and H, where H is the subgraph of K., obtained by removing the
edges of the K,,_». Let v and w be the vertices of K, that are in H but not
in the K, 2. By induction, we get an L”;ggf—*—al-system that dominates
the K, 5. To these we add a cycle € from K, with.vertices v, w, and a
vertex ¢ from the K,_o. Finally, we add ”'T‘q stars isomorphic to K (1,3)
from H that are edge disjoint from € and have center v, and another %
starg isemorphic to £(1,3) from H that are edge disjoint from € and have
center w. This gives us a total of ﬁﬁ;——ll edge disjoint stars and circuits
that dominate K,,, which proves the corollary for this case. O

Remark: It is now clear that Theorem 1 can be restated (without con-
cern for isolated vertices) as: Given a graph G, then L{(¥) is hamiltonian if
and only if G contains a 1-system that dominates. Thus, Theorem 2 holds
without the condition that & contains no isoiated vertices.
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