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A praph & iy caibed Tomagenvconsty fraceahle if lo e werien goed GLothere
exizts & hamiltoniun path of G wilh initia) vertex o Fvery Wemmitoinan preph
obvinasly homogeneously traceable. On the other hand, there cxisi nonhamiltonian
graphs which are homogenedusly traceable; for example, the Petecsen oraph (not
surprisingly !) has these properties. Clearly, every homogencously traceablie graph is
traceable (ie., contains a hamiltonian path), but a traccable graph need not be
homogeneously traceable (such as a path of length 2 or more) Thus, the homo-
geneously traceable graphs constitute a class of graphs which lie properly between
the traceable graphs and the hamiltonian graphs.

Skupien {1] asks, for which integess p does there exist a homogeneously traceable
nonhamiltonian graph of order p? We answer that question in this paper and
present some other results related to the existence of homogeneously iraceable non-
hamiltonian graphs.

We begin by describing a class of graphs that are homogeneously traceable
and nonhamiltonian. First we note that graph H, of order 9, shown in FIGURE 1,

is homogeneously traceable and nonhamiltonian.

b

T

FiGure 1. A homogcncouélS; 't}:;ccable nonhamiltonian graph of order 9.

With the aid of H, we construct, for each integer p > 9, a homogeneously
traceable nonhamiltonian graph of order p. We begin with the odd orders, Let
p =9 + 2n, where n is a positive integer. Consider the graph H, of FIGURE 2,

It is routinely shown that there exists a hamiltonian path with initial vertex w,
for every vertex w of H, in FIGURE 2 (ie., H, is homogencously traceable). Suppose
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FIGURE 2. A homogeneously traceable nonf\amiitonian graph of order 9 + 2n.

to the contrary, that H, is hamiltonian. Since each of u, and v, has degree 2,
the edges u,— My Haln and v, v,_ are necessarily consecutive edges of a hamiltonian
cycle C of H,. Therefore, U, 1,1 15 ot an edge of C, implying that u, 211
and v, Uy, are edges of C. By a similar argument, we conciude that the edges
Uy_ 2 Upmzs Hye3 Up—3s-0r Hils and 1, vp do not belong to C; thus H, — {tg Lo, 1Py

ey Uy Up— 1) 18 hamiltonian, which is possible only if Ho is hamiltonian, but this .

is not the case.

By subdividing the edge xy in the grapb H, {n >0} in FIGURES 1 or 2, we
produge a graph H/’ of order 10 + 2n, which can be shown in a similar fashion to
be homogeneously traceable and ponhamilitonian, Henee, for every integer p =%,
there exists a homogeneously traceable nonhamiltonian graph of order p. :

We now consider the question of existence (and nonexistence) of homogeneously
traceable nonhamiltonian graphs of order less than 9. We note that the graphs
K, and K, are (rather trivially) homogeneously traceable .and nonhamiltonian.
Therefore, there exist homogencously traccable nonhamiltonian graphs of orders
1and 2.
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Leawa 2 16 Gisa homogenzously traceable nonhamiltonian graph, then every
vertex of G is adjacent to at mest one vertex of degree 2.

Progf: By LemMaA 1(b), every vertex of G is adjacent to at most two vertices of

degree 2. Suppose, to the contrary, that there exists a vertex v of G which is

adjacent Lo vertices u and w, each of degree 2. Any hamiltonian path P with initial
wverlex ¢ must have one of u and w as its second vertex and the other as its
terminal vertex. However, since v is adjacent to the terminal vertex of P, it follows
that G.is hamiltonian, producing a coniradiction and the desired result. []

There are certain high degrees which are impossible for vertices of homogeneously
traceable nonhamiltonian graphs.

’ T}iEDREM LU Gisa homogeneously traceable nonhamiltonian graph of order
Pz 3 then A(G)<p—4
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Proof: This theorem is proved by successively verifying that G contains no vertices
ofdegree p— 1, p—2,0r p—3.

Suppose G contains a vertex v such that deg v = p — 1. Since G is homogeneously
traceable, there cxists a hamiltonian path P with initial vertex v. However, since
deg v = p— 1, the terminal vertex of P is adjacent (o v, implying that G is
hamiltonian, thereby contradicting the hypothesis.

Assume next that G contains a vertex v with deg » = p — 2. Since G is 2-connected
{oy LEsaA 1), we may assume that p = 4 Let £ be'a hamillonian path with iniual
vertex v where Piv= . 1y, ..., 0, Since deg v p - Zand Gag pembarnilior .

ts adiacent 1o v for each 7owith 227 < p - s

for is tmpossible 7 p o= 4L Tharefere, without foss ol

o cvery veries of 4 has degre an deast e
Fowever, then o=
W of G, contrary 1o hapeth

Finallv, suprose G oconfaios o veroy sk
Toconnected. we assuine that p = 5 Lel P, vy, v, be At
with intiza) vertex v Since ¢ s nonhamilonan, & o not adjac ‘

s adjacent to esnctly p— < of the vertices vy, 35 i p— 1 Since each such

verlex has degree at least 3, we assume, without loss of generality, that p > 6. Let
v, 3 <k < p— 1, be such that vy, ¢ E(G}. We distinguish two cases. ‘

Case 1. Assume k = p — 1, Since G is 2-connected, deg v, = 2. If v 0; € E(GY
for some i with 2 <i<p—3, then v =0y, Vs Vyrzs s Vps Uiy Vimgs --o5 Uy 1S 8.
hamiltonian cycle of G, which is impossible. Hence, without loss of generality, we
may assume that v,v; ¢ E(G) for 1 Si<p-—3and that v,v,; € E(G). Since G is
2-connected, v,_, 1s adjacent to v for some i with 2 <i=<p—3. Assume that
Uy 1 € E(G), where 2 < j < p — 3. However, then, = 01, 815, Ugeas -oos Upm25 Ups
Up— 13 Ujs Dj— 15 -+, Uy is @ hamiltonian cycle of G, which contradicts our hypothesis.

2 Case 2. Assume 3 < k < p — 2. Again, since G is 2-connected, deg v, > 2 and v,
is adjacent to at least one vertex oy with 2 <i=<p—2. If v, € E(G), where
2 <i<p-—2andik— 1,then it can be straightforwardly shown that G possesses
a hamiltonian cycle. Hence we may assume, without loss of generality, that
deg v, =2 and v,0,_y, 0, V4.1 € E(G). Since ty.., is adjacent to both », and v, and,
by LEMMA 2, 1, is adjacent to at most one vertex of degree 2, it follows that
deg v, > 2. We consider two subcases of Case 2.

Subcase 2.1, Assume v, v; € E(G), where 2 <j <k —2 Here vy, Upr s Vyrzs ooos
Upts Ups Upots vvey s Dpa Djmgy +oep Uy 18 A hamiltonian cycle of G, which cannot
occur. .

Subcase 2.2. Assume v, v, € E(G), where k 4+ 2 <j < p — 1. We note here that
Vys Oy 1o Bjmzy --os Uks Ujs Djets ooes Ups Ukmgs Dpm2y -39 U1 is a hamiltonian cycle
of G, which is impossible. Hence, we conclude that G cannot contain a vertex of
degree p— 3. O

The upper bound on the maximum degree of homogeneously traceable non-
hamiltonian graphs, given in THEOREM 1, is sharp in the senss that there exist
infinitely many such graphs for- which the bound is attained. A homogeneously
traceable nonhamiltonian graph G of order p = 10 containing vertices of degree
p— 4 =0 (namely, v; and v} is shown in FiGGRE 3. By subdividing the edge
vsvg @ total of k times and joining the k new vertices to vy, we produce a graph
of order 10 + k in which v, has degree 6 + k. '




‘always the case for homogeneously traceable nonha
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FiGURE 3. A homogeneously traceable nonhamiltonian graph comtaining vertices of degree

p—4

s of degree p — 4 in the graph G of FIGURE } are adjacent. This is
miltonian graphs of order p,

The vertice

as we shall now see.

Tueorem 2. If G is a homogeneously tra
p > 7, then every two vertices of degree p —

ceable nonhamiltonian graph of order
4 in G are adjacent. :

Proof: Suppose the theorem is false. Then, for some integer p = 7, there exists a
homogeneously traceable nonhamiltonian graph of order p containing nonadjacent
vertices of degree p — 4. Let G be such a graph of order p having maximum size.
Therefore, G is homogeneously traceable and maximally nonhamiltonian; ie, the
addition of an edge to G produces 2 hamiltonian graph.

vertices i and v such that degu = degv = p—4and
ur is hamiltonian and ue lies in every hamiitonian

Thig implies Urat enniaims s -hamiltonian w-o palh Poou=

J o o=t

By assumption, G contains
¢ L), Furthermores, G+

J T O £ IR
; ool

LT WHICH (17 0L ius
s 7 Hepe dog vy = dand dege, = dug ey = 3. 10 there exists |,
.= ELG), then, as in Case b, O 6

1o
i {
a3 ol generality, that no such f exists,

e L Bupposy
Chepe 3o o B such that e e E{G) and

cmiltonian, Hence, we roay assuine, withoul |
lo this case, then, only six possibilities arise; narmely:

{. py0s, 004 € E(G) and 0404, 0705 € E{G).
2. 1,03, 0,05 € E(G) and  Uqbs, 0705 € E(G).
3. v,y 0106 € E(G) and  vqUs, 0704 € E(G).
4. pivg, bivs € E(G)  and  07v2, Uals € E(G).
5. y4, U106 € E(G) and 01,0704 € E(G).
6. vV, 0106 € E(G) and  ©y0,, v703 € E(G).




s nonhamiltonian,

134 Annals New York Aéademy of Sciences

In 1-5 u vertex of degree 4 = p—3 is produced, which is impossible by
TueoreM 1. In 6 the hamiltonian cycle vy, ¥, s, Vs, U35 U7s V22 11 is obtained,
which contradicts our hypothesis. [

Lemma 3. If Tis the set of vertices of degree 2 in a homogeneously traccable

nonhamiltonian graph G, then |V(G)— T| = |T1

Proof: No vertex of degree 2in & is adiacent to two vertices of degrev 2 for
S overtes in Fis adiscent tooal i

atherwise Lraisia 2 s contredicted. Thus.
one vertex of G — 10 Sinee no vertex of O
Lragaia 23 the desired tnequality follovs
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We now present cur Riain result
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Treoxen 3. There exists & homopenenueiy
order p for all positive integers p except Tepe

Proof: We have already poted that there is a homogencously traceable aon-
hamiltonian graph of order pfor p = 1,p =2, and p = §. Since every homogeneously
traceable nonhamiltonian graph of order p=z3 is 2-connected, it follows by
THEOREM 1 that there is no such graph of order p for p = 3,4, and 5.

If G is a homogeneously traceable nonhamiltonian graph of order 6, then, by
TueoREM 1, G is 2-regular implying that G is a 6-cycle, which is impossible since @

Suppose there exists a homogeneously traceable nonhamiltonian graph G of
order 7. By TueoreM 1 and the fact that G is 2-connected, every vertex of G has
degree 2 or 3. By THEOREM 2, the graph G has less than four vertices of degree 3;
while by LEMMA 3, G has at least four vertices of degree 3. Thus no such graph G
exists, . o
If G is a homogeneously traceable nonlamiltonian graph of order 8, then by
Treorem 1 and the fact that G is 2-connected, every vertex of G has degree 2, 3, or 4.
Consideration of all possible cases (similar to Case 2 of TuroreM 2 for p=7)
yields the result that no such graph exists. (For brevity we omit details.) O

Graphs which are homogeneously traceable must have sufficiently many edges.
On the other hand, nonhamiltonian graphs have limited size. With these remarks
in mind, we conclude by presenting a sharp 'lower bound on the size of homo-
geneously traceable nonhamiltonian graphs. :

TuroreM 4. If G is a homogeneously traceable nonhamiltonian graph of order-
. p=9andsize g, theng = {5p/4}. Furthermore, for p= gn+3andp=8n+4n=1,
there exists a homogeneously traceable nonhamilionian graph of order p and size

{5p/4}. e \

Proof: Let Tdenote the set of vertices of degree two in G. Then |V(G) — T| = | T|
by LEMMA 3. Thus, ¢ is minimized when [V(G)— T} =|T| and degv =3 for every
ve V(G) — T Therefore, g = {5p/4}. :

To verily the sharpness of the bound, for n = Llet C:ug, Uy, vy Mapens ty and
Clityy 00y Vggas Vs be disjoint cycles. For i=1,2, ..., 2n + 1, join u; and v, by
apath P, oflength three such that the cycles Cand C” and the paths P (l<i<2n+1)
are pairwise disjoint. The resulting graph has order p = 8n + 4andsizeg = 10n+ 3=
{5p/4} and is homogeneously traceable and nonhamiltonian. If the u#; — vy path Py,
say, is replaced by a u, — v, path of length two instead of three, then the graph so X
produced has order p = 81+ 3 and size g = 10n + 4 = {5p/4} and is also homo- 0
geneously traceable and nonhamiltonian. [ . ‘ :
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SUMMARY

A graph G is homogeneously traceable if for every vertex v of G there exists a
hamiltonian path with initial vertex v. It is shown that there exists a homogeneously
traceable nonhamiltonjan graph of order p, for all positive integets p except for
1 < p < 8. Further, if G is a homogeneously traceable nonhamiltonian graph of

order p, then {5p]4} is a sharp lower bound on the size of G and the maximum
degree of G is at most p— 4forp=9 :

\ ‘
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