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Recently there has been considerable interest in the concepts of degree
sets and factorizations of graphs. In this paper we look into each of these
ideas. Any definitions not provided here may be found in [1].

We begin by defining the concept of factors of a graph. A fuctor of
a graph G is a (possibly empty) spanning subgraph of G. If G,, G,,...., G,
are graphs such that WG;) = V(G;) =... = V(G,) and the edge sets are
mutually disjoint, then the edge sum of the graphs G, G,, ..., G, is the
graph

G=Gl@Gz® ‘e ®Gk’
where

G =W1G), i=1,2,...,k,

and
k
E(G)= .91 E(G).

If the graph G is expressed as the edge sum of its factors, then this edge sum
is called a factorization of G. ‘

The degree set D of a graph G is the set of degrees of the vertices of G.
Kapoor et al. showed in [2] that if D is a finite set of positive integers, then
D is the degree set of a graph G. Kapoor et al. [2] determined also the
minimum order of such a graph. We now extend the concept of degree sets
to factorizations of graphs. Let Dy, D,, ..., D, (k>2) be a finite se-
quence of sets where each D, (1 <i<k) is a set of positive integers. Let
(D, D,, ..., D)) denote the minimum order of any graph G such that G
has a factorization G = G; ® G, @ ... @ G,, where the degree set of G, is
D; (1 <i< k). The object of this paper is to determine u(D,, D,, ..., D;) for
certain sequences of sets D, D,, ..., D,.

In the process of finding u(D,, D,, ..., D) it is convenient to be able to
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construct graphs containing a specified number of edge disjoint hamiltonian
cycles. The following lemma helps to produce such graphs.

Let K, denote the complete graph of order » and let G be the
complement of the graph G.

LemMMA. Let n22 3. Then for each k, 0 < k < [{n—1)/2], there is a graph
G, of order n containing k edge disjoint hamiltonian cycles which can be
extended to k edge disjoint hamiltonian cycles. in G,+K,, G,+K,, and
G +K,.

Proof. To prove this lemma, we begin with the well-known result that
for n =2k+1, k = 1, the complete graph K, contains k edge disjoint hamil-
tonian cycles. In fact, we construct a set of k such cycles. Since » is odd,
these cycles form a factorization of K,. We then extend them to %k edge
. disjoint hamiltonian cycles of K, . These cycles together with the 1-factor
of those edges not used in the cycles form a factorization of K,,;. We
extend now the set of cycles thus obtained to k edge disjoint hamiltonian
cycles of K,+K,, which finally are extended to & edge disjoint hamiltonian
cycles of K,+K;. For any of these graphs, we can delete enough hamil-
tonian cycles so that the remaining graph has the proper number of such
cvcles,

If k=1, the result is obvions. Thus we assume that k = 2, and let

WG} = (K41} = (U, Doy Vys oes Uzk-l}-

For each i, 0 <7 < k—1, define the edge set of the hamiltonian cycles C; of
K, to be '

E{C) = {vv,, ovpp folv v 41 0 < k—1}0
| Ulopeyo-yt 1 €j € k—1],

where all subscripts are expressed modulo 2k. Then each €, (0 <i < k—1)is
a hamiltonian cycle of K, and _

K,=Ky1 =206, D ... 9Cy.

We now extend these k edge disjoint hamiltonian cycles of K, = K, , 4
to those of Ky, =K, +K, . ‘ .

Let V(K{)={u;} and G =K, ,(+K,. If i is odd and 0<i<k—1,
delete the edge v,v,., from C; and insert the edges u; v, and u; v;.; to obtain
the hamiltonian cycle C; of the graph G. If k and i are even (0 <i < k—1),
delete the edge v, ., U1+ from C; and insert the edges u; vy, and #y v;opsy
to construct the hamiltonian cycle C; ;. For k even and i = 0, delete the edge
vy, and insert the edges u; v and u; v, to obtain the hamiltonian cycle C, 4.
On the other hand, for k odd and i even (0 <i<k-—1), delete the edge
Vigx Yiype 1 from C; and insert the edges uw, v, and u, v,4,., to obtain the
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hamiltonian cycle C;;. Let F be the 1-factor of G wi T g
=

E(F)=E(G)- U E(Cy). &’*cﬁ) 271
i= . = V(G) and
Then G=Co @ ... DCioy; D F. Thus, we have ® X ¢
disjoint hamiltonian cycles C (0<ig<k~1) of Kok g "C‘i‘h _
hamiltonian cycles C;, (0<i<k—1) of G= K2kﬂ+p<\ €y Wf}

Using this construction we can extend these k edge % - < the 4 oy
cycles of G =K, +K, =K, 4, to those of H = K, ‘&J:(} : Sdge djsjojff
the vertex added to G to obtain H. If k£ is odd and 0 q}t ox \i-‘x 7 g
edge v;4gl1y+y from C;, and insert the edges w,v, ¥~ % - hamﬂtoni&n
obtain the hamiltonian cycle C; , of H. If k—1 is odd, d@:? By, T Ctu, b
of C,_4 ; and insert the edges u,v and u, vy, to constrlit% tg 2y dejete the

s

cycles Cy_; , of H. On the other hand, if i is even and th
the edge v; ;.1 from C;; and insert the edges u,v; and , X e’ 8 Yoy,
hamiltonian cycle C,; ; of H. Then H contains the k edge qa. t‘.' N = ya nhltOm an
cycles C;;, O0<i<k—1. “J(}Jh Ty 1, delete
We use again the construction provided above to
disjoint hamiltonian cycles C;; (0 <i<k—1)of H=K, te, ng Utoman
H, = K, ,,+Kj. Let u; be the vertex added to H to obt N & thevﬁe
for {k/2}, where {x} is the least integer greater than or & in 2t Lk edge
i, 0<i<k~—1, delete the edge v, 0,44+, from C; , and ddual to L hose of
and 43 v, 4; to obtain the hamiltonian cycle C; 5 of H, the x p ‘ Stapg
the k edge disjoint hamiltonian cycles C; 5, 0 i< k— 1 . " The
proof of the lemma. 1y Cop "
Our first theorem provides p(Dy, D5, ..., D) when aly fl}plet_ “taing
sets,

Tueorem 1. Let d,, d,, ..., d, be positive integers, le; .
D, ={d}, 1<i<k. Then . d,

) % s+2  if s is even, but som, ler
k —_ 3

D, D, ... D
#Dy, Dy, s+1  otherwise. iy Odg

Proof. If a graph G can be factored as G = G, ® G,
the degree set of G, is D,, 1 < i<k, then each of the Zram” D g
regular of degree d;, [ <i <k, and so G must be regular ofphs G owp

i e
V(G) = s+1. egree ;Tlust bre
Case 1. Assume that s is odd. In this case we shoy, ) encs’

a graph G such that |V(G)| =s+1, and G cap bedt ther,

G=G, DG, @ ... DG, where the degree set of G, i factor eXiSts

Since s+1 is even, K ., is l-factorable and we define D .

the edge sum of d; distinct 1-factors of Ky, I iy Th
Cn



272 R. 1. GOULD AND D. R. LICK

=G, BG,D ... DG, the degree set of G, is D, 1<i<k, and so
w(Dy, Dy, ..., DY =5+1.

Case 2. Suppose that s is even and that each d; is even. Then K.,
is 2-factorable and contains s/2 disjoint hamiltonian cycles. Since each d,
is even, let G, be the edge sum of exactly d,/2 distinct hamiltonian
cycles, 1<i<k. Then the degree set of G, is D, 1<i<k, and
G=K;;, =G, DG, ® ... &G,. Thus, (D, D;, ..., D) =s5+1.

Case 3. Assume that s is even and that at least one d;, say dy, is odd.
Then s+1 vertices cannot suffice, since the factor G; would have odd order
and would be regular of odd degree. Thus any such graph must have order
at least s+2.

Since s+2 is even, K,,, is 1-factorable and has s+ 1 distinct 1-factors,
For each i, 1 <i <k, let G, be the edge sum of d; distinct t-factors of K, ,.
Then we can write G =G, &G, @ ... D Gy, where the degree set of G, is D,
and so u(by, Dy, ..., Dj=s+2.

This completes the proof of Theorem 1,

The determination of the numbers u(D,, D,, ..., D,) appears to be an
-extremely difficult problem. The remainder of this paper deals with special
cases. We shall prove the results in four propositions, four corollaries, and
summarize them in a theorem,

Proposirion 1. Let k, m, n be positive integers with m <n, let
Dy = {m, n}, and let D, = {2k}. Then

(1) u(Dy, D)) = n+2k+1.

Proof. Suppose that G =G, @& G,, where G; has degree set D;, i =1, 2.
Then G, is regular of degree 2k and G, has at least one vertex of degree n,
so that |F{G)| = n+2k+1. Thus any graph having the desired properties
must have order at least n+2k+1. We now show that such a graph having
order n+2k+1 always exists,

Case 1. Suppose that m is odd. Let H, = K. Since
(m+2k—1)/2 < [(n+2k—1)/2]

and since K, 5, contains [(n-+ 2k 1)/2] edge disjoint hamiltonian cycles, the
construction used in the Lemma implies that there is a graph H, of order
n+2k, which is the edge sum of (m+2k—1)/2 edge disjoint hamiltoniah
cycles, and that the graph G = H, + H, also contains (m+2k—1)/2 = k edge
disjoint hamiltonian cycles.

The vertex of H, has degree n+2k in G, while each vertex of H, has
degree m+42k in G. Let G, be the edge sum of any k of the (m-+2k —1)/2
hamiltonian cycles and let G, = G—E(G;). Then G=G; ® G, and the
degree set of G; is Dy, i =1, 2. Thus, in this case, u(D,, D) =n+2k+1.
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~ Case 2. Assume that m is even. Let H, = K,. Let s =(m+2k—2)/2.
Since s < [(n+2k—2)/2], the construction used in the Lemma implies that
there-is a graph H, of order n-+2k—1 that is the edge sum of s edge disjoint
hamiltonian cycles and such that G = H, + H, also contains s edge disjoint
hamiltonian cycles. Further, each of the two vertices of H; has degree n+2k
in G, while each vertex of H, has degree m+2k in G.
Let the graph G, be the edge sum of & of these s hamiltonian cycles and
lt G, = G—E(G,). Then G =G, ®G, and the degree set of G, is D,
i=1, 2. Thus, in this case, u{(Dy, D;) =n+2k+1.
CoroLLAry 1. Ler dy, d;, ..., d,, m, n be positive integers such that m < n

t
and d=Y d,. Let D; = {d;} for 1 <i<tand let D,y = {m, n}. If d is even
i=1 ‘
and n is odd, then

(2) - uDy, Dy, .., D) =nt+d+1

Proof Let G =G, DG, @ ... ®G,,, be a graph such that the degree
set of G, is D;, 1 <i<t+1. Then G must have order at least nt+d+1.

By the construction used in the proof of Propesition 1, let G =
H® G,,,, where G has order n+d+1, H is the edge sum of d/2 hamiltonian
cycles of G, and G,., has degree set D,.,. Since H is the edge sum of d/2
edge disjoint hamiltonian cycles of G and G has even order, we can write H
as the edge sum of d 1-factors of G (by dividing cach hamiltonian ¢ycle into
two 1-factors). Then, let G, 1<i<t, be the edge sum of d; of these
I-factors. Therefore, G, is the regular graph of degree d; for cach i, 1 <i<t.
Thus

G=GDGD ... DG DGy,

where the degree set of G is D, 1gi<t+1.

PropOSITION 2. Let k, m, n be positive integers with n odd and m < n. Let
D, = {m, n) and D, = {2k—1}. Then (1) holds true.

Proof. As before, any graph G having the desired properties must have
order at least n+(2k—1)+1 = n-+2k. However, if G =G, ® G, where the
degree set of G; is D;, i =1, 2, and |V(G)| = n+2k, thenthe factor G, would
‘be a regular graph of degree 2k—1 and G, would bave odd (n+ 2k} order.
Since this is imipossible, any graph having the desired properties must have
order at least n+2k+1. We now show that such a graph exists.

By the construction used in Proposition 1, there exists a graph G of
order n+2k+1 such that G = G, @ G,, where G, is the edge sum of k edge
disjoint hamiltonian cycles of G, the degree set of G, is Iy, and the degree
set of G, is {2k}. Since n+2k+1 is even, let F be the 1factor of G, obtained
by deleting every other edge of one of the hamiltonian cycles of G,. Put
6% = G,—E(F). '
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The graph G* = G, @ G} has order n+2k+1 and G, has degree set D,
while the degree set of G¥ is D,. Thus there is a graph with the desired
properties.

This completes the proof of Proposition 2.

CoroLLARY 2a. Let dy, d,, ..., d, m, n be positive integers such that

t
m<nand d= ) d. Let D; = {d}} for 1 <i<tand let D, = {m, n). If d
i=1
and n are both odd, then

(3) X #(Dl,Dz, ey Dt+1j=n+d+2.

Proof. Assume that G=G, DG, D ... BG,,, is a graph of order
n+d+1 with the degree set of G, being D, 1 <i<t+1. The graph
H=G,®G6,® ... DG, is a regular graph of degree d with odd order. Since
d is odd, this is impossible. Hence the order of G must be at least n+d 2.

The construction of Proposition 2 provides a graph G = H® G,,; of
order n+d+2 such that H is the edge sum of (d—1)/2 edge disjoint
~ hamiltonian cylces and a 1-factor. Since the order of H is even, I is the edge
sum of d 1-factors. Let G;, 1 <i={t, be the edge sum of 4, of these 1-factors.
Then G, ! <i<t, is regular of degree d, and has order n+4+2. Thus
G=G;@G,& ... G, where the degree set of G, is D, 1 <i<t+1.

Cororrary 2b. Ler d, d,, ..., dt’ m, n be positive integers such that

t .
m<nand d =) d;. If d and n are both even but at least one of the ds
i=1
is odd, then (3) holds true.

Proof. Assume that G=G, &G, P ... ®G,,, is a graph of order
n+d-+1 with the degree set of G, being D;, 1 <i <+ 1. Suppose that d, is
odd. Then G, is a regular graph of degree d, with order n+d+1. Since both
dy; and n+d+1 are odd, this is impossible. Thus, the order of G must be at
least n4+d+2.

The construction of Proposition 2 provides a graph G = H@® G,,, of
order n+d+2 such that H is the edge sum of d/2 edge disjoint hamiltonian
cycles and the degree set of G,.; is D,,,. Thus, since n+d+2 is even,
H is the edge sum of 4 edge disjoint I-factors of G. For each i, 1 <i < ¢,
et G; be the edge sum of d; of these edge disjoint 1-factors. Then
GC=06,D6;D ... D G DG, ,. where G has order n+d+2, and G, has
the degree set D, for 1 <i<t+1.

ProposimioN 3. Let k, m, n be positive integers with n even, 1 <m < R, .
and 1| <<k. Let Dy = {m,n} and D, = {2k—1}. Then

#(Dy, D) =n+2k.

Proof. If G is any graph having these properties, then
WG) 2 n+(2k—1}+1 = n+2k.
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We now show that such a graph exists.

Case 1. Assume that m.is odd (that;is, mz=3). Let H = K,. By the
proof of the Lemma, we can construct a graph H, of order n+ 2k~ 2, that is,
the edge sum of (m+2k—3)/2 edge disjoint hamiltonian cycles, such that
G = H,+H, also contains {m+2k-3)/2 edge disjoint hamiltenian cycles.

Each vertex of H; has degree n+2k—1 in G, while each vertex of H,
has degree m+2k—1 in G. Since G contains (m+2k—1)/2 > 1 hamiltonian
cycles and G has even order, we can construct a 1-factor F in G. Let G, be
the edge sum of F and k—1 hamiltonian cycles of G and let G, = G—E(G,).
Then G =G, ® G,, the degree set of G; is D, i=1,2, and G has order
n+2k. '

Case 2. Suppose that m is even. As before, any such graph must have
order at least n+2k. Let H, = K,. Using the proof of the Lemma, we
can construct a graph H% of order n+2k—2, that is, the edge sum of
(m+2k—2)/2 hamiltonian cycles, such that the graph G* = H,+HY also
contains m+2k—2 edge disjoint hamiltonian cycles. Since n+2k—2 is even,
we can construct a 1-factor F* in H% by choosing every other edge of some
hamtltonian cycle.

Let H, = H{—E(F*) and G = H; +H,. Bach vertex of H, has degree
n+2k—1in G, while cach vertex of H, has degree m+2k—1 in G. Let F be
the complement of F* with respect to the hamiltonian cycle used to define
F* Then F is also a l-factor of H¥ and H,.

Let G, be the edge sum of k—1 hamiltonian cycles of G (other than the
one used to define F) together with F and the edges of H;. Then each vertex
of G, has degree 2k—1. Let G; = G—E(G;). Then each vertex of H; has
degree n in G,, while each vertex of H, has degree m in G,. Let
G=G,®G,. Then G has order n+2k and the degree set of G; is Dy,
i=1,2 Thus u(Dy, D) =n+2k.

This completes the proof of Proposition 3.

COROLLARY 3. Let dy, ds, ..., d,,m, n be positive integers with 1 <m <n

i
and d = Y d;. Let D; = {d;} for | <i<itandlet Dyy = tm, b Ifd 23, dis
i=1

odd, and n is even, then (2) holds true.

Proof. By the construction used in the proof of Proposition 3, there is
a graph G of order n+d+1 with G=H® G,.+,, where H is the edge sum of
(d—1)/2 edge disjoint hamiltonian cycles and a ifactor, and the degree set of
G,., is D,,,. Since n-+d+1 is even, H is the edge sum of d edge disjoint
1-factors. For each i, 1 <i <1, let G, be the edge sum of d; of these I-factors
of G. Then we write G = G, @ G, ® ... ® G, ,, where the degree set of G; is
D, 1<i<t+1. '

We now consider the last case, namely, where D, = {1, n}, n is an even
positive integer, and D, = {1}. :
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Prorosition 4. Let D, = { 1 .1}, where n is a positive even integer, and let
= {1}, Then :

4 ifn=2

#(D15D2)={n+4 !-fn>4

Proofl. The graph K, —x, the complete graph of order 4 with an edge
removed, provides. an example to show that u({1}, {1, 2})) =4. Thus, we
assume that n =4,

As before, if G is any graph with these properties, then G must have
order at least n+2. Suppose G is a graph such that G = G, ® G,, where G
has order n42, and G, has degree set D;, i=1, 2. Then G, is a graph of
order n+2 with degree set D, = {1, n}. Clearly, th.lS is not possible. Thus, G
must have order at least n+ 3. However, then G,, which has odd order, must
have a 1-factor. This is again impossible, and so G must have order at least
n+4. We now construct such a graph,

Let H=K,, and let V(H) = {v,, v, ..., v,,+2}. Define the graph G by
letting

_ V(G) =V(H)u{u,w} and E(G)= E(H)—{v; vy} 0{v; u, uw, wo,}.

Then G has order n+4, the degree of éach vertex v; is n+1, and the degrees
of u and w are 2. Since n is even, let G, be the 1-factor consisting of
UW, U3 V3, UqUs, ooy VpUpsy, Upa 2 U1, Lot Gy = G—E(G,). Then the degree set
of G, is Dy = {1, n} while the degree set of G2 is D, = {1}, This completes
the proof of Proposition 4.

We now summarize the results of the propositions and corollaries in the
following

TueoREM 2. Let dy, d,, ...,d,,m, n be positive integers such that m < n
14
and d =} d;. Let D;={d} for 1 <i<t and let D,,; = {m, n}. Then
i=1
:M(D1:.D2: LR Dr+1)
(4 ft=1,d =m=1, and n=2
n+4 ifft_= 1, di=m=1, nis even, and n =4,

n+d+1 if'n and d have opposite parity, d =3, and m > 1,
) n+d+1  if nis odd and all of the d’s are even,

n+d+2 if n and d are both even and at least one d; Is odd,
(h+d+2  if nand d are both odd.

We conclude with two conjectures:

Consecture 1 (P 1277). Let r = 3. Then for each k 0<k < (n—1)/2],
there is a graph Gy of order »n such that G, contains k edge disjoint -
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hamiltonian cycles and these k hamiltonian.cycles can be extended to k edge
disjoint hamiltonian cycles in G, +K,,.

Coniecrure 2 (P 1278). Let ng, ng, ... n, and k be positive integers
such that ng <n, <... <n. Let Dy ={ny, n3, ..., n} and D, = [k]. Then
4 ift=2,nm=k=1, and p, =2,
ny+4 ift=2,n=k=1, ny is even and n, > 4,
m+k+2 if both n, and k are odq,
n+k+1 otherwise.

nu(Dlz DZ) =
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