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1 | INTRODUCTION

In this paper, all graphs are simple, that is, they do not contain loops or multiple edges. A graph is
H-saturated if it does not contain a subgraph isomorphic to H, but adding an edge between any
pair of nonadjacent vertices creates such a subgraph. For example, the complete bipartite graph
K, 4 is Cor41-saturated as long as p, g > k + 1. The saturation number of H, denoted by sat(n, H),
is the minimum size |E (G)| of an n-vertex H-saturated graph G, whereas the maximum size is the
extremal number ex(n, H). The complete graph K, is trivially the only H-saturated graph on n
vertices for n < |V (H)I, so that we will usually assume that n > |V (H)!.

Since it is known that nonbipartite graphs of order n have extremal numbers that are
quadratic in n [7] and that all graphs have saturation numbers that are linear in n [12], a
natural question is what values of IE (G)| can be the size of an H-saturated graph G of order n.
The set of all such values is called the saturation spectrum of H. The saturation spectrum was
first investigated for the triangle K; by Barefoot et al. [3]. Later saturation spectrums were
investigated for K, [1], for K}, t > 3 [2], and for K, — e [8].

In this paper we completely determine the saturation spectrum of Cs and we provide a range
of values for the size of a Cy;,-saturated graph where k > 3. In Section 2 we provide several
constructions for odd cycle-saturated graphs. In Section 3 we use these constructions to
determine the saturation spectrum of Cs. We now define some basic terminology needed to
state our main results. For terms not defined here see [11].
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We let V (G) and E (G) denote the vertex set and edge set of the graph G, respectively. We will
consistently use n for the order of G, that is, IV (G)|, and m for the size of G, that is, |[E (G)|. We use
K, to denote the complete graph of order n, and K, 4, .., o, to denote the complete s-partite graph
with s parts of orders a;, as, ..., ag, respectively. To be able to describe H-saturated graphs that have
cut-vertices we say that identifying G, at v; € V (G;) with G, at v, € V(G,) results in the graph
G = G; - G, (with identified vertex v) obtained from G; and G, by adding the edge v;v, and
contracting v,v, to the new vertex v. The graph G; - G, has IV (Gy)| + IV (G)| — 1 vertices and
IE(Gy)! + |E(G,)! edges. Furthermore, we let T'(n) = Kj,/2)n/21 be the balanced complete
bipartite graph on n vertices, and let t (n) = |n?/4] denote its number of edges.

For n > 4k — 1, Corollary 5.4 in Chap. 3 of Bollobas [4] yields that ex(n, Cy,1) = t(n) and
that equality is only achieved by T (n) for n sufficiently large (see [9]). The primary focus of this
paper is to determine the saturation spectrum of Cs, that is, given n we want to find all values m
for which there are Cs-saturated graphs on n vertices and m edges. The case k = 2 in Bollobas'
result and a case analysis for n < 7 yields the upper bound on the spectrum. In fact, Fiiredi and
Gunderson [9] determined all extremal graphs for odd cycles. The results for Cs are given in the
next theorem.

Theorem 1. The extremal number ex(5,Cs) = 7 = t(5) + 1 is achieved only by K13
and K4 - K. For n > 6 we have ex(n, Cs) = t(n) = |n?/4], and for n > 8 equality is only
achieved by T (n). For n = 7 there is also K4 - K4, and for n = 6 there are also K; ; 4 and
K, - Ks.

Chen [5, 6] exactly determined the lower bound on the spectrum for Cs and she also
characterized all extremal examples.

10(n—1)

Theorem 2. If n > 5, then sat(n, Cs) = [ -

13, 14, 16, 18, 20} and & = 0 otherwise.

] —¢, where ¢ =1 for n € {11, 12,

We completely determine the saturation spectrum of Cs. For 5 < n < 8 this can be found in
Table 1 in Section 3, but our main results are the following:

Theorem 3. Ifn > 9, then there is a Cs-saturated graph G on n vertices and m edges if
and only if sat(n, Cs) < m < lg] +60rG=K,,0rG=K;- K, for some p,q > 3.

Theorem 4. If k > 3 and n > 6k — 3, then there is a Cyi1-Saturated graph G on n

_ 2
vertices and m edges if%n —k<m< lWJ + (Zk;l) — 6.

Theorem 4 settles the saturation spectrum for given Cy;,; and n for all but O (nk) of the
(Z) possible values of m, since Fiiredi and Gunderson [9] proved that ex(n, Cory1) = l"{]
when n > 4k — 2. For large enough n the lower bound on m in Theorem 4 may well be
replaced by sat(n, Cy41). One problem is that the precise value of sat(n, Cy.1) is unknown
for k > 3. However, we remark that the conjectured optimal Cy,i-saturated graphs

constructed by Fiiredi and Kim [10] have n + + O(k?) edges, and can probably be used

n
2k -3
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in a similar fashion as Proposition 12 to improve the lower bound on m, since the vertex b,
in this construction can be seen to be k-suitable in the sense of the definition at the start of
Section 2. It is also worth noting that very recently two papers concerning the saturation
number of even cycles have appeared. Lan et al. [13] provided bounds on the saturation
number of Cs that are close to tight. In Ma et al. [14], the saturation number for the family of
all cycles of length at least 6 is found.

2 | GENERAL CONSTRUCTIONS

Constructions with close to sat(n, Cy+1) edges can be obtained by identifying vertex-disjoint
graphs at suitable vertices. For this purpose a vertex v in a graph G is k-suitable if for every
vertex u # v there is a u, v-path of length k, as well as a u, v-path of length at most 2k — 1 that is
of parity different from k.

Lemma 5. Let Gy, G, be Cyiq-saturated graphs with k-suitable vertices v, vy,
respectively.

1. If we identify Gy at v, with G, at v,, then we obtain a Cy,1-saturated graph and the
identified vertex v is k-suitable.

2. If we identify G, at vy with K, , (for p, g > k + 1) at any vertex, then we obtain a Cyy1-
saturated graph.

Proof. Observe that the new graphs G we obtain are still Cy;,1-free since v is a cut-vertex
and a Cy41 would need to be contained in G; or G, (respectively, K, ;). Also the identified
vertex V is still k-suitable, since the desired paths can be found in G; or G, as vy, v, are
k-suitable. To see that G is Cyi-saturated it suffices to add an edge w;u, where
w € V(Gy) — {v} and u, € V(Gy). In part 1 combining the v, u;-paths of length k with
u U, we get a (2k + 1)-cycle. For part 2, suppose that v, is in the part of order p in K, 4. If
k is even and u, is also in that part, then by the same argument as for part 1, we get a
Cou+11in G + . If uy is in the other part of K, ; and if we have a uy, v-path of odd length
¢ in Gy, then together with wu, and a u,, v-path of length 2k — ¢ we again get a Co11. A
similar argument works when k is odd, but with the roles of the parts interchanged. []

We begin with our first general construction.

Definition 6. For ¢ > 1 and positive integers ng, ny, ..., 1., let H(ng, ny, ..., n.) be the
graph obtained from ¢ + 1 cliques Vj, W, ..., V. with IVjl = n; by making every vertex in V;
adjacent to a fixed vertex v; € V; for all1 <i < c. This graph hasn =ng + m + - + n,

vertices and (nz") + ( ) + -+ (';) + cng edges (see, e.g., Figure 1).

m
2

Proposition 7. Let m, n, k be integers with k > 2 and %n — k < m. Then there is a

Cop+1-saturated graph H (k, ny, ny, ..., n.) on n vertices and m edges with a k-suitable vertex if

1. k=2,n>7,and m < 2n — 3, or
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2 k23,n23k+Landm <k(n—k) - (*;")

in Vo = {x, ..., X} is k-suitable. Moreover, if ¢ > k + 1 then it is Cy4;-saturated: Adding
the edge vy 41 we get the (2k + 1)-cycle viX V2% ... Vg X V41 V1. Similarly, adding the edge
xy with x e Vj —v; or x=x and y € V, — vy we get xv15V, ... XV, Yx. Finally, adding
vy with y € Vi — vy yields vix%v,X3V5 ... X Vi Y1

Let g,r be integers with (§)+k(n—k)—m:q(k—1)—r and 0 <r<k-2.
Now gk — 1) — 7 < (’2‘) +k(n—k) — (%n - k) = (k = 1)"* implies that ¢ < n —
2k — 1: If k=2, then r =0 and this follows directly from n > 7. For k > 3 we get

q< [";k] <n -2k —1, so when n — k is even this follows from n > 3k + 1, and when

Proof. H(k, ny, ny, ..., n.) is clearly Cyr,1-free as long as ny, ..., n. < 2k, and every vertex

n — k is odd this follows from n > 3k + 3. In any case c = n — k — q > k + 1. Moreover,

fork>3wegetqlk —1)—r= (’;) +k(n—k)—m> (];) + (1:1) = (k — 1)? and for
k=2thatq =1+ 2(n — 2) — m > 0, so that in either case g > 0.
Suppose first that r = 0 and consider H (k, 2, ..., 2, 1, ..., 1) with g cliques of order 2,

and c—q=n—-k—29>0 cliques of order 1. This indeed has n vertices
k 2 1 k
and (§) +q(3) + n—k—29)(}) + k(r =k =@ = (%) + k(n =) — gk = ) = m
edges. When k = 2 this suffices since we must have r = 0. So we may now assume that
k>3 andr > 0, so that g(k — 1) — r > (k — 1)? implies g > k.
Replacing two cliques of order s with a clique of order s — 1 and s + 1 increases m by
1, so starting from r = 0 it suffices to show that we can make r such replacements

starting with k(<q) cliques of order 2. Let b = ng and k = 8b + w.

Recall that r < k — 2 and hence r < 8b + w — 2. Thus, finally, we must increase m
over the range of values of r up to k — 2. This includes allowing w to range up to 7.

Since we have at least 8b cliques of order s = 2, this addresses the case r < 4b.
Replacing pairs of the resulting 4b cliques of order s = 3 covers the case r < 6b. Replacing
pairs of the resulting 2b 4-cliques and 2-cliques, respectively, again increases m by b each
for a total of r < 8b. Replacing pairs of the 2b resulting 3-cliques we get r < 9b. Observe
that 9b > k — 2 > r, unless b = 0 (and thus w = k > 3) or w > 4. Thus it suffices to be
able to make w — 2 additional replacements for 3 < w < 7, using the w =5k — 8b
2-cliques we have not used so far. If w = 3, then the single replacement (2, 2) - (3, 1)
suffices. For w = 4,5 we have (2,2,2,2) - (3,2,2,1) - (3,3,1,1) - (4,2,1,1). For
w = 6, 7 we can extend this by making one or two additional changes (2, 2) — (3,1). [

\
\

/

FIGURE 1 H(2,2,2,2) and H(2,1,1,1) = K; 1 5.
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For the range when m > kn — O(k?) we have another family of constructions.

Definition 8. The C, blow up C,(ny, ny, ..., n,) is a graph whose vertices are partitioned
into r parts V; with IVl = n; > 1, in which two vertices are adjacent if and only if they are
in consecutive parts V;, Vi, 1, where subscripts are taken modulo r. If we put an asterisk on
an entry n;, then the corresponding part V; is a clique rather than an independent set. (See
Figure 2.) The graph C,(m, ny, ..., n,) + ij is the graph obtained from C,(ny, n, ..., n,) by

adding every edge between V; and V.
Proposition 9. Let p, q, 1, k be integers with p,q,r > 2 and k > 3.

1. C¢(1,1,2%,1,p,q) is a Cssaturated graph on p+q+ 5 vertices and
(p + 1)(g + 1) + 5 edges.

2. C;(1,1,2,2,r,p,q) is a Cs-saturated graph on p+q+r+ 6 vertices and
(p + 2)(r + q) — q + 7 edges.

3. C;(1,1,1,2,r,p,q) + 13 is a Cs-saturated graph on p + q + r + 5 vertices and
(p+2)(r + q) — q + 5 edges.

4. Cop22, 1, p,q, 1, 2k — 2)%, 1, ..., 1) is a Copy1-saturated graphon p + q + r + 4k — 3
vertices and (p +2)(@q+r)—q—4+ (2k+1

, ) edges when r > p > k — 2, except if
p=k—-2=2.

Proof. The edge and vertex-counts are obvious, as is the fact that these blow-ups are
Cois1-free. So it remains to show that they are saturated.

To see that the Cs-blow up is Cs-saturated, observe that adding an edge from V; to Vj,,
we get a Cs by taking a vertex from each part other than Vj,,. Adding an edge from V; to
Vi+3 we get a Cs by using both vertices from V,. Adding an edge in Vs or V; we obtain a Cs
through the vertex in V4 and Vj, respectively.

To see that the C;-blow up is Cs-saturated, observe that adding an edge from V; to V3
we get a Cs by taking a vertex from each part other than V;, 1, Vj;,. Adding an edge from V}
to Vi, we get a Cs by using one vertex from V,; and one more from V,, (or V;) and one
from Vj,3 (or Vi_;, respectively). Adding an edge inside a part V; of order at least 2 we
obtain a Cs with two vertices in Vj;; (or Vi_;) and one in V;,, (respectively, V;_,).

The exact same proof works to see that the modified C;-blow-up is Cs-saturated, except
that we note that we cannot add the edge between V] and V4, since it is already present. It
remains to check the last graph for k > 3.

FIGURE 2 (Cg(1,1,2%1,2,3) and C;(1,1,1,2, 1,2, 3) + 13.
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Observe that adding an edge from V] to V;,, we get a Cy41 by taking a vertex from each
part other than V. Adding an edge from V] to V;,; with 2 < j < 2k such that V5 is among
Vi, ..., Vigj we get a Cyyq by using one vertex each from Vj, ..., Vi;; except that we use
2k + 1 — j vertices from V.

It remains to consider the case when we add an edge xy withx,y € Vjfor1 <i < 4.If
k = 3, then since p, g, r > 2 we get a 7-cycle through a vertex in V;;3 (wheni < 2) or Vj_;
(when i > 3), respectively. So we may assume that k > 4. Observe thatq > 2,r > p > 2
and ¢ + r > p + 2 > k implies that we can find a (2k + 2)-cycle vV, ...Vy42v; With
Vi={vpvsh, Vi =1}, Va={v}, V42 {vsvs}, V22 {w, Vi, V12, oy Vaksa}, and
Vs 2 {vs, Vo, V11, ..., Vor41}- Thus if i = 1, then xy = v;v; and the cycle can be shortened
to a (2k + 1)-cycle by omitting v,. Similarly if i = 4, then we may assume that xy = vsvsg
to yield the (2k + 1)-cycle. Ifi = 3, then we may assume xy = vgv; (and thus omit vyo) as
long as 2k + 1 > 11. Otherwise if p > k — 1, then we may instead let v; € 15 and thus
Xy = vsv;. Hence the only remaining case is 2>k —2>p>2, but the case
p =k —2 =2 is excluded. Finally for i = 2, in the case k > 5 we may assume that
Xy = VykVor+2, Since r > p > k — 2 > 3. In the case when k = 4 and r > 3 we may let
v, € Vyand xy = v,u. If k = 4 and r = 2, then 2 = r > p > 2 and again there is nothing
to show. O

The following technical lemma, whose proof closely follows Theorem 3 from [3], will help
us use these constructions to cover large ranges of m.

Lemma 10. Let k,y,z be integers with k>2, z>6, z>2k -2,
y2ztk—1)—(k—2)? and 3z —4<y<t(z+2)—2. Then we can find integers
p,q,r=2withp+q+r=z,(p+2(q+r)—q=y,r>p,andp +22>k.

Proof. Let f(x) = x(z — x — 2) and let p be the smallest integer with p > 2, p > k — 2,

and f(p) >y —2z+ 2. This p exists as long as p* = %2 >k—-2, p*>2, and

f(p*) >y — 2z + 2, which is the case since g > 2k — 2,z >6,and y < t(z + 2) — 2.
Thenletq =f(p) —y+2z>2,andr =z — p — q. Thus

P+2)r+-qg=(@P+2)z-p)—(f(p)—y+22)
=2(z—-p)+2p+y—2z=y.

It remains to verify r > p. Indeed, if f(p—1)<y—2z+1, then q=f(p)—
Y—-2z+D)+1<f(p)—-f(p—1D+1=z2—-2p and thus r=z2—-p—-—q>2—p—
(z—2p)=p. If f(p—1)>y— 2z + 2, then by definition p =2 or p = k — 2. Thus
y—2+2<f(p-1)=fM)=z-30ory—2z+2<f(k-3)=(k-3)(z—-k+1),
which contradicts our assumptions that y > 3z — 4 and y > z(k — 1) — (k — 2). O

The results now allow us to prove Theorem 4.

Proof of Theorem 4. Letk > 3 and n > 6k — 3. If%n —k<m<kn-k)-— (kgl),

then Proposition 7.2 shows that the desired Cy;-saturated graph on n vertices and m
edges exists.

850801 SUOWILIOD 3A1Ea1D 3|edldde L) Aq paunob ae Ssjole O ‘9SN JO Sajni 10} AkeiqiT 8UljuO 8|1 UO (SUORIPUOD-PUB-SWIBILIO0™A8 |IM A .0 U1 UO//SCIL) SUORIPUOD PUe SLLB | 81 89S *[9202/20/20] U0 ARiq1T8UIUO AB]IM 'S901n0saiT-Aiows Ad 25082 1B//200T 0T/10p/wioo" A8 | imAeld 1 puljuo//scily Wiy papeo|umoa 'z ‘'v202 ‘8TT0L60T



GOULD kT AL.

2k +1

Nowletz:n—4k+322k26andy:m+4—( 5

t(z +2) — 2. Then

ka(n—k)—(k;1)+1+4—(2k“):kn—§(7k—1)+4

2

z3n+(k—3)(6k—3)—§(7k—1)+423n—12k+5=3z—4 and

y2kn— 57k = 1)+ 4> n(k — 1) + (6k — 3) — 3.5k + 0.5k + 4

>nk—1)—-5k2+ 11k —7=2z(k —-1) — (k — 2)2

WILEY-—*

)gt(n—4k+5)—2:

Thus by Lemma 10 we can find integers p,q,r>2 with r>p>k—2,
p+q+r=n—4k+ 3, and (p+2)(q+r)—q:m+4—(2k2+1). Proposition 9.4

yields the desired graph, except when p =k —2 = 2. But in that case g + r=n — 15

and m:4(n—15)—q—4+(2):4n—28—q§4n—30§k(n—k)—(k

this is covered by the first paragraph.

3 | THE SATURATION SPECTRUM FOR C;

2

-1

), SO

O

The graphs K; and K, are Cs-saturated graphs in which every vertex is 2-suitable. Thus
T (n — 2) - K;yields a Cs-saturated graph on n vertices and ¢t (n — 2) + 3 edges. We will prove in
Theorem 15 that this is the maximum for all nonbipartite graphs on n > 10 vertices. For small

values of n a case analysis/computer search yields the following.

Remark 11. Forn = 7 the maximum number of edges for a nonbipartite Cs-free graph is
12, achieved only by K, - K,. For n = 5, 6, 8 the maximum is 2n — 3, achieved (not only)
by Kj 1.n—2. For n = 9 the maximum is 2 - 9 — 3 = 15 = ¢(7) + 3 and it is achieved (not
only) by K3 - T'(7) and Kj ; 7. For n = 10 the maximum is uniquely achieved by K3 - T'(8).

Theorem 1, Theorem 2, Remark 11, and Proposition 7 now allow us to describe the Cs-
saturation spectrum for 5 < n < 9. For simplicity we will let H,, denote the n-vertex graph
H(2,2,..,2,1,..,1) such that exactly p+ 1< n/2 of the cliques have order 2. Thus
H,o = Ki,1,n—2, and H, ;, has 2n — 3 — p edges. Table 1 exhibits a Cs-saturated graph for every
possible number of edges, except for K; s and K4 5 for n = 9. Observe that for n = 5, 6 we have

TABLE 1 Saturation spectrum of Cs for 5 < n <9 and m < ex(8, Cs) = 16.

n\m 6 7 8 9 10 11 12 13
5 KKy Hso - - - - - -

6 - = Hg, Hg = = - -

7 - - - Hy H; 1 Hyo Ky Ky -

8 - - - - Hg Hg, Hg Hg
9 - - - - - - Hy 3 Hy

14

Hy

15

K3,5

Hy

16
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ex(n, Cs) = 2n — 3 and ex(7, Cs) = 12 = 2 - 7 — 2, so the spectrum for n = 5, 6, 7 is gap-free.
For n = 8,9 gaps occur in the spectrum as Remark 11 implies that there are no Cs-free
nonbipartite graphs on 8 vertices and 14 edges (and none on 9 vertices and 16 edges).

More generally we get the following:

Proposition 12. If n > 5 and [10("7 1)] <m < 2n — 3, then there is a Cs-saturated

graph G, ,, on n vertices and m edges with a 2-suitable vertex.

Proof. For n=5,6 the four required graphs are found in Table 1. If

[37"] — 2 <m < 2n — 3, then the result follows from Proposition 7. It can be checked

that if 7 < n < 13, then [37"] - 2= [10("7 1)] so that we may now assume that n > 14 and
ms%"—z. If we let n=n-7 and wm' =m— 10, then [M]:
[2e=D) —10<m-10=m and m'=m-10<¥-2-10=2""2<om 3

since n’ > 3. Thus we obtain the desired graph if we identify G,/ - and Gg 19 = Hg 3 at a
2-suitable vertex. I

This result enables us to give all constructions we will need to prove Theorem 3.

Theorem 13. There is a Cs-saturated graph on n > 5 vertices and m edges for every m
with sat(n, C) < m < || + 6 = 1(n - 3) + 6.

Proof. Recall that sat(n, Cs) > [M] — 1, so that Proposition 12 settles the case

m<2n— 3.

If 2n—2<m<3n-16, then let k=m—2n+7>3 and observe that
n—k—-—2=3n—-m-—92>5. Thus, the graph obtained by attaching Kz, at a 2-
suitable vertex of H,_x_,0 is a Cs-saturated graph on n vertices and
e(Ksx) + e(Hy—k—20) =3k +2(n—2—k) —3=2n+k — 7 = m edges.

If m=3n—-15>2n— 2, then n > 13 and C;(1, 1, 2, 2, 2,2, n — 10) is the desired
graph.

For m > t(n — 3) + 4 we have the following: K, - T(n —3) has m =t(n —3) + 6
edges. For odd n=2s+3 with s>4 we have Cy¢(1,1,2%1,s— 1,5 — 1) for
m=s*+5=t(n—3)+5 and Cs(1,1,2%, 1,5 — 2,s) for m=s>+4=t(n - 3) + 4.
For even n=25+2 with s>4 we have Cs(1,1,2% 1,s—2,s—1) for
m=s(s—1)+5=t(n—-3)+5 and for s>4 we have K, -K; ,51 for
m=E—-2)(s+1)+6=5s(s—1)+4=t(n—3)+4. For n=2-4+2=10 the
remaining value of m = t(7) + 4 = 16 < 2(10) — 3 is given by Proposition 12.

It remains to consider the case 3n — 15 < m < t(n — 3) + 3, and therefore n > 12. In
this case there is a Cs-saturated graph C;(1,1,1,2,7,p,q) + 13 on n vertices and m
edges, since Lemma 10 with k=2, z=n—-52>6, and y = m — 5 guarantees the
appropriate  choices of p,q,r since m-—-5>3n-19=3z7—-4>z and
m-—5<t(n—3)—2=t(@Z+2) -2 m
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The following results will simplify some of the computations needed to prove Theorem 3.
Lemma 14. For positive integers x, n with x < n we have

l.t(n+2)=t(n)+n+ 1.
2. t(n+ 1) =t(n) + [n/2].
.10+t —x)>tx+ D +t(n—x—1) ifandonlyifx<%orx:%iseven.

Proof. The first part is an easy computation, and the second part follows since T (n + 1)
is obtained from T (n) by adding a vertex to the part of order |n/2]. The last part follows
since moving a vertex from the larger part of T(n — x) to the smaller part of T (x) we

edges. This quantity is positive precisely when x > % unless

gain exactly [g] -

x= % is even. O

This is useful in the proof of Theorem 15, which combines with Remark 11 and Theorem 13
to prove Theorem 3.

Theorem 15. The following statements hold for every nonbipartite Cs-saturated graph G
on n > 10 vertices and m edges.

1. If G has a cut-vertex, then m <t(n —2)+ 3. If also m>t(n—3) + 7, then
G=K;-K,,rpforn—2—p>p2>3.

2. If G is 2-connected, then m < t(n — 3) + 6.

3. m < t(n — 2) + 3 with equality only for G = K3 - T(n — 2).

Proof. We prove these statements simultaneously by induction on n. The base cases
n = 10 follow from Remark 11, since (10 — 2) + 3 =19 and ¢(10 — 3) + 6 = 18. So
suppose now that n > 10.

Statement 1: Suppose that G = G; U G, for the Cs-saturated graphs G;, G, with
V(G) NV(Gy) ={v}. Lets = IV(Gy)l < IV(G,)l = n — s + 1. Observe that for s > 5 we
have n — s + 1 > 6 and thus by Theorem 1 and Lemma 14 we have m < t(n — s + 1)+
t)+1<ttn—-4H+tB)+1=tn-3) —

So we may assume that 2 < s < 4 and that G; = K.

Suppose now that G is bipartite. Thus, G, = K}, ,_s+1-p and s > 2, since otherwise G
is bipartite. If s = 4, then m = e(G;) + e(G,) < 6 + t(n — 3). So s = 3 and we have the
desired graph G where p > 3 in order for G, to be Cs-saturated.

Thus we may assume that G, is not bipartite. If n — s + 1 > 9, then by Statement 3 and

Remark 11 we get m = e(Gy) + e(G,) < ( ) +t(n —s—1) + 3 and the result follows.

Thus8 >n —s + 1> 11 — 4 + 1 = 8 and equality must hold. So e(G,) <2 -8 — 3 =13
and the result still follows since m < 6 + 13 =19 = t(11 — 3) + 3.

Statement 2: Suppose first that G has a vertex-cut {x, %}, and that G = G; U G, with
V(G) N V(G,) = {x,%}. We choose this cut such that |V (Gy)!l is minimal. Thus
s=IWG)ILIV(G)l=n+2—s, fors > 3.
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f6<s<7+1thenm<e(G)+e(G)<t(s)+t(n+2-5)<t(6) +t(n—4)<
tth—3)+6. If s=5,then m <t(5) +1+t(n—3)=t(n—3)+ 7 and equality can
only hold if G, = T(n — 3),and G; = Kj 13 or K4 - K5, and X3, X are nonadjacent. However,
in these cases it is easy to see that G contains a Cs. So we may now assume that s < 5.

If for some z € V (Gy) — {x, %} we have that G — z is nonbipartite, then inductively
by Statement 3, m<e(G—-2)+s—1<t((n—-1)—-2)+3+s—1<t(n—3)+6.
(Observe that while an induced subgraph of a Cs-saturated graph need not be Cs-
saturated, it must be Cs-free, and thus be a spanning subgraph of a Cs-saturated graph.)

Now suppose that for every z € V(G1) — {x, %} we have that G — z is bipartite. If
s = 3, then x, % are adjacent to z € V(G1) — {x, %}, because G is 2-connected. Since
G — z is bipartite, but G is nonbipartite, then x, % must be in different parts X, Y of
G — z. Moreover, x;,% are adjacent since G is Cs-saturated. If Y' = N(x) — z and
X' = N (%) — z, then there is no edge between X’ — x and Y’ — x, since those would
yield 5-cycles through z. However, all edges between X — X’ and Y — x, (and between
Y — Y’ and X — x) are present since adding in such an edge would not create a 5-cycle.
Thus G — z is isomorphic to C¢(1, 1, p, q, r, u), where p, q,r,u > 1 since otherwise at
least one of x; or x would be a cut-vertex of G. Moreover p, u > 2, since otherwise we
could add an edge between z and X’ or Y’ without creating a Cs. Thus fora = p + r and
u+qg=n-3-—awe get

e(G)=2+14+p+pg+qr+ru+u
=p+nNu+g9-(p-Du-1+4
<an—-3-a)—-1+4<t(n—-3)+3.

If s=4 then x,% are adjacent to both z,z, € V(G1) — {x, %}, because G is
2-connected and otherwise we are back in case s = 3. Since G — z; is bipartite, 7, is in one
part, Y, and x, x, are in the other part X and thus they are nonadjacent. Since G is not
bipartite it now follows that z; is adjacent to z,, so that G, = K4y — x1%. If Y, = N(x;)) n Y,
then Y; # @ since otherwise x;_; would be a cut-vertex. Moreover, Y; N Y, = {z,}, since
otherwise there is a Cs through 7, z,. Also Y] U Y, = Y, because otherwise we could add
the edge yx; for y € Y — Y] U Y, without creating a Cs, since such a Cs would need to
include z; or z, and x as well. Let X’ = X — {x, %} and observe that there is no edge
missing between X’ and Y since otherwise such an edge could be added without creating
a Cs. Thus G = Cs(1, 2%, 1, 1Y, — zol, IX'I, 1Y; — Z,!) has

m=e(G) +e(Gy) =5+ (Xl —DIYI <5+ t(n — 3).

We may now assume that G is 3-connected. If we can find a vertex v of degree at most

[%] — 2 such that G — v is nonbipartite (and thus contained in a nonbipartite 2-

connected Cs-saturated graph on n — 1 vertices), then by Statement 2 for n — 1 we get

mSe(G—v)+d(v)gt(n_4)+6+[n;4

v such that G — v is nonbipartite has at least % — 1 neighbors.

Let Cx be an odd cycle of minimum length k in G and let V(Cy) = S. If k > 3, then
k > 7 and no vertexv € S = V(G) — S can have more than 2 neighbors in S or we would
find a shorter odd cycle. Thus e(S, S) < 2(n — k) and it follows from Lemma 14 and

] =t(n — 3) + 6. So suppose every vertex
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Theorem 1 that e(G) =e(Cy) +e(S,S)+e(G—-S)<k+2(mn—-k)+t(n—k)+2=
th—k+2)+n+1<t(h—5 +n+1=t(n— 3),asdesired. So we can assume that
G contains triangles.

Next consider a Kj ; ,, subgraph of G where m is as large as possible. Since G contains
triangles m >1 and we let Z={z,2,..,2m} be the part of size m, and
S=V(K1m) =1y UZ. Since G is Cs-free, Z must be an independent set in G
except if m =2 and S induces a K,. Furthermore, every vertex in S has at most 1
neighbor in S since otherwise we contradict the maximality of m or we can find a Cs-
subgraph.

Suppose first that m = 1. So S = {x, y, 3} is the vertex set of a triangle in G such that
every vertex in S has at most one neighbor in S. Moreover since G is 3-connected, every
vertex v € S has a distinct neighbor v’ € S, and these neighbors satisfy d(v') > g -1,
since G — v’ is not bipartite. The vertices x’,y’, z] are also pairwise nonadjacent and
share no common neighbors, since otherwise there would be a Cs. Thus

n>INE) + IN(Y) + IN@EDI + 3 > 3(% — 1) + 3 = 3n/2, a contradiction.

If m>2, then every vertex in Z has degree at least %— 1. Thus

n—(m+2)>e(lZ,8)> m(% — 1 — 2) or equivalently 2n — 4 > m(n — 4). But then
n > 10 implies that m < 2, so that it remains to consider the case m = 2.
If S induces a K4, then every vertex in S has at most one neighbor in S, but every

vertex in S has degree at least [g] — 1.Thusn — 4 >e(S,S) > 4([%] -1- 3), which is

impossible for n > 10 except when n = 12. Even when n = 12 we can only have equality

n

if S induces a graph on 8 vertices and at least % . 8([5] -1- 1) = 16 edges. The only

such graph that is Cs-free is T(8) = K, 4, but it is easy to see that this must form a
Cs together with the K4, since each vertex in K, must be adjacent to 2 unique vertices
in K4,4.

So we may now assume that Z = {7, z,} is an independent set. In this case
n—4>e(S,5)>(dx)—3)+(d(y) —3)+ 2(% —1-2), or equivalently d(x)+
d(y) <8. Since without loss of generality d(x) <d(y), it follows that
dx) <4< % — 1. Hence G — x is bipartite with parts X,Y such that y € Y and
Z C X. Since every vertex in S has at most one neighbor in S 2 {z, z,} it follows that
each vertex in Y—y has at most [XI—1 neighbors in X. Moreover,

Y12 ([@d@) -2+ (@d@) -2 +1=d@) +d@) -322([4] 1) =32 n—5and
IXI =n -1 - 1Yl < 4. Thus

e(G)=e(X,Y)+dx) <(XI = DIYI+14+4<3(n—5)+5
=t(n-3)—t(n—-9) +8.

This yields the desired inequality when t(n — 9) > 2, or equivalently n > 12. Since
n > 10 it only remains to consider the case n = 11. But even in that case we have
e(G) < t(n — 3) + 6, unless IX| = 4 and every vertex in Y is adjacent to every vertex in X
except one of 73, Z,. So if we let x’ € X — Z and y' € Y — y, then y’z; € E(G) for some i
and thus y'z;xyx'y’ is a Cs, a final contradiction.

Statement 3: This follows directly from Statements 1 and 2. O

850801 SUOWILIOD 3A1Ea1D 3|edldde L) Aq paunob ae Ssjole O ‘9SN JO Sajni 10} AkeiqiT 8UljuO 8|1 UO (SUORIPUOD-PUB-SWIBILIO0™A8 |IM A .0 U1 UO//SCIL) SUORIPUOD PUe SLLB | 81 89S *[9202/20/20] U0 ARiq1T8UIUO AB]IM 'S901n0saiT-Aiows Ad 25082 1B//200T 0T/10p/wioo" A8 | imAeld 1 puljuo//scily Wiy papeo|umoa 'z ‘'v202 ‘8TT0L60T



224 GOULD ET AL.
—I—Wl LEY

ACKNOWLEDGMENTS

The authors would like to thank the referees for their continued careful reading and
suggestions that led to a better presentation. The authors would also like to thank Brendan
McKay for computer-generated graphs that helped us conjecture Theorem 3 and verify Remark
11. Ronald J. Gould's research was supported by the Heilbrun Distinguished Emeritus
Fellowship from Emory University.

ORCID

Ronald J. Gould © https://orcid.org/0000-0003-0040-9511
André Kiindgen ® http://orcid.org/0000-0002-5374-1318
Minjung Kang ‘© https://orcid.org/0000-0002-3823-7949

REFERENCES

1. K. Amin, J. Faudree, and R. Gould, The edge spectrum of K4-saturated graphs, J. Combin. Math. Combin.
Comput. 81 (2012), 233-242.

2. K. Amin, J. Faudree, R. J. Gould, and E. Sidorowicz, On the non-(p — 1)-partite K,-free graphs, Discuss.
Math. Graph Theory. 33 (2013), no. 1, 9-23.

3. C. Barefoot, K. Casey, D. Fisher, K. Fraughnaugh, and F. Harary, Size in maximal triangle-free graphs and
minimal graphs of diameter 2, 14th British Combinatorial Conference (Keele, 1993). Discrete Math (D. R.
Woodall, I. Anderson, J. W. P. Hirschfeld, J. Sheehan, and A. G. Thomason, eds.), vol. 138, 1995, pp. 93-99.

4. B. Bollobas, Extremal graph theory, London Mathematical Society Monographs, vol. 11, Academic
Press Inc. [Harcourt Brace Jovanovich Publishers], London, New York, 1978.

5. Y.-C. Chen, Minimum Cs -saturated graphs, J. Graph Theory. 61 (2009), no. 2, 111-126.
6. Y.-C. Chen, All minimum Cs-saturated graphs, J. Graph Theory. 67 (2011), no. 1, 9-26.
7. P. Erdos and A. H. Stone, On the structure of linear graphs, Bull. Amer. Math. Soc. 52 (1946), 1087-1091.
8. J. Fuller and R. J. Gould, On (K; — e)-saturated graphs, Graphs Combin. 34 (2018), no. 1, 85-95.
9. Z.Firedi and D. S. Gunderson, Extremal numbers for odd cycles, Combin. Probab. Comput. 24 (2015), no. 4,
641-645.
10. Z. Fiiredi and Y. Kim, Cycle-saturated graphs with minimum number of edges, J. Graph Theory. 73 (2013),
no. 2, 203-215.
11. R. Gould, Graph theory, Dover Publications Inc., Mineola, NY, 2012, Corrected reprint of the 1988 original
[MR1103114].
12. L. Készonyi and Z. Tuza, Saturated graphs with minimal number of edges, J. Graph Theory. 10 (1986), no. 2,
203-210.

13. Y. Lan, Y. Shi, Y. Wang, and J. Zhang, The saturation number of Cs, 2021.
14. Y. Ma, X. Hou, D. Hei, and J. Gao, Minimizing the number of edges in Cs,-saturated graphs, Discrete Math.
344 (2021), no. 11, 14, Paper No. 112565.

How to cite this article: R. J. Gould, A. Kiindgen, and M. Kang, On the saturation
spectrum of odd cycles, J. Graph Theory. 2024;106:213-224.
https://doi.org/10.1002/jgt.23052

8508017 SUOWILIOD 3A1ER1D) 3|ed! [dde 3Ly Aq paunob ae Ss[ole O ‘9SN JO S8jnJ 10} AkeiqiT 8UljuO A8]IM UO (SUORIPUOD-PUE-SWIBI W00 A8 |IM A .01 U1 UO//SCIL) SUORIPUOD pUe SLLB | 81 89S *[9202/20/20] U0 Aiq1T8UlUO AB]1M 's80nosaia-Aiows Aq 26082 1B1/200T 0T/10p/wioo A8 M Aeld 1 pUljuo//Schiy W14 pepeo|umoq 'z ‘v20z '8TT0L60T


https://orcid.org/0000-0003-0040-9511
http://orcid.org/0000-0002-5374-1318
https://orcid.org/0000-0002-3823-7949
https://doi.org/10.1002/jgt.23052

	On the saturation spectrum of odd cycles
	1 INTRODUCTION
	2 GENERAL CONSTRUCTIONS
	3 THE SATURATION SPECTRUM FOR C5
	ACKNOWLEDGMENTS
	ORCID
	REFERENCES




