ently cﬁﬂfécf.urjq;t that'the:squars* -~
In. ,.1'9?4‘-51658:1111&;{.' [3],‘ p‘rovbd this

G bg'¢2-@g(médééi :grapk; Then
3 éh;plbyefi Theorem 4to obta

G? is hamiltonian,
in stronger resuits -

‘shown [2] 2'-'conu§ct‘e'd grap

-that the Squarg of a







1> thers. : . 3 .
i e;thcr its fnitial vertex ) OF ¥ must 1o ye?havé been traversed s
nﬂ bx:tmg both of the‘branches Bz and By requm:s thef'

j Ciearl'y we: anﬁot bégm i a trivia} bras
: hamlltoman however, “this'd ntradxct
COROLLAR‘:: 2.1 ”t‘ s, d.;ire and r is an i-Foof af t(: 3), then 10:
‘t¥can begm and end in tke same bran{:h at | |

':

o traceabIe ﬂ'am pi - : : ,. Cl

% Proofs Letiboa tree with z-root n(f > 3) anq Iep B, Bz, v iy B; be. the.

nontrmaI bra.nches of t at . Tf the i a. hamﬂtoma -.Eath iy, rz thh1n1t1a1

vervex’ T, theh each branch at’r can be’ entered and- cx1tcd exactly orice: But

. .'entcrmg and exiting any- Such. branch requires traversing’ its initinl vertex
and #: Hence, at most two nontnwal branches about r can be-traversed.

' 'But r has at least three nontrmal branches. Tgus 21 nof traccable from

" Lesua 4. it stap-l:ke with root i, then t2is trageab}aﬂam,

(1 every vertex, if t has no t-roo;, iz > 3

Q) V@) —{hifrisa 3-root '

() V() — Nirlifrisa 4-roqt.

(4 no vertex, if v is an i-root, iz 5.

Proof. Let f be star-like with root 7 If £ contains on froot, i = 3,
then ¢ contains on induced S(K(1, 3)), so by Theorem C, * is hamﬂtoman.
Therefore, 12 is traccable from each vertey; thus (1) holds.

If r is & 3-root, let By, By, and B; be the nontrivial branches at # and let
vy, v2, . . ., ¥, be the trivial branches at 1, if any exists. Let u; be on the
branch B, and such that d(r, # ,) =f :

By Lemma 3, ¢2 is not traceable from £, Let uy,s be an arbitrary vertex’
on B;. We construct a. hazmltoman path in t’ mt}; ;mnal vcrtex uy,. in the
foliowmg manner‘_ s - ‘ ‘ ' i

- Let the path Py in. B; be

Ty




,.f.r.om P“h "m

mq,g ;
s shows t

§ tracea’ole

&om i and sincé st they 18y |
1 any ‘order, fohlovved bg the vertlcc of 1 ;' and thevcruces of Bs:
we conclude. that 2ist ' = {r}.:

“Next suppose r nv1al braucheS' Bl, By, B, and’ By
and 1°t Uy, be. the: vertex " branch B, adistadee J from r.-Again. ket
C WUy *:-v.(t 20) bt? the vertides: hich Qqhantute the trivial b$anches at

- py if. any.. Agam‘ ‘by: Lemma 3,0 hamlltoman path ¢can begin‘at, I Now

suppose a. hamxltoman path begma with a: vertex in N(r) - then befOl'ﬂ a

vartex' in the sécond nontrivial branch ‘is- traversed, the vertex r must be

traversed. However; it is then impessible #o enter anckexit the. three remai--
nipg nontrivial branches, This G is not tragcable from any vertex in-N{ri..

An argument similar to that given whén ris a 3 root shows any “othet-
yertex of ¢ can be initial vertex of &' hamiltonian pathtin 12,

Finally, suppose 7 is an i-root § =5} with nontrivial branches Bis.
Bz, . v+ By. Since r must be- traversed ‘within the first three branch changes,
it 15 1mp0531b1e fo traverse vertices in-five or mo e ncntnwa] branches .Thus.

=51 sherei >

% i§ traosabla-_.; _

" it 'tsally traverscd U

trm”f.‘ffa‘ri% t'ra‘csabsee;

L



" ix: Proof... Let t-be'a treé such that-12 js traceable and suppose ¢ does not’
. contain a’trunk. Then there exist-toots ry, 7z ry* éach’ with three- or more

- nontrivial branches, which do not lizona. pathsHence; there exists &' root -
r such: that the r'— r, paths P, ( =1; 2, 3) are.all disjoint; except for'r: Let '
B; be the branch at ¥ ¢ontaining ry and without loss“of genérality assume.
hamiltonian path P in 1%; that i, the path P neither

By is intermediate fo a
begins nor ends in By, S

Then either the vertices of B, must all be traversed after By is entered,
in which case Corollary 2 is violated, or B, must be exited, entered, and
exited again. But this is also impossible, as no branch can be entered and
exited twice, Hence ¢ contains a trunk, which we denote by T.

Now note that ¢ contains no S(X(1, 5)), by Corollary 5, so suppose f
contains F,, for some i 3 0,

Case 1. Suppose ¢ containgFy. Let r, and r; be the. roots of Fy and
Suppose By, By, and B, are branches at 7, not.containing - rz,: while, By, By .
and Bs, are branchés: at.p, not: containing. re.. Without loss;.of. generality, -

are trayersed prior to (hose in' By, -Bs;. Bg:In.
, . i;’;o’tul:gctwis'g P ‘QUI"_V h

SUppose vertices in
particular,‘then,”P. cannot end in B, B;, By, or
.. Beginandiend in. the same branch at r; (that“containing: Fiy: By Bis By),
coutradicting Corollary.2. : |




‘must be completely
B, and B*:are-all

i'der, Hencg r must _“e ravcrsed pnor to any vertex: o;f 34,
-Bs, or B, But thcn it 1mp0551ble tO‘complcte}y traverse these bragches

ontradlctmg tha_ fact that t2

g Now suppose t xs a tree contammg a“frunk’ that contams 1o, S(K(I ‘ )

- G, B¥is hamxltoman. Further by Theorem D, each. terminal edge is con-
tained in some hamlltoman cycle' that is, we canfind a hamzltoman cyele
‘of B? containing an edge of ¢ incident w1th the initial:vertex of.B. Thus;
“each such branch can be entered, traversed, and exited; as the end vertxces

.of the hamiltonian path in &% created by removing a terminal edge that'

“lies on & ‘hamiltonian cycle, are at a distance 1 or 2 from the root of B.

Let B; be ajbrancﬁ‘ at vy, Let x| be 2 vertex in B a distance 2 from V1.

By previous remarks there exists a hamiltonian path in B} beginning at x,
and ending at x;,, the initial vertex of B,. Next, traverse all trivial branches
at v; and x;, the initial vertex of B,. Again, there is a hamiitonian path in
P% with initial vertex x; and terminal vertex x4, where d(xs, ) = 2. Next,
traverse »;. Finally, if a third branch, disjoint from 7, exists at v, we tra-
verse it, ending ut the initjal vertex and then traverse v,. If no third branch
exists at »;, we again traverse v,. Since ¢ contains no F, there are at most
two nontrivial branches at v, which can be traversed. Continue these argu-
menis at w3, vy, ..., v Since ¢ contains no Fi. We may enter and tra-
“ese one. of the branches at v, before traversing vy itself. This leaves at
most two remammg nontrivial . branches which clearly can be traversed.
Hence tz is traceab]c. i' - ‘

o ;,rror: F, iz 0. Let: T v;,vz, - +. 5 ¥ be the. trunk of t.> Since t has’ a trunk,"
" each’ branch B d1s301nt from T contains no S(X(1; 3)). Hence, by 'I‘heoremf

Let t be a treé that contam.s' no S(K(l 3)). Then for eaoch.
_amiltpnian path in 12 with initial vertex v and . whose: -




. “ iy Ve EO
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" iicdse. 1..-Suppose.v = ¥n 1<tk We construct d:hﬂﬁliltéﬁian'.ﬁ_éth |

in 12 by. traversing in

r_‘.;achl\'igrtéx' o (i

other oy; the- vertices, of Wi-1, Vi-z, Wi3» 8nd 50 0B

yerse the vertices. of Wy, o2, W,,.and soo
been ‘traversed. (Otherwise, {raverse 1o
pow traverse vertices in the order: 1,
W o b We have ended . with a vertex
deg v = 1 and vk terminates the path.” - - K
Then traverse the “reraining

Cose 2, Suppose

vertices of Wi, 2e-1s W,_,, and so on as before. Using an app

UEW{,léték-

~ antil either 2y OF the vertices of W, have been traverse

i -until the

Wiats Uiz Wiss o o

of degree 1. I W, =¢, then:

" to Case I, we can then construct a path that ends with a ver
Wi # ¢, ot at v otherwise. B o 7 ‘
‘ contains a trunk 7' By ag end branch of ¢ v&e'_m'ea.ﬁ.-a

.Supposé'the tree t
_ branch B atan end-ve

THEOREM 8. Let_

and suppose 1% s tracéable. Then 12
if v lies in an end branch of &

Proof.- Let t be

rtex

t be a tree that contains 3
is traceable from the vertex

4 tree that contain

Further suppose {2.is traceable. Then ¢ con
a single 3-toot 7, then either ¢ is star-like or each nontrivial branch that is

not a path countains on S(K(1,3). I tis star-like, the result

Lemma 4. Otherwise,” let » be in a branch

hamiitonian path in B2 with initial vertex v and termin

d(x, ry <2 We can then traverse’ and all trivial bran
traverse the vertices of -

the proof techniques of Theorem 6, we kno

the two remaining non

that, by Lemma 3, t2 15 not trgceable from

Next, suppose T contains & NOD

does not lie in an end branch of f, but v is traceable from o, th
T must be traversed prior to those &

at one ead-vertex of

of T such that V(B) N ¥(T) = 4.
-roots but no j-roots, i > 4,
v if and only

tains a trunk 7.

W we can

vertices ©

d, say vy Then tra- -
Withave: b
W, 73, etc.) In eithércase, we
Wi 6 =

roach ‘similar
tex of. Wi, if -

s 3-roots but no iroots, i = 4.
If T consists of -

foliows from .
B at r. By Lemma 7, thereis &
a] vertex x, where
ches at r. Now, by

trivial branches. Thus, {2 is traceable from ¥ Note

r. Thus, the result holds.

trivial trunk o402« v
en the pranches
t the other. But

NEY R

this implies that a hamiltonian path in S(K(1, 3)) can begin and end in the

same branch, contradicting Lem

only if v lies in an end branch of . . W

CoroLLARY 9. Let? be q tree such tha

able from a vertex v.
adjacent to a 4-root.

. Proof. If t is star-like, we 3PPLY
then the result follows by Theorem” 8. If €0

i3 andTis a 4-root; then an argument analogous; to. that

if and only if v lies

ma 1. Thus, ¢ is trace

¢ 12 is traceable. T h
in an end branch of

S

ly Lemma 4- It contains

able from ¥ if and

en t is frace- .
tand v is.not

only 3-rootsy-
ntains exactly ORe j-root Is
' in theoreDd g
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o can bc used however as u1 Lemma 4, v cannot be adjacent tor. For the'
| -general case, af, analogous proof technigne agam apphes noting ‘that. we

‘must begm m an end branch of t and that if v is the initial vertex of an end
branch at-a 4-root, we cannot: traverse all branéhcs is thet root. . |
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