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contains a chorded k-cycle for every integer k with 4 < k < n. Cream, Gould and
Hirohata (Australas. J. Combin. 67 (2017),463-469) proved that a graph of order n satisfying
deg;u + degcv > n for every pair of nonadjacent vertices u, v in G is chorded pancyclic
unless G is either K% ,por K3 O K>, the Cartesian product of K3 and K. They also conjectured

I[fsﬁgcrﬁz' that if G is Hamiltonian, we can replace the degree sum condition with the weaker density
Weakly pancyclic condition |E(G)| > %nz and still guarantee the same conclusion. In this paper, we prove this
Chorded pancyclic conjecture by showing that if a graph G of order n with |E(G)| > %nz contains a k-cycle, then
Chorded cycle G contains a chorded k-cycle, unless k = 4 and G is either K» » or K3 OK3, Then observing

that Kﬂg and K3 O K; are exceptions only for k = 4, we further relax the density condition
for sut%iciently large k.
© 2018 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, we only consider finite simple graphs. A k-cycle is a cycle of order k. A graph G of order n > 3 is pancyclic if
G contains a k-cycle for every k with 3 < k < n.

To determine whether a given graph G is Hamiltonian is an NP-complete problem. Therefore, there is little hope in
obtaining a criterion for the existence of a Hamiltonian cycle which can be described in a polynomial-time algorithm. The
hardness of the problem also affects sufficient conditions. Many sufficient conditions for the existence of a Hamiltonian
cycle make a graph G so dense that G is not only Hamiltonian but it also satisfies stronger cycle properties. This situation is
highlighted by Bondy’s Meta-Conjecture.

Bondy’s Meta-Conjecture. Almost all sufficient conditions for the existence of a Hamiltonian cycle make a graph pancyclic,
possibly with a small number of well-described families of exceptional graphs.

Bondy’s Meta-Conjecture has long served as a driving force in the research of cycles in graphs. Bondy [3] himself proved a
result to support it. For a non-complete graph G, we let o(G) denote the minimum degree sum over all pairs of nonadjacent
vertices in G. If G is complete, we let 0(G) = +o0. The classical Ore’s Theorem states that every graph G of order n > 3
with o(G) > n is Hamiltonian. Bondy proved that under the same hypothesis, G is actually pancyclic unless n is even and
Gis K%,n. Moreover, he proved that once we have a Hamiltonian cycle, we no longer need the degree sum condition, but a
simple ciensity condition makes the graph pancyclic.
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Theorem A (Bondy [3]). Every Hamiltonian graph G of order n with at least %nz edges is pancyclic unless n is even and G is K
In particular, if |E(G)| > %nz, then G is pancyclic.

non,
2°2

Theorem A has shed a new light on the distribution of cycle lengths. When we require a Hamiltonian cycle, the density
condition of Theorem A is not strong enough. The union of K; and K;,_; contains %(n —1)(n—2)edges but it is not Hamiltonian.
Even if we restrict ourselves to the class of k-connected graphs for some constant k, we still have K, v (kK] U Kn,z,{), which
is k-connected and contains %nz — o(n?) edges, but it is not Hamiltonian. However, once we have a Hamiltonian cycle in a
graph G of order n, |[E(G)| > %nz guarantees the existence of cycles of all possible lengths.

Inspired by Theorem A, several studies have been conducted concerning the relationship between the density of a graph
and cycles of a variety of lengths. Note that a bipartite graph is not pancyclic and since Kj_% appears as an exception in
Theorem A, it is natural to restrict ourselves to non-bipartite graphs to further pursue this line of research. Then Haggkvist,
Faudree and Schelp [8] relaxed the density condition.

Theorem B (Hdggkvist, Faudree and Schelp [8]). Every non-bipartite Hamiltonian graph of order n with more than %(n —172+1
edges is pancyclic.

Both Theorems A and B assume Hamiltonicity in the hypothesis. However, Brandt [4] proved that the existence of a
Hamiltonian cycle is not related with the relationship between the density of a graph and the distribution of cycle lengths.
Let g(G) and c(G) be the lengths of a shortest and a longest cycle in G, respectively.

Theorem C (Brandt [4]). A non-bipartite graph G of order n with more than (n — 1) /4 4+ 1 edges contains a k-cycle for every
integer k with 3 < k < c(G).

A graph G is weakly pancyclic if G contains a k-cycle for every integer k with g(G) < k < c(G). In the same paper, Brandt
conjectured the density condition can be further relaxed if we consider weak pancyclicity.

Conjecture 1 (Brandt [4]). A non-bipartite graph G of order n with more than (n — 1)(n — 3)/4 + 4 edges is weakly pancyclic.
Note that (n — 1)(n — 3)/4 + 4 = n?>/4 — n + 19/4. Bollobas and Thomason [2] gave a partial answer to this conjecture.

Theorem D (Bollobds and Thomason [2]). A non-bipartite graph G of order n with at least |n®/4] — n + 59 edges contains a
k-cycle for every integer k with 4 < k < c(G).

A chord of a cycle C is an edge joining two non-consecutive vertices of C. If there exists a chord of C, we say that C is a
chorded cycle. A chorded cycle of order k is called a chorded k-cycle. A chord is one of the main tools in the study of cycle length
distribution. Intuitively speaking, chords in a cycle enrich the cycle space of a graph and raise the chance of finding a cycle
of required length or property. Actually, the proofs in [3] locate a cycle of desired length by using chords in a Hamiltonian
cycle. In this sense, it is worth studying the distribution of chords in a cycle. And the first step in this direction is to find a
chorded cycle.

Cream, Gould and Hirohata [6] studied a degree sum condition for a graph to have chorded cycles of all possible lengths.
A graph G of order n > 4 is chorded pancyclic if G contains a chorded k-cycle for every integer k with 4 < k < n. Cream
et al. proved that a graph satisfying Ore’s degree sum condition is not only pancyclic but also chorded pancyclic, except for
a balanced complete bipartite graph, plus one more. For graphs G and H, let GO H denote the Cartesian product of G and H.

Theorem E (Cream, Gould and Hirohata [6]). A graph of order n > 4 with o(G) > n is chorded pancyclic unless G is K%’% or
K3 O K.

Cream et al. also conjectured that if a graph G is Hamiltonian, we can replace the degree sum condition with the density
condition |[E(G)| > in?.

In this paper, we affirmatively answer the above conjecture and further clarify the relationship between the density of a
graph and the existence of a chorded cycle of specified length. The following is the main theorem of this paper.

Theorem 1. Let G be a graph of order n with |[E(G)| > %nz and let k be a positive integer. If G contains a k-cycle, then it contains
a chorded k-cycle unless k = 4 and G is either K%% or K30K>.

By combining this theorem with Theorem A, we affirmatively answer the conjecture of Cream et al.

Corollary 2. A Hamiltonian graph G of order n > 4 with |E(G)| > %nz is chorded pancyclic unless G is K%,% or K3OKs.

Theorem 1 suggests that the existence of a chorded cycle in a dense graph is independent of Hamiltonicity and
pancyclicity. In a dense graph, we can discuss the existence of a chorded cycle of a specified length from the existence
of a cycle of the same length. In this setting, we may be able to obtain a refined density condition. For example, a bipartite
graph does not have a chorded 4-cycle. Therefore, as long as we seek a chorded 4-cycle, it is difficult to improve the condition

|E(G)| > %nz in Theorem 1. However, if n > 6, K%g contains a chorded 6-cycle. Also, when we require a chorded 5-cycle
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under the assumption of the existence of a 5-cycle, bipartite graphs are automatically ruled out. Furthermore, if we obtain
a Hamiltonian cycle in a graph G of order n > 4, then |E(G)| > n + 1 guarantees the existence of a chorded n-cycle. These
observations suggest that by discussing the existence of a chorded cycle of an individual length, we may be able to refine
Theorem 1. We also discuss this possibility in this paper.

We prove Theorem 1 in the next section. In Section 3, we improve Theorem 1 for sufficiently long cycles. In Section 4, we
make several concluding remarks.

For standard graph-theoretic notation and terminology not explained in this paper, we refer the reader to [5]. Let G be
a graph and let x be a vertex in G. We denote by N¢(x) and deg:x the neighborhood and the degree of x, respectively. If H
is a subgraph of G, we define Ny(x) = Ng(x) N V(H). Note that we use this notation even if x ¢ V(H). Let A, B C V(G). If
x & A, let eg(x, A) denote the number of edges between x and vertices in A. Note that since we only consider simple graphs,
ec(x,A) = |Ngu(x)|, where G[A] is the subgraph induced by A. Moreover, if A N B = ¢, then we denote by e(A, B) the
number of edges joining a vertex in A and a vertex in B. In other words, ec(A, B) = > _,ec(a, B). We call a cycle C in a graph
G an induced cycle or a chordless cycle if there does not exist a chord of C in G. We_) denote by G the complement of G. Let
T = voviv, ... v be apathor a cycle in a graph. For i, jwith 0 <i <j <, weletv; T v; denote the subpath vjvi;1viy2 ... vj.
The same path traversed in the opposite direction is denoted by vj(?v,-. We define v,-+ and v; by vfr = vip1and v, = vi_1.
Moreover, we let v " = vy, and v;"** = v;;3. The vertices v=— and v~ are defined in a similar way. For a positive integer
k, we let v+ = v If X C V(T), we define X+ by X* = {v" : v € X}. We similarly define X—, X etc.

2. Proof of Theorem 1

In this section, we prove Theorem 1. We first make a simple observation, which plays a crucial role in our inductive
arguments.

Lemma 3. Let n and k be integers with k > 4 and n > k + 1. Assume that every graph G’ of order n — 1 with |[E(G')| > %(n —1)?
and with a k-cycle contains a chorded k-cycle. Let G be a graph of order n with |E(G)| > %nz. Suppose G contains a k-cycle C but
it does not contain a chorded k-cycle. Then deg:x > %nfor every x € V(G) — V(C).

Proof. Assume deg(x) < % for some x € V(G) — V(C). Let G’ = G — x. Then G’ contains C. Moreover,
n-1 1, 1 5
=-n“"—-2n+42 —(n—1)".
5 4( +2) > 4( )

Thus, by the hypothesis, G’ contains a chorded k-cycle, which is also a chorded k-cycle of G. This is a contradiction. O

1
|E(G))] = |E(G)| — degex > an -

Note that in the hypothesis of Lemma 3, we assume |E(G')| > }‘(n — 1)?, where we do not allow the equality.
The proof of Theorem 1 is divided into three cases : k = 4, k = 5 and k > 6. First, we handle the case k = 4.

Theorem 4. Let G be a graph of order n. If |E(G)| > }lnz and G contains a 4-cycle, then either

(1) G contains a chorded 4-cycle,
(2) G= K%,%, or
(3) G =K;0K,.

In particular, if a graph G of order n with |[E(G)| > %n2 contains a 4-cycle, then G contains a chorded 4-cycle.

Proof. We proceed by induction on n. Since G contains a 4-cycle, n > 4. Let C = vyv,v3v4v1 be a 4-cycle in G.

Suppose n = 4. By the hypothesis of the theorem, |E(G)| > 4.If |E(G)| > 5, then E(C) € E(G) and an edge in E(G) — E(C)
is a chord of C. If |E(G)| = 4, then G = C and hence G = K5 ,. Thus, the theorem holds for n = 4.

Suppose n = 5. Let C = vqvv3v4v1 be a 4-cycle in G and suppose C does not contain a chord. Let V(G) — V(C) = {x}.
Since |E(G)| > sz—l = 7, x is adjacent with at least three vertices in C. We may assume {v1, v, v3} C Ng(x). Then xviv,v3x
is a 4-cycle with chord xv;,.

Now we assume n > 6. We further assume that G contains a 4-cycle C = v;v,v3v4v7 but does not contain a chorded
4-cycle, and we will prove that G = K%g orG=K3;0K;,.LetH = G — V(C).

By the induction hypothesis, every graph G’ of order n — 1 with |[E(G')| > %(n — 1)% and with a 4-cycle contains a chorded
4-cycle. Hence by Lemma 3, deg;x > %n for eachx € V(H).

Claim 1. For eachx € V(H), eg(x, V(C)) < 2.

Proof. Assume eg(x, V(C)) > 3 for some x € V(H). We may assume {vq, v;, v3} C Ng(x). Then xvv,v3x is a 4-cycle with
chord xv,. This is a contradiction. O
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By Lemma 3 and Claim 1, degyx > in — 2 = 1(n — 4) = ]|V(H)| for each x € V(H).
We consider three cases.

Case 1.n = 6.
In this case, |V(H)| = 2. Let V(H) = {x, y}. Since C is an induced cycle, we have

|E(G)] = |E(C)| + eq(x, V(C))+ec(y, V(C))+ |[E(H)| <4+24+2+1=09.

On the other hand, |E(G)| > 9 by the hypothesis of the theorem. Thus, the equality holds, which yields eg(x, V(C)) =
eq(y, V(C)) = 2 and xy € E(G).

First, suppose that neither N¢(x) nor Nc(y) consists of a pair of adjacent vertices in C. By symmetry, we may assume
Nc(x) = {v1, v3}. If Nc(y) = {vq, v3}, then xviyvsx is a 4-cycle with chord xy, contradicting the assumption. Therefore,
Nc(y) = {va, va}. Then G is a complete bipartite graph with partite sets {x, vy, v4} and {y, vy, v3}.

Next, suppose N¢(x) consists of a pair of adjacent vertices in C. We may assume N¢(x) = {vq, va}. If yv; € E(G),
then xyvqv.x is a 4-cycle with chord xvq, a contradiction. Hence vy ¢ Ng(y). Similarly, we have v, ¢ Ng(y), and hence
Nc(y) = {vs, v4}. This yields G = K3 O K.

Case2.n=17.
In this case |V(H)| = 3 and |E(H)| < 3.Let V(H) = {x, y, z}. By Claim 1, we have

|E(G)| = |E(C)| 4 eg(x, V(C)) + ec(y, V(C)) + ec(z, V(C)) + [E(H)| <4+2-3+3 =13.

On the other hand, by the hypothesis of the theorem, we have |E(G)] > 13. Thus, the equality holds, which yields
ec(x, V(C)) = eg(y, V(C)) = eg(z, V(C)) =2and H = Ks.

Assume N¢(x) does not consist of a pair of adjacent vertices in C. By symmetry, we may assume N¢(x) = {vq, vs}. If
v1 € Ng(y), then xzyvx is a 4-cycle with chord xy, a contradiction. Hence v; ¢ Ng(y). Similarly, v3 € Ng(y) and hence
Nc(y) = {v2, v4}. By applying the same argument to z instead of y, we also have N¢(z) = {v;, v4}. However, now yv,zv,4y is
a 4-cycle with chord yz, a contradiction. Therefore, Nc(x) consists of a pair of adjacent vertices in C. By the same argument,
we have that both N¢(y) and N¢(z) consist of a pair of adjacent vertices in C.

If Nc(x) = Nc(y), then we may assume that N¢(x) = {v1, v2} and xv1yv,x is a 4-cycle with chord v;v,, a contradiction.
Hence N¢(x) # Nc(y). By a similar argument, we have that N¢(x), Nc(y) and N¢(z) are all different. Then by symmetry, we
may assume Nc(x) = {vq, va}, Nc(y) = {v2, v3} and Nc(z) = {vs3, v4}. However, now xv,yzx is a 4-cycle with chord xy, a
contradiction. Thus, the theorem follows forn = 7.

Case 3.n > 8.

In this case, |V(H)] > n — 4 > 4. Since §(H) > %|V(H)|, H is Hamiltonian by Dirac’s Theorem. Moreover, since
[E(H)| = 38(H)-|V(H)| = $|V(H)I?, either H is pancyclicor H = Kns n_a by Theorem A. In either case, H contains a 4-cycle.
Therefore by the induction hypothesis, H contains a chorded 4-cycle, or H is either K 14 n4 OF K3 OK,. However, since G
does not contain a chorded 4-cycle, the first possibility does not occur, and we have either H = K n-4 n_4 OF H = K30K;.In

either case, |E(H)| = 1|V(H)|* = 1(n — 4)%. Furthermore, by Claim 1, eg(V(H), V(C)) < 2(n — 4) These imply

1 1
IEG)| = |E(C)] + ec(V(H), V(C) + [E(H)| < 4+2(n —4) + Z(n —4)° = 7n”.
Then by the hypothesis of the theorem, the equality holds in the above. This yields that e¢(x, V(C)) = 2 for each x € V(H)

and Eq(V(H), V(C)) = 2(n — 4).

First, suppose H = K%;,%. Let X = [xl,xz, .. .,an;4] and Y = {yl,yz, - ,yn;4] be the partite sets of H. Take
v; € V(C)and suppose |Ng(v;) N X| > 2. By symmetry, we may assume {x1, X} C Ng(v;). Then vix1y;x,v; is a 4-cycle in G for
eachj,1 <j < ”2;4. Since this cycle does not contain a chord by the assumption, v;y; ¢ E(G). This means Ng(vi) Y = #.
Similarly, if [INg(v;)NY| > 2, then Ng(v;)NX = @. Therefore, if Ng(v;)NX # ¥ and Ng(v;)NY # @, then we have |[Ng(v;)NX| = 1
and [Ng(v;))NY| = 1. LetA = {v; € V(C) : Ng(v;) N X # @ and Ng(v;) NY # B} and B = V(C) — A. By the definition, if v; € A,
then eg(v;, V(H)) = 2 and if v; € B, then Ng(vi) N X = @ or Ng(v;) N'Y = @, and hence eg(v;, V(H)) < ”2;4. Therefore,

n—4 n—4
ec(V(H), V(C))SZIAH—TIBl :T(|A|+|B|)+ Z—T 1Al
n—4 1 1
= -4— —(n—8)|A| =2(n—4)— =(n— 8)|A|.
5 2( Al = 2( ) 2( JIA|
Since eq(V(H), V(C)) = 2(n — 4), we have either n = 8 or A = (. Moreover, Ng(v;) N V(H) = X or Ng(v;) N V(H) = Y for
every v; € B.

Suppose A = (. By symmetry, we may assume Ng(v1) NV
with chord vqv,, a contradiction. Hence we have Ng(v,) N V(H
N¢(v3) N V(H) = X. Similarly, we have Ng(vq) N V(H) = Y.
{Uz, l)4} U X and {U], l)3} uy.

(H) = X.If Ng(v2) N V(H) = X, then vixqvyXx;v1 is a 4-cycle
) = Y. By applying the same argument to v, and vs3, we have
Therefore, G is a complete bipartite graph with partite sets



G. Chen et al. / Discrete Mathematics 341 (2018) 2131-2141 2135

Next, suppose A # . Thenn = 8 and V(H) = {x1, X2, y1, y2}. In this case, H is a 4-cycle. Therefore, we can exchange the
role of C and H and argue as above. As a result, we have eg(v;, V(H)) = 2 foreachiwith 1 <i < 4.

Without loss of generality, we may assume v; € A and Ng(v{) N V(H) = {x1,y1}. If x; € Ng(v2), then vax1yv1v; is a
4-cycle with chord xqvy. If y; € Ng(vy), then voy1x1v1v; is a 4-cycle with chord vyy;. Hence we reach a contradiction in
either case. Thus, we have Ng(v2) N {x1, y1} = @. Since eg(v,, V(H)) = 2, this implies Ng(v,2) = {X2, y2}. We apply the same
argument to vy instead of v, and we obtain Ng(v4) NV(H) = {x2, y»}. However, we now see that v,X,v4Y2 v, is a 4-cycle with
chord x,y,. This is a contradiction.

Finally, suppose H = K3 OK>. In this case n = 10 and eg(V(H), V(C)) = 12. Let V(H) = {x1, y1, z1, X2, ¥2, Z2}, Where
both {x1, y1, z1} and {x,, y2, 22} induce K5 and {x1x2, y1¥2, 2122} C E(H). Since ec(V(H), V(C)) = 12, eg(vi, V(H)) > 3 for
some v; € V(C). Then we have either |Ng(v;) N {x1, y1, 21}| > 2 or [Ng(v;) N {X2, ¥2, z2}| = 2. Without loss of generality, we
may assume {x1,y1} C Ng(v1). Then vix1z1y1v; is a 4-cycle with chord x1y4. This is a final contradiction, and the theorem
follows. O

Next, we prove the case k > 6.

Theorem 5. Let k and n be integers with k > 6 and n > k. Let G be a graph of order n. If |E(G)| > %nz and G contains a k-cycle,
then G contains a chorded k-cycle.

Proof. We proceed by inductiononn.Let C = vyv, ... vgvy beak-cycleinG.Ifn = k, then V(G) = V(C)and |[E(G)| > %kz >k
since k > 6.Hence G contains an edge which is not an edge of C. This edge is a chord of C. Therefore, we may assume n > k+1.

Assume, to the contrary, that G does not contain a chorded k-cycle. By the induction hypothesis, every graph G’ of order
n — 1 with |[E(G)| > %(n — 1)? and with a k-cycle contains a chorded k-cycle. Let H = G — V(C). By Lemma 3, degcx > %n
for every x € V(H).

Claim 1. eg(x, V(C)) < 1k for eachx € V(H).

Proof. If Nc(x) N Ne(x)™ = @, then |N¢c(x)| + [Nc(x)™| = |Nc(x) U Ne(x)™| < |[V(C)| = k. Since |N¢(x)] = |[Ne(x)™| =
eg(x, V(C)), we have eg(x, V(C)) < 1k.

Suppose N¢(x) N Ne(x)™ #£ . We may assume {v, v3} C N¢(x). Then xvsv, . .. vxviX is a k-cycle in G. Since G does not
contain a chorded k-cycle, Nc(x)N{vg, vs, ..., v} = @, whichyields Nc(x) C {v1, v2, v3}and henceeg(x, V(C)) < 3 < %k. O

Since |[V(H)| = n — k, we have eg(V(H), V(C)) < %(n — k) by Claim 1.

Claim 2. §(H) > 1|V(H)|.
Proof. Letx € V(H). Then degsx > 1n by Lemma 3 and eg(x, V(C)) < 3k by Claim 1. Therefore,
degyx = deg-x — eg(x, V(C)) > ]n 1k— 1(n k)= ]|V(H)|
gyX = degg clX, =5 =5 =5 )

and the claim follows. O

By Claim 2 and Dirac’s Theorem, H is Hamiltonian if |V(H)| > 3.
Claim 3. |E(H)| > §|V(H)*.
Proof. Since C is an induced cycle,

%nz < [E(G) = [E(C)] + ec(V(H), V(C)) + |[E(H)| < k + %k(n — k) + [E(H)I,

which yields
|E(H)| > 1n2 k 1k(n k) 1(n k)? + 1k(k 4) ](n k)? 1|V(H)|2 O
-n°—~k—- - —k)=—-(n— — — > —(n— = - .
— 4 2 4 4 4 4
Claim4. n <2k — 1.

Proof. Assume n > 2k.Then |V(H)| = n — k > k > 6 and H is Hamiltonian. Then by Claim 3 and Theorem A, H is pancyclic.
In particular, H contains a k-cycle. Then by Claim 3 and the induction hypothesis, H contains a chorded k-cycle, which is also
a chorded k-cycle of G. This is a contradiction. O

By Claim 4, k > ”zﬂ Let k = ”T“ and |E(H)] = t.Thens > 1andt > 0. Moreover, since |V(H)] = n — k,

|E(H)| = 3(n — k)(n — k — 1) — t. Therefore,

[E(G)l = |E(C)| + ec(V(H), V(C)) + [E(H)| < k+ %k(n —k)+ %(n —k)n—k—-1)—t.
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On the other hand, [E(G)| > ;n? by the hypothesis of the theorem. Therefore, we have 1n* < k+ Jk(n — k) + 5(n — k)(n —
k — 1) — t, which yields n* — 2n — 4t > 2k(n — 3) = 2(n — 3) - ®3* = (n — 3)(n + s). This implies (s — 1)n — 3s + 4t < 0.
Sincen>k+1>7ands > 1,wehave0 > 7(s — 1) — 3s + 4t = 4(s +t) — 7. Since s > 1, this is possible only if s = 1 and
t = 0. Therefore, we have n = 2k — 1and H = Kj_;.

Suppose |[Ng(v;) N V(H)| > 2 for some v; € V(C). Letx,x' € Nc(vi)_ﬁ) V(H) with x # x'. Since H is a complete graph, H
contains a Hamiltonian path P which starts at x and ends at x'. Then vix P X'v; is a k-cycle with chord xx'. This contradicts the
assumption. Thus, we have eg(v;, V(H)) < 1 for each v; € V(C) and hence eg(V(H), V(C)) < V(C) = k. Now we have

1 1
22k— 17 = an = [E(G)| = [E(C)| + ec(V(H), V(C)) + [E(H)

1 1
<k+k+ E(n—k)(n—k— 1) =2k+ 5(k— 1)k — 2),

which yields 2k?* — 6k — 3 < 0. However, in the range of k > 6, 2k* — 6k + 3 is monotone increasing. Hence 2k* — 6k — 3 >
2.6%2 —6-6—3=233> 0.This is a contradiction, and the theorem follows. O

We now consider the remaining case : k = 5.
Theorem 6. Let G be a graph of order n. If |[E(G)| > %nz and G contains a 5-cycle, then G contains a chorded 5-cycle.

Proof. We proceed by induction on n. By the hypothesis of the theorem, we have n > 5. Let C = vjv,v3v4v5v71 be a 5-cycle
of G.

Ifn = 5, then V(G) = V(C). Moreover, |[E(G)| > 7 by the hypothesis of the theorem. Then G contains an edge which is not
an edge of C. This edge is a chord of C.

Suppose n > 6 and we assume that G does not contain a chorded 5-cycle. Let H = G — V(C). By the induction hypothesis,
every graph of order n — 1 with more than %(n — 1)? edges and with a 5-cycle contains a chorded 5-cycle. By Lemma 3,
degox > gn for each x € V(H).

Claim 1. Let x € V(H). Then

(1) INc(x)] < 3, and
(2) if |Nc(x)| = 3, then Nc(x) consists of three consecutive vertices in C.

Proof. Suppose |[Nc(x)| > 3. Then N¢(x) contains a pair of non-adjacent vertices in C. Without loss of generality, we may
assume {v1, v3} C Ng(x). Then xv3v4vsv1x is a 5-cycle in G. Since G does not contain a chorded 5-cycle, {vg4, vs} N Ng(x) = @
and hence N¢(x) = {v1, vz, v3}. This proves both (1) and (2). O

Claim 2. If |Nc(x1)| = |Nc(x2)| = 3 for distinct vertices x; and X, in H, then |[Nc(x1) N Ne(x2)] = 1.

Proof. By Claim 1, we may assume N¢(x1) = {vq, va, v3}. If|[Nc(x1)NNc(x2)| > 2, then since Nc(x;) also consists of consecutive
vertices in C, we may assume {v1, v2} C N¢(x2). Then x;v1X;v2v3X1 is a 5-cycle in G with chord vqv,, This contradicts the
assumption. Therefore, we have |[Nc(x1) N Ne(x2)| = 1. O

By Claims 1 and 2, at most two vertices in H have three neighbors in C and the other vertices in H have at most two
neighbors in C. This implies, e¢(V(H), V(C)) <3 -2+ 2(|V(H)| —2)=64+2(n—7)=2n—8.

We consider the cases 6 < n < 9. First, suppose n = 6. In this case, |[E(G)| > 9. On the other hand, V(G) — V(C) consists
of exactly one vertex and this vertex has at most three neighbors in C by Claim 1. This implies |E(G)| < |E(C)| 4+ 3 = 8. This
is a contradiction.

Suppose n = 7. In this case, the hypothesis of the theorem yields |E(G)| > 13. On the other hand, |V(H)| = 2 and hence
|E(H)| < 1.Therefore, |E(G)| < |[E(C)| + eg(V(H), V(C))+ |E(H)] <54 (2 -7 — 8) 4+ 1 = 12. This is again a contradiction.

Suppose n = 8. Then |V(H)| = 3, and |E(G)| > 16 by the hypothesis of the theorem. Let V(H) = {x1, X2, x3}. Since
|[E(H)| < 3, we have 16 < |E(G)| = |E(C)| + ec(V(C), V(H)) + |[E(H)] < 54 (2 -8 — 8) + 3 = 16. Thus, the equality
holds, which implies H = Kj3. Also, we may assume eg(x1, V(C)) = eg(x2, V(C)) = 3 and eg(x3, V(C)) = 2. Moreover, by
Claim 2 we may assume N¢(x1) = {v1, vz, v3} and N¢(x2) = {v4, vs, v1}. Then x1x;,v1v,v3x7 is a 5-cycle in G with chord xv1,
a contradiction.

Supposen = 9.Then |V(H)| = 4and |[E(H)| < 6.Let V(H) = {x1, X2, X3, X4}. By the hypothesis of the theorem, |[E(G)| > 21.
On the other hand, |E(G)| < |E(C)| + eg(V(H), V(C)) + |[E(H)| < 5+ (2 -9 — 8) + 6 = 21. Thus, the equality holds. This
implies that H = K, and there are two vertices in H, say x; and x,, that have three neighbors in C. By Claim 1, we may assume
Nc(x1) N Ne(x2) = {v1}. However, we now have a 5-cycle v1x1X3x4X,v1 with chord x1x4. This is a contradiction.

Now we assume n > 10.

Claim 3. H is Hamiltonian.
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[V(H)I-1

Proof. Assume H is not Hamiltonian. By Lemma 3 and Claim 1, degyx = deg:x — eq(x, V(C)) > %n -3 = ”2;6 = =5
for each x € V(H). By Dirac’s Theorem, this implies that H contains a Hamiltonian path. Take a Hamiltonian path P =
X1X3 ... Xy—5 So that degyx; + degyx,—_s is as large as possible. By the assumpt_ign, X1Xn_5 & E(G).

If Ny(x1)™ N Nu(xn—s5) # 0, let x, € Ny(x1)” N Ny(Xn—s), and X1Xp1 P X,_s5X, P x; is a Hamiltonian cycle of H, a
contradiction. Thus, Ny(x1)™ N Ny(x,_s5) = @. Since Ny(x1)~ U Ny(x,_5) C V(H) — {X,_s5}, we have

degyxy + degyxn_s = [Ny(x1)| + [Nu(xn—5)| = [Ng(x1)" | + [Nu(xn—s)I
= |Nu(x1)” U Ny(xy-s)| <n—6.

Since degyx; > %n—3 and degy (xp—5) > %n—3,the equality holds in the above. This implies e¢(x1, V(C)) = eg(x4—s, V(C)) =
3.Since n > 10, x; # x,_s, and these are the only vertices in H having three neighbors in C. In particular, degyx; > %n -2
foreachiwith2 <i<n—6. -

Since n > 10, degyx; > 2. Thus, we can take x; € Ng(x1) withi > 3. Then x;_; P x1x; P X,_5 is @ Hamiltonian path in H
with end-vertices x;_; and x,_s. However, degyx;_1 4+ degyx,_5 > %n -2+ %n — 3 =n-—>5 > degyx; + degyx,_s. This
contradicts the choice of P. O
n?,

; 1
Now we can complete the proof. Since |E(G)| >

[E(H)| = |E(G)| — |E(C)l — ec(V(H), V(C)) =

1
=4

1
n2—5—(2n—8):Z(n2—8n+12)
Y —sp 4 Lan—13)> L — 52 = Lveyp
=-(n— -2n—13)> -(n—5)* = - .
4 4 4 4

Since H is Hamiltonian and |E(H)| > %|V(H)|2, H is pancyclic. Moreover, since n > 10, |V(H)| > 5 and hence H contains a
5-cycle. Then by the induction hypothesis, H contains a chorded 5-cycle, which is also a chorded 5-cycle in G. This is a final
contradiction, and the theorem follows. O

Theorems 4-6 complete the proof of Theorem 1.
3. Improving the density condition for large cycles

As we have seen in the introduction, as long as we require chorded pancyclicity in a graph G of order n, it seems to be
difficult to relax the density condition |E(G)| > %nz since exceptional graphs appear at |[E(G)| = %nz. However, in these
exceptions, only a chorded 4-cycle is missing. Therefore, if we only require a chorded k-cycle for large k, we may be able to
improve the density condition. In this section, we study this possibility, and prove the following theorem.

Theorem 7. Let k be an integer with k > 8 and let G be a graph of order n with |E(G)| > %nz —n+ 16. If G contains a k-cycle,
then G contains a chorded k-cycle.

By combining this theorem with Theorem D, we obtain the following corollary.

Corollary 8. A non-bipartite graph G of order n with at least L%J — n + 59 edges contains a chorded k-cycle for every integer
k with8 < k < ¢(G).

We use the following theorem in the proof.

Theorem F (Faudree et al. [7]). Let G be a graph of order n > 3 and minimum degree § = §(G) < %n. If |{v € V(G) : deggv <
in}| < 8 — 1, then G is Hamiltonian.

Proof of Theorem 7. We proceed by induction on n. The hypothesis requires n > k > 8. For 8 < n < 16, the theorem
follows from Theorem 1. Suppose n > 17 and let G be a graph of order n with at least }lnz —n+ 16 edges and with a k-cycle
C. We prove that G contains a chorded k-cycle.

Assume, to the contrary, that G does not contain a chorded k-cycle. Let H = G — V(C).

Claim 1. Forevery x € V(H), deg:x > %n -1
Proof. Let G’ = G — x. If |[E(G')| > %(n — 1)> — (n — 1) + 16, then since G contains C, G’ contains a chorded k-cycle by the
induction hypothesis. This contradicts the assumption. Therefore, we have |E(G')| < %(n —1)? —(n — 1) + 16. Then

1 1 1 5
= |E(G)| — |E(G)| > —-n* — 16—(-n—1P2-m-1)+16)=-n—=.
degex = |E(G)| — |E(G)] > 2" n-+ 16 (4(n Y—(n-1)+ 6) ST

. . . ]
Since degcx is an integer, we have degex > ;n—1. O
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LetA = {x € V(H): Nc(x) " Nc(x)™™ #£ ¢} and B = V(H) — A.Alsoleta = |A|and b = |B|. Notea +b =n — k.
Claim 2. Foreachx € A, eg(x, V(C)) < 3.

Proof. Since x € A, there exists a vertex v in C with {v, v*+} C Ng(x). Then vxv++?v is a cycle of order k, and it is an
induced cycle by the assumption. This implies Nc(x) C {v, v, v} and eg(x, V(C)) < 3. O

Claim 3.

(1) Foreachx € V(H), eg(x, V(C)) < 3k, and
(2) 8(H) = 3|V(H)| — 1.

Proof. (1) Ifx € A, Claim 2 yields e¢(x, V(C)) < 3 < %k. If x € B, then the function f : Nc¢(x) — V(C) — N¢(x) defined by
f(x) = x™ is an injection, which implies |[Nc(x)| < |[V(C)| — |Nc(x)|. This yields e¢(x, V( )) = INc(x)| < 2|V(C)| = %k.
(2) By (1) and Claim 1, we have degy(x) = degex — eg(x, V(C)) = dn—1—1k=3(n—k) —1=3|V(H)|- 1. O

Claim 4 Suppose that there exist vertices X, € V(H) and v € V(C) with {v,v*™"} C Ng(xo). Then Nc(x) N Ne(x)t N
V(v(4+ Cv) =0 foreachx € V(H) — {xo}.

Proof Assume Ilg( x) N Ne(x)* N V(v @+ ¢ v) # , and let u be a vertex in v+ C v~ with {u,u™} C Ng(x). Then
waut € vXouTT C uis a cycle of order k with the chord uu™. This is a contradiction. O

Claim 5. If there exists a vertex Xo in B with N¢(xo) N Nc(xo)tTt # @, then eg(x, V(C)) < "+2 holds for every x € B — {xo}.

Proof. By the assumption, there exists a vertex v € V(C) with {v, v} C Ng(xo). Let P = v+ C o letx € B— {x0} and
u € Np(x).If u # v, thenu™ & Ng(x) by Claim 4. Moreover, if u ¢ {v, v~}, then u™ & Ng(x) by the definition of B. These
imply Np(x)] < B2 — 1,

Suppose {v*, v++} C NG( ). Since vt € Ncﬂ )andx € B, {v7,vtt} N NG( ) = (. Similarly, since vt* € Ng(x),
{v, v™¥+} N Ng(x) = @. These imply |Np(x)| < % k=4 and hence INc(x)| < 5% +2 =52,

Next, suppose |{v", v} N Ng(x)| = 1. By symmetry, we may assume {v T, ot } N Ng(x) = {vT™). Then v & Ng(x) and
hence [Np(x)| < % 51 which yields [Nc(x)| < 51 + 1= 2.

Finally, suppose {v™, ++} N Ng(x) = @. In this case, |NC( )| = |Np( )| < § O

Claim 6. If x € Band Nc(x) N Ne(x)™++ = @, then eg(x, V(C)) < Zk.

Proof. Assume eg(x, V(C)) > %lV(C)l. Then there exists a subpath P = v vyv3v4vs of order 5 in C with |Ng(x) N
{v1, v2, v3, Vg, V)| = 3.

If {vq, v2} NNg(x) = @, then {vs, v4, vs} C Ng(x). This contradicts x € B. Hence we have {vq, v;} N Ng(x) # @.1f vy € Ng(x),
then vs & Ng(x) since x € B. Moreover, vs ¢ Ng(x) since Nc(x) N Ne(x)T™ = @. These yield {v1, vy, v3} C Ng(x), which
again contradicts x € B. Therefore, v, ¢ Ng(x) and hence v; € Ng(x). Since v3 ¢ Ng(x) by the definition of B, we have
{v1, v4, v5} C Ng(x). However, we have vg € N¢(x) N Ne(x)™1, a contradiction. O

Claim 7. If |V(H)| > 5, then H is Hamiltonian.

Proof. Let x € V(H). If x € A, then by Claim 2, eg(x, V(C)) < 3 and by Claim 1, we have degyx > ln—1-3=

s(n—k)+ 3k —4 > S |V(H).

Suppose x € B.If Ng(x) N Ng(x)™+ = ¢, then eg(x, V(C)) < 2k by Claim 6 and
1 2 1 1 k-5 1 1
degyx> -n—1—“k=—(n—k) — - “(n—k)— -,
CBux = sk=an=k=5+ =5 > 3(n=k=3

which implies degyx > 3(n — k) = 1|V(H)|.

Suppose Ng(x) N Ng(x)™ # 0. By Claim 3, eg(x, V(C)) < 7k and degyx > in— 1 — k= J|V(H)| — 1.Letx’' € B — {x}.
Then eg(x’, V(C)) < "%2 by Claim 5 and
1 k+2 1 1 k—7 1 1
n—1-"%— —tn—k)— = “(n—k)— =~
2" 3 =Ryt > 5k
which implies degyx’ > 1(n — k).

By the above observations, if Ng(x) N Ng(x)™** = ¢ for every x € B, then §(H) > 1|V(H)| and H is Hamiltonian
by Dirac’s Theorem. If Ng(xo) N Ng(xo)™™ # @ for some xo € B, then xq is the only vertex that may have degree
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less than 1|V(H)|. On the other hand, by Claim 3(2), 8(H) > [1|V(H)|] — 1 > 2 since [V(H)| > 5. Hence we have

[{v e V(H) : degyv < §|V(H)|}| <1 < 8(H) — 1and H is Hamiltonian by Theorem F. [

Claim 8.

(1) If k > 10, then eg(V(H), V(C)) < max {¥2(n — k) + %2, Z(n — k)}.
(2) If k=9, theneg(V(H), V(C)) < 3n — 26.
(3) If k =8, theneg(V(H), V(C)) < 3n —23.

Proof. (1) Suppose B contains a vertex xo with N¢(xg) N Ne(xo)™ # @. Then Claims 2, 3 and 5 yield
ec(V(H), V(O)) = Y eclx, V(C))

x€AUB
=Y eclx, V(O)) + eclxo, V(C) + D eclx, V(C))
XeA xeB—{xo}
1 k+2 k+2 k—4
<3a+ ok 1) =34 +ib +

Next, suppose N¢(x) N Ne(x)t+ = @ for every x € B. Then Claims 2 and 6 yield

ec(V(H), V(C)) = ) eclx, V(C)) + ) _ eclx, V(C))

xeA XeB
2k
<3a+ —b.

Since k > 10, "%2 > 3and > 3.Thus, under the constraintsofa > 0,b > 0anda+b = n—k, both 3a+ "§2b+ 5 4 and
3a + b take the minimum value at(a, b) = (0, n — k), and we have eg(V(H), V(C)) < max {¥£2(n — k) + 2%, Z(n — k)}.

(2) If B contains a vertex xo with Ng(xo)\Ng(xo) Tt # @, then Claims 3(1) and 5 yield e¢(xo, V(C)) < 4and e¢(x, V(C)) < 3
for each x € B — {x¢}. Thus, we have

ec(V(H), V(C)) = D ec(x, V(C)) + ec(xo, V(IC) + D ec(x, V(C)

xeA xeB—{xo}
<3a+4+4+30b—-1)=3(a+b)+1=3n—-9)+1=3n-26.
On the other hand, if Ng(x) N Ng(x)**+ = ¢ for each x € B, then Claim 6 yields eg(x, V(C)) < 3 for each x € Band

ec(V(H), V(C) = D ec(x, V(C) + ) _ eclx, V(C))

xeA xeB
<3a+3b=3(a+b)=3(n—9)=3n—27 < 3n—26.
(3) We can follow the same arguments as in the proof of (2) and obtain e¢(V(H), V(C)) <3(n—8)+1=3n—-23. O

Claim 9. |E(H)| > ;|V(H)*.
Proof. Assume |[E(H)| < %|V(H)| = %(n — k)?. Since C is an induced cycle of order k, we have
1
[E(G)| = [E(C)| + ec(V(H), V(C)) + [E(H)| < ec(V(H), V(C)) + Z(n — k) +k.

On the other hand, |E(G)| > %nz — n + 16 by the hypothesis. By combining these inequalities, we have eg(V(H), V(C)) +
1(n—k)* +k > 1n*> — n+ 16, which yields
k—2
2

ec(V(H), V(C)) > (n—k)+ %kz — 2k + 16. (1)

If k > 10, then

k-2 1
¢ (=10 + 2I¢ = 2k + 16
k+2 k—4 k—10 1 50
- =2 )+ kk—10)+ 2k 2
3( )+ 5 + 5 (n )+4<( )+ <+3
k+2 k—4
LT

6
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and
—2 1 2 k—10 1 1
. (n—k)+2k2—2/<+16:?‘(n—k)Jr< (n =K+ Zkk = 10)+ Sk -+ 16
2%k
K-k
> 5(n k)

Hence by Claim 8, eg(V(H), V(C)) < %(n —k)+ %kz — 2k + 16, which contradicts (1).
If k = 9, then (1) yields eg(V(H), V(C)) > %n - % > 3n — 26, contradicting Claim 8(2). If k = 8, then (1) yields

ec(V(H), V(C)) = 3n — 8 > 3n — 23, contradicting Claim 8(3). O
Claim 10. k < in.

Proof. Assume k > %n. Since n > 17, this implies k > 9.
Since C is an induced k-cycle and H is a graph of order n — k, we have

[E(G)I = [E(C)l + ec(V(H), V(C)) + [E(H)| < k + eg(V(H), V(C)) + %(n —k)(n—k—1).

On the other hand, by the hypothesis of the theorem, we have |E(G)| > %nz — n + 16. By combining these inequalities, we
obtain eg(V(H), V(C)) + 3(n — k)(n — k — 1)+ k > 1n> — n + 16, which implies
1 3 1 1
V(H), V(C)) > —=k? —Z)k—-n*—-n+16. 2
eV VIC) = =3+ (=3 k= gn = S+ @
Ifk =9, thenn = 17 and (2) yields eg(V(H), V(C)) > %. On the other hand, we have eg(V(H), V(C)) < 25 by Claim 8(2).
This is a contradiction. Therefore, we have k > 10.
By Claim 8(1), ec(V(H), V(C)) < max {¥2(n — k) + %%, 2(n — k)}. This implies either

65
k+2 k—4 1 3 1 1
+ (n—k)+6z—2k2+<n—2)k—4n2—2n+16 (3)
or
2k 1 3 1 1
“m—k)>—=k+(n—Z)k—-n>—-n+16. 4
51— k= g +( 2) FA L “)
Assume (3) holds. Then
1 2 1 7 50
——kK+(Zn—1)k—-n*—-n+ = <0. 5
6<+(3" ) A LR (%)

Letfi(k) = -tk + (3n—1)k—In> = In+ L = —L(k—(2n— 3))2 + 2n* — ¥n4 18 sincen > 17,n < 2n — 3. Thus,
in the range of %n < k < n, fi(k) is monotone increasing, and

fi(k) > fi (%n) = l(n —20)% > 0.

This contradicts (5).
Next assume that (4) holds. Then we have

1 33 1 1
—— K4+ (Zn-Z)k—-n*—-n+16<0. 6
+(5" 2) AN LR (6)

Letfo(k) = —k*+ (3n—3)k—in? — In+16 = — L (k— (3n — %))2 + 2n2 —5n+ 1B Sincen > 17,n < 3n — 2.

Hence in the range of %n < k < n, fo(k) is monotone increasing, and

1 1 5 1 3
k —n)=—n*-n+16=—mn—-25%+=>0.
fa(k) > f (2 ) 0 7 + 40( ) +8 >

This contradicts (6). O

We now complete the proof of Theorem 7. By Claim 10, k < %n, which implies |V(H)] = n — k > k > 10. Hence H is
Hamiltonian by Claim 7. We also have |E(H)| > %|V(H)|2 by Claim 9 and hence H is pancyclic by Theorem A. Then again
since |V(H)| > k, H contains a k-cycle. Hence H contains a chorded k-cycle by Theorem 1, which is also a chorded k-cycle of
G O
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Fig. 1. The graph H{".

4. Concluding remarks

We assume k > 8 in Theorem 7. We do not know whether the same conclusion holds for 6 < k < 7. But we know that
the conclusion does not hold for k = 5. Let n be an even integer n with n > 30. Let H be a copy ofK%Y 1. Pick a pair of distinct
vertices u, v in one partite set of H and pick a vertex w from the other partite set. Delete the edge vw, delete all the edges
incident with u except for the edge uw and add the edge uv. Let Hé") be the resulting graph (see Fig. 1). Then Hé") is a graph
of order n with [E(H)| = in? —in+1> in? —n+ 16, and it contains a 5-cycle, but it does not contain a chorded 5-cycle.

For k = 4, no subgraph of K 11 contains a chorded 4-cycle. Moreover, even if we restrict ourselves to non-bipartite graphs,

the conclusion of Theorem 7 does not hold. Let H\" = H{" + vw. Then H\" is not bipartite, |E(H")| > an?—In4+2>

%nz —n+16ifn > 28, Hﬁ") contains a 4-cycle, but it does not contain a chorded 4-cycle.

We do not know the sharpness of Theorem 7. We actually suspect that we can further relax the density condition. But we
currently do not know how to improve it.

One of the referees suggests we investigate the relationship between the theme of this paper and the famous Thomassen’s
Chord Conjecture.

Conjecture 2 (Thomassen’s Chord Conjecture [1,9]). Every longest cycle in a 3-connected graph is a chorded cycle.

The results in this paper do not seem to contribute to the solution of this conjecture. The assumption of Theorem 1 makes
the graph G of order n have average degree at least %n, while there are infinitely many 3-regular 3-connected graphs. There
is a large gap on the average degree between the classes of graphs considered in this paper and Conjecture 2. (Note that
Conjecture 2 has been solved for 3-regular 3-connected graphs by Thomassen [10].)

On the other hand, in Theorem 7, we slightly relax the density condition of Theorem 1 by restricting ourselves to cycles
of order at least 8. By further pursuing this line of research, we may be able to obtain some hint to tackle Conjecture 2. In
particular, if we obtain a lower bound on the density which is linear in the order of the graph, then it could be a partial
answer to the conjecture. However, we currently do not know whether this is a feasible approach.

Thomassen [11] has recently proved that every 3-connected graph of minimum degree at least 4 contains a longest cycle
which is also a chorded cycle.

Acknowledgments

The authors are grateful to the referees for the helpful comments. The second author was supported by The Heilbrun
Distinguished Emeritus Fellowship. The third author was partially supported by a grant from The Simons Foundation (the
grant number 522728). The fourth author was supported by JSPS KAKENHI Grant Numbers JP25330017, JP16KT0136 and
JP17K00018.

References

[1] B.R. Alspach, C.D. Godsil, Cycles in graphs, Ann. Discrete Math. 27 (1985) 461-468.
[2] B.Bollobds, A. Thomason, Weakly pancyclic graphs, J. Combin. Theory Ser. B 77 (1999) 121-137.
[3] J.A. Bondy, Pancyclic graphs I, J. Combin. Theory Ser. B 11 (1971) 80-84.
[4] S.Brandt, A sufficient condition for all short cycles, Discrete Appl. Math. 79 (1997) 63-66.
[5] G.Chartrand, L. Lesniak, P. Zhang, Graphs & Digraphs, fifth ed., Chapman and Hall/CRC, Boca Raton, Florida, USA, 2011.
[6] M. Cream, R]. Gould, K. Hirohata, A note on extending Bondy’s meta-conjecture, Australas. ]. Combin. 67 (2017) 463-469.
[7] RJ. Faudree, RH. Schelp, A. Saito, I. Schiermeyer, Degree conditions for Hamiltonicity: counting the number of missing edges, Discrete Math. 307
(2007) 873-877.
[8] R.Hadggkvist, RJ. Faudree, R.H. Schelp, Pancyclic graphs - connected Ramsey number, Ars Combin. 26 (1988) 229-232.
[9] C.Thomassen, Configurations in graphs of large minimum degree, connectivity, or chromatic number, in: Combinatorial Mathematics: Proceedings of
the Third International Conference, New York, 1985, Ann. New York Acad. Sci., New York 555 (1989) 402-412.
[10] C.Thomassen, Independent dominating sets and a second Hamiltonian cycle in regular graphs, J. Combin. Theory Ser. B 72 (1998) 104-109.
[11] C. Thomassen, Chords in longest cycles, J. Combin. Theory Ser. B 129 (2018) 148-157.


http://refhub.elsevier.com/S0012-365X(18)30121-3/sb1
http://refhub.elsevier.com/S0012-365X(18)30121-3/sb2
http://refhub.elsevier.com/S0012-365X(18)30121-3/sb3
http://refhub.elsevier.com/S0012-365X(18)30121-3/sb4
http://refhub.elsevier.com/S0012-365X(18)30121-3/sb5
http://refhub.elsevier.com/S0012-365X(18)30121-3/sb6
http://refhub.elsevier.com/S0012-365X(18)30121-3/sb7
http://refhub.elsevier.com/S0012-365X(18)30121-3/sb7
http://refhub.elsevier.com/S0012-365X(18)30121-3/sb7
http://refhub.elsevier.com/S0012-365X(18)30121-3/sb8
http://refhub.elsevier.com/S0012-365X(18)30121-3/sb9
http://refhub.elsevier.com/S0012-365X(18)30121-3/sb9
http://refhub.elsevier.com/S0012-365X(18)30121-3/sb9
http://refhub.elsevier.com/S0012-365X(18)30121-3/sb10
http://refhub.elsevier.com/S0012-365X(18)30121-3/sb11

	Cycles with a chord in dense graphs
	Introduction
	Proof of Theorem 1 
	Improving the density condition for large cycles
	Concluding remarks
	Acknowledgments
	References


