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1. Introduction

In this paper, all graphs are simple. Let G be a graph. For u € V(G), the set of neighbors of u in G is denoted by N¢(u), and
we denote dg(u) = |[Ng(u)|. Let H be a subgraph of G, and let S € V(G).Foru € V(G)—V(H), we denote Ny(u) = Ng(u)NV(H)
and dy(u) = |Ny(u)|. Foru € V(G) — S, Ns(u) = Ng(u) N S. Furthermore, Ng(S) = UyesNg(w) and Ny(S) = Ng(S) N V(H).
Let A, B be two disjoint subgraphs of G. Then Ng(A) = Ng(V(A)) and Ng(A) = Ng(A) N V(B). The subgraph of G induced by S is
denoted by (S). And let G — S = (V(G) —S) and G — H = (V(G) — V(H)).If S = {u}, then we write G — u for G — S. If there is
no fear of confusion, then we use the same symbol for a graph and its vertex set. For graphs G, and G,, G; U G, denotes the
union of G; and G;, G; + G, denotes the join of G; and G,, and mG denotes the union of m copies of G. If Q is a path or a cycle
with a given orientation and x € V(Q), then x* denotes the first successor of x on Q and x~ denotes the first predecessor of
xonQ.Ifx,y € V(Q), then Q[x, y] denotes the path of Q from x to y (including x and y) in the given direction. The notation
Q" [x, y] denotes the path from y to x in the opposite direction. We also write Q(x, y] = Q[xT,y], Q[x,y) = Q[x,y" ] and
Q(x,y) = Q[x™,y"1.If Q is a path (or a cycle), say Q = X1, X2, ..., X¢(, X1), then we assume that an orientation of Q is given
from x; to x;. We say that x; precedes x; on Q if i < j. Foru, v € V(Q), we define the path Q7*[u, v] as follows; if u precedes
von Q, then Q*[u, v] = Q[u, v], and if v precedes u on Q, then Q*[u, v] = Q [u, v]. If T is a tree with at least one branch
and x, y € V(T), where a branch vertex of a tree is a vertex of degree at least three, then we denote the path from x to y as
T[x,y]. ForX € V(G), let dy(X) = Y, du(x). If H = G, then we denote dg(X) = dy(X). For a graph G, |G| is the order of G,
8(G) is the minimum degree of G, w(G) is the number of components of G, «(G) is the independence number of G. If G is one
vertex, that is, V(G) = {x}, then we simply write x instead of G. For an integer t > 1, let

0¢(G) = min {Z dg(v) | X is an independent set of G with [X| =t. ¢,
veX

and o(G) = oo when «(G) < t. Note that if t = 1, then 01(G) = §(G). For an integer r > 1 and two disjoint subgraphs A, B
of G, we denote by (dq, d, ..., d;) a degree sequence from A to B such that dg(v;) > d; and v; € V(A)foreach1 <i <r.In
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this paper, since it is sufficient to consider the case of equality in the above inequality, when we write (dy, da, . .., d;), we
assume that dp(v;) = d; foreach 1 < i < r.ForX,Y C V(G), E(X, Y) denote the set of edges of G joining a vertex in X and
a vertex in Y. For vertex-disjoint subgraphs Hy, H, of G, we simply write E(H;, H,) instead of E(V(H1), V(H-)). A forest is a
graph whose components are trees, and a leaf is a vertex of a forest whose degree is at most one. A cycle of length ¢ is called
an £-cycle. For terminology and notation not defined here, see [4].

The study of cycles in graphs is an important and rich area. In this paper, “disjoint” means “vertex-disjoint”. One of the
more interesting questions is to find conditions that insure the existence of k (k > 2) disjoint cycles. A number of such results
exist. Corradi and Hajnal [1] proved that if a graph G has order at least 3k and §(G) > 2k, then G contains k disjoint cycles.
Justesen [5] proved the same result from the condition o,(G) > 4k. Enomoto [2] and Wang [6] independently improved
Justesen’s bound to 0»(G) > 4k — 1. Fujita et al. [ 3] proved that if |G| > 3k + 2 and 03(G) > 6k — 2, then G contains k disjoint
cycles. The purpose of this paper is to further extend these results. We also conjecture the following:

Conjecture. Let G be a graph of sufficiently large order. If 0:(G) > 2kt — (t — 1) for any two integers k > 2 andt > 1, then G
contains k disjoint cycles.

The cases for t = 1, 2, 3 have already been shown. We add to the evidence for this conjecture by showing the following:

Theorem 1. Let G be a graph of order n > 7k + 1 for an integer k > 2. If 04(G) > 8k — 3, then G contains k disjoint cycles.

The degree sum condition conjectured above would be sharp. And in particular, the degree sum condition of Theorem 1
is sharp. Sharpness is given by G = Ky,_1 + mKj. The only independent vertices in G are those in mK;. Each of these vertices
has degree 2k — 1. Thus, for any t with 1 <t < m, 0:(G) = t(2k — 1) = 2kt — t, and G fails to contain k disjoint cycles as any
such cycle must contain two vertices of Ky,_1.

2. Lemmas

In the proof of Theorem 1, we make use of the following Lemmas A, B and C that were proved by Fujita, Matsumura,
Tsugaki and Yamashita in [3]. Proofs omitted in Chapter 2 appear after the proof of Theorem 1, that is, in Chapter 4.

Let Cy, ..., G ber disjoint cycles of a graph G.If Cf, .. ., C} are r disjoint cycles of G and |U[_,V((])| < |U[_,V(G)|, then
we call Cy, ..., C/ shorter cycles than Cy, ..., C;. We also call {Cy, ..., C;} minimal if G does not contain shorter r disjoint
cyclesthanCy, ..., C.

Lemma A (Fujita et al. [3]). Let r be a positive integer and Cy, ..., C; be r minimal disjoint cycles of a graph G. Then d¢,(x) < 3

<
forany x € V(G) — U_,V(G;) and for any 1 < i < r. Furthermore, d¢,(x) = 3 implies |G| = 3, and d,(x) = 2 implies |G;| < 4.

Lemma B (Fujita et al. [3]). Suppose that F is a forest with at least two components and C is a triangle. Let X1, X2, X3 be leaves of
F from at least two components. If dc({x1, X3, X3}) > 7, then there exist two disjoint cycles in (F U C) or there exists a triangle C’
in (F U C) such that w({F U C) — C') < (F).

Lemma 1. Suppose that F is a forest with at least two components and C is a triangle. Let X1, X, X3, X4 be leaves of F from at least
two components. If dc({x1, X2, X3, X4}) > 9, then there exist two disjoint cycles in (F U C) or there exists a triangle C" in (F U C)
such that w((F U C) — C') < w(F).

Lemma C (Fujita et al. [3]). Let C be a cycle and T be a tree with three leaves X1, X2, X3. If dc({X1, X2, X3}) > 7, then there exist
two disjoint cycles in (C U T) or there exists a cycle C' in (C U T) such that |C'| < |C|.

Lemma 2. Let C be a cycle and T be a tree with four leaves x1, X, X3, X4. If dc({X1, X2, X3, X4}) > 9, then there exist two disjoint
cycles in (C U T) or there exists a cycle C’ in {(C U T) such that |C’| < |C|.

Proof. LetX = {xq, X2, X3, X4}. If dc(x;;) < 2 forsome 1 < iy < 4, thendc(X — {x;,}) > 7, and we apply Lemma C to X — {x;, }.
Otherwise, d¢(x;) > 3 foreach 1 <i < 4, and we apply Lemma C to any three vertices in X. O

Lemma 3. Let G be a graph satisfying the assumption of Theorem 1, and let C4, ..., Cx_1 be k — 1 minimal disjoint cycles of G.
Suppose that there exists a tree T with at least four leaves, which is a component of G — Uf-‘:‘f Ci. Then G contains k disjoint cycles.

Proof. Let ¥ = Ug‘:‘f G,andletX = {x1, X2, X3, X4} be aset of leaves of T. Since X is an independent set, d(X) > (8k—3)—4 =
8(k — 1) + 1. Then there exists a cycle C; for some 1 < i < k — 1 such that d,(X) > 9. Since {Cy, ..., C—1} is minimal, there
exist two disjoint cycles in (G; U T) by Lemma 2. Thus G contains k disjoint cycles. O

Lemma 4. Let G bea gra/ah satisfying the assumption of Theorem 1, and let Cy, ..., Ck—1 be k — 1 minimal disjoint cycles of G.
Suppose that H = G — U,f:‘ll C; has at least two components at least one of which is a tree T with at least three leaves. Then there
exist two disjoint cycles in (GGUT) for some 1 < i < k— 1 or there exists a triangle C in (HUG;) such that o((HUG)—C) < w(H).
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Proof. Llet ¥ = Uf:]]Ci. Let x1, X2, X3 be three leaves of the tree T, and let x4, be a leaf from another component, and
X = {x1, X2, X3, X4}. Since X is an independent set, d(X) > (8k — 3) — 4 = 8(k — 1) + 1. Then there exists a cycle C;
for some 1 <i < k — 1such that d¢,(X) > 9.1f d¢,(x4) < 2, then dc({x1, X2, X3}) = 7. By Lemma C, there exist two disjoint
cycles in (C; U T) or there exists a cycle C in (C; U T) such that |C| < |G]. Since {Cq, ..., C¢_1} is minimal, the lemma holds.
If dc,(x4) > 3, then G is a triangle by Lemma A. Thus the lemma holds by Lemma 1. O

Lemma 5. Let C; and C, be two disjoint cycles such that |C;| > 6. Suppose that C, contains vertices with at least one of the
following degree sequences from C, to Cy. Then (C; U Gy) contains two disjoint cycles C; and C; such that |Cj|+|Cy| < |C1]+1Cyl.
1)(2,2,2,2,2)

(i
(i) (3,1, 1,1,1, 1)
(iv)(3,2,1,1)
v)(3,3,1)
Lemma 6. Let H be a graph with two components Hy, Hy, where Hy = x1, ..., Xs (s > 1)isapathand H, = y1,...,y: (t > 3)
is a path. Let W = {x1,¥1,V¥i.Y¢} forany 2 < i <t — 1, and let C be a triangle. If there exists a degree sequence (3, 3, 2, 0) or

(3,3,1,1) from W to C, then (H U C) contains two disjoint cycles.

3. Proof of Theorem 1

Suppose that the theorem does not hold. Let G be an edge-maximal counter-example. If G is a complete graph, then G
contains k disjoint cycles. Thus we may assume that G is not a complete graph. Let xy ¢ E(G) for some x, y € V(G), and define
G = G + xy. Since G’ is not a counter-example by the maximality of G, G’ contains k disjoint cycles Cy, ..., Cy. Without loss
of generality, we may assume that xy ¢ Uf-‘:]lE(Ci), that is, G contains k — 1 disjoint cycles Cy, ..., Cy_1.Let ¥ = Uf;ll C; and
H = G — %.Choose Cy, ..., Cr_q such that

(1) Y¥21G| is minimal, and

(2) subject to (1), w(H) is minimal.

Note that any cycle C in ¢ has no chords by (1). Clearly, H is a forest, otherwise, since H contains a cycle, G contains k
disjoint cycles, a contradiction. If H contains at least two components at least one of which is a tree with at least three leaves,
then by Lemma 4, G contains k disjoint cycles, or contradicting (2). Thus if H contains at least two components, then H must
be a collection of paths. If H has only one component, then it is a tree. If H is a tree with at least four leaves, then the theorem
holds by Lemma 3. Thus if H has only one component, then H is a tree with at most three leaves.

Now, we consider two cases on |H|.

Case 1. |H| < 7.

Let C be a longest cycle in ¥. Suppose that |C| < 7. Then |C'| < 7 for any cycle C' in %, and |¢| < 7(k — 1). Since
|Gl > 7k + 1, |H| = |G| — |¢| = (7k + 1) — 7(k — 1) = 8, contradicting the assumption of this case. Thus |C| > 8. Let
ICl = 4t +r,t > 2and 0 < r < 3.Then there exist at least t disjoint independent sets in V(C) each of which has four
vertices. By (1) and |C| > 8, dc(v) < 1forany v € V(H). Thus |[E(H,C)| < 7.

Suppose that k = 2. Then ¢ has only one cycle C,and H = G — C. Since |C| > 8, C contains at least two independent sets
each of which has four vertices. Let X7 and X be such sets. Since d¢(X;) = 8 foreachi € {1, 2},dy(X;) > (8k—3)—8 = 8k—11.
Then dy(X; U X3) > 16k — 22 > 10, since k > 2. Thus |E(C, H)| > 10, a contradiction.

Suppose that k > 3. We claim that |E(C, C’)| > 8t for some cycle C’ in ¥ — C. Note that each of t disjoint independent sets
in V(C) sends at least (8k —3) — 8 = 8k — 11 edges out of C. Since |[E(C, H)| < 7andt > 2, |[E(C, ¥ —C)| > t(8k—11)—7 >
8t(k — 2). Thus the claim holds. Since |C| = 4t +r < 4t + 3 and |E(C, C')|/|C| > 8t/(4t +3) > 8t(4t +4) = 2t/(t + 1) > 1,
dc/(v) > 2 for some v € V(C).

Suppose that max{dc/(v)|v € V(C)} = 2.Let X = {v € V(C)|dc/(v) < 1} and Y = V(C) — X. Then noting that t > 2 and
r<3,

8t < |E(C,C")| < IX|+2|Y| = (IC| = |Y])+2|Y| = |C| + |Y]
=S |Y|>8t—|Cl=8t—(4t+r)=4t —r
>8-3=5.

Thus we have the degree sequence (2, 2, 2, 2, 2) from C to C’. By Lemma 5(i), (C U C’) contains two shorter disjoint cycles,
contradicting (1).

Suppose that h = max{dc/(v)|v € V(C)} > 3. Let dc/(v*) = h for some v* € V(C). Since |C'| < |C| = 4t + r by the choice
of C,dc/(v*) < |C'| < 4t +r.Thensincet > 2andr < 3, |E(C — v*, C’)| > 8t — (4t + r) = 4t — r > 5. This implies that
Ner(C—v*) £ @. LetZ = {v € V(C)|Nc:(v) # @}. Then |Z| > 2.

Suppose that |Z] = 2. Then d¢/(v) > 5 for any v € Z by the above observations. By Lemma 5(ii), (C U C’) contains two
shorter disjoint cycles, contradicting (1).

Suppose that |Z| > 3. Since |E(C — v*, C’)|] > 5, we may assume that the minimum degree sequence S from vertices of C
to C’ is at least one of (h, 4, 1), (h, 3, 2),(h, 3,1, 1),(h, 2,2, 1),(h, 2, 1,1, 1),0r (h, 1, 1, 1, 1, 1), where by the definition of h,
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if S = (h, 4, 1), then h > 4, and if S is the other degree sequence, then h > 3.1fS = (h, 4, 1) or (h, 3, 2), then by Lemma 5(v),
(C U C’) contains two shorter disjoint cycles. If S = (h, 3, 1, 1), (h, 2, 2, 1) or (h, 2, 1, 1, 1), then by Lemma 5(iv), {C U C’)
contains two shorter disjoint cycles. If S = (h, 1, 1, 1, 1, 1), then by Lemma 5(iii), (C U C’) contains two shorter disjoint
cycles.

Case 2. |H| > 8.
Claim 1. H is connected.

Proof. Suppose to the contrary that H is disconnected. Then note that H is a collection of paths. Suppose that X is an
independent set that consists of four leaves from at least two components in H such that dy(X) < 4. Then d(X) >
(8k—3)—4=8k—-1)+1,and dCiO(X) > 9 forsome 1 < iy < k — 1. Thus dCiO(X) > 3 for some x € X, and |Gj,| = 3 by
Lemma A. By Lemma 1 and (2), (H U (j,) contains two disjoint cycles, and G contains k disjoint cycles, a contradiction. Thus
H does not contain such an independent set.

Now, we consider three cases on w(H).

Case 1. w(H) > 4.
We take four leaves x1, X2, X3, X4, one from each component of H. Then X = {x1, X2, X3, X4} is an independent set such
that dy(X) < 4, a contradiction.

Case 2. w(H) = 3.

We take three leaves X1, X3, X3, one from each component of H. Since |H| > 8, some component of H, say Hy, has the order
at least 3. Now, we take the other leaf from Hy, call it x4. Then X = {x1, X2, X3, X4} is an independent set such that dy(X) < 4,
a contradiction.

Case 3. w(H) = 2.

Let Hy, H, be two distinct components in H. Without loss of generality, we may assume that |H;| < |H;|. Suppose that
|Hi| > 3. Then we take two leaves from each component of H, yielding a set X of four independent vertices such that
dy(X) = 4, acontradiction. Suppose that |H;| € {1, 2}.Since |H| > 8, |H,| > 6.LetH; = X1, xs(s € {1, 2}),H, = y1,¥2, .- -, V¢
(t = 6),and let W = {x1,¥1,¥3,¥¢}. Since W is an independent set and dy(W) < 5,dx(W) > (8k —3) — 5 = 8(k — 1).
Then there is a cycle Cp in ¢ such that dc,(W) > 8. By Lemma A, d¢,(u) < 3 forany u € W, and |G| < 4. Then the minimum
possible degree sequence S from W to Cy is (3, 3,2,0),(3,3,1,1),(3,2,2,1)or (2, 2,2, 2).

Suppose that [Co| = 4. Let Co = vy, v2, v3, v, v1. Then dgy(u) < 2 for any u € W by Lemma A. Thus we must have
degree sequence (2, 2, 2, 2). If some u € W has consecutive neighbors in Cp, then u and these two neighbors form a 3-
cycle, contradicting (1). Thus for any u € W, its neighbors in Cy are not consecutive. It follows that for any u € W, either
N¢,(u) = {v1, v3} or Ny (u) = {v2, v4}. Without loss of generality, we may assume that N, (x1) = {v1, v3}. If yjy, ¥j, with some
io,jo € {1, 3, t} and iy < jo do not share neighbors in Cy with x;, then we can easily find two disjoint cycles, as follows. Since
N¢y(¥m) = {v2, v4} for each m € {ig, jo}, HalYiy ¥jo 1> V4, Vi, 1S @ cycle, and X1, v3, vz, v1, X1 is the other disjoint cycle. Thus at
most one vertex in {y1, ¥3, ¥¢} does not share neighbors in Cy with x;. Suppose that some vertex in {y, ¥3, ¥;} does not share
neighbors in Cy with x;. First, suppose that such a vertex is yy, that is, N¢,(y1) = {v2, va}. Then yq, v4, vs, v2, y1 is a cycle.
Since vy € Ng,(y;) for eachi € {3, t}, Hy[ys3, y¢], v1, y3 is the other disjoint cycle. If N¢,(y¢) = {v2, va}, then y;, vs, v3, v2, y¢
and H,[y1, y3], v1, y1 are two disjoint cycles. Suppose that N¢, (v3) = {v2, v4}. Then we form a 4-cycle C = y3, va, v3, v2, y3.
Since vy € N, (yi)foreachi € {1, t}, (HUCy) — Cj is connected, contradicting (2). Thus N¢,(x1) = N¢,(vi) foreachi € {1, 3, t}.
Then C) = Ha[y1, y3], v1,y1 is a 4-cycle. Since v3 € N¢,(u) for each u € {x1, y:}, (H U Co) — C; is connected, contradicting
(2). Thus if there exists a 4-cycle in ¥, we get a contradiction.

Suppose that |Cy| = 3. Let Cy = vq, vy, v3, V7.

Subcase 1.S =(3,3,2,0)orS =(3,3,1, 1).
By Lemma 6, we can find two disjoint cycles in (Co U H), a contradiction.

Subcase 2.S = (3,2, 2, 1).

If dc,(y3) = 1, then since {1, y1, y} satisfies the conditions of Lemma B, we get a contradiction. Thus d¢,(y3) € {2, 3}.

First, suppose that d¢,(x;) = 1. Let vy € Ng,(x1). Note that d¢,(y;) > 2 for eachi € {1, 3, t}. If v; & N¢,(yi,) for some
ip € {1, t},thendc,(yi,) = 2,and Cj = yj,, v3, 2, ¥j, is a 3-cycle. Since d¢, (y;,) = 3forsomei; € {1, 3, t}—{io}, v1 € N, (i, )-
Then (Co U H) — C is connected, contradicting (2) (see Fig. 1). Thus v; € N¢,(y;) for each i € {1, t}. Since d¢,(y;,) = 3 for
some i, € {1, 3, t}, C{ = yi,, v3, V2, ¥, is a 3-cycle. Then (Co U H) — C{ is connected, contradicting (2).

Next, suppose that dc,(x1) = 2. Without loss of generality, we may assume that vy, v, € N¢,(x1). Suppose that d¢,(y3) = 2.
Since |Co| = 3, we may assume that vy € N¢,(x1) N Ng,(y3). Since d¢, (yj,) = 3 for some jo € {1, t}, Cj = yj,, V3, 2, ¥j, iSa 3-
cycle. Then (Co UH) — C is connected, contradicting (2). Suppose that d¢,(y3) = 3.1f v3 € N¢,(¥m,) for some mg € {1, t}, then
Hzi[y3, Ymol, v3, y3 and xq, v, vy, X are two disjoint cycles. Thus v3 ¢ N¢,(ym) for eachm € {1, t}, thatis, N¢,(ym) C {v1, v2}.
Since one of y; and y; has the degree 1 and the other has the degree 2, without loss of generality, we may assume that
v1 € Ne,(¥1) N Ney (). Since dey(y3) = 3, €] = y3, v3, v2,y3 is a 3-cycle, and (Co U H) — Cj is connected, contradicting (2)
(see Fig. 2).
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H, Cy Ho

1 Y1
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® U2
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Fig. 1. The case when iy = 1andi; = 3.

H1 C() HQ
U1
® U2
V3 \> Y3
® Ui
Yt

Fig. 2. The case when vy € Ng,(y1) N N, (v)-

Finally, suppose that dc,(x1) = 3. Since d¢,(vi,) = dc,(¥j,) = 2 for some ig, jo € {1, 3, t} with iy < jo, we may assume
that vy € N, (¥i,) N N, (%5, )- Then Ha [yig, ¥j, 1, v1, Yi, is a cycle. Since dc,(x1) = 3, X1, v3, v, X1 is the other disjoint cycle.

Subcase 3.5 = (2, 2, 2, 2).

Without loss of generality, we may assume that N¢,(x1) = {v1, v2}. If v3 € Ne,(¥i,) N Ne, (¥j,) for some ig, jo € {1, 3, t}
withig < jo, then Hy[yj,, ¥j, 1, v3, ¥i, and x1, va, vy, X1 are two disjoint cycles. Thus at most one in {y1, y3, y;} can be adjacent
to v3. Suppose that v3 € N, (y;,) for some iy € {1, 3, t}. Since d¢,(yi,) = 2, we may assume that v; € N, (y;,)- Then
G} = Yiy V3, V2, ¥, isa 3-cycle. Foreachi € {1, 3, t} — {ip}, N¢,(¥i) = {v1, v2}. Then (Co UH) — C is connected, contradicting
(2).Thusvs & Ng,(yi)foreachi € {1, 3, t}, thatis, N¢,(¥;) = {v1, v2}. ThenC] = Hy[y1, y31, v2, y1isa 3-cycle,and (CoUH) —C
is connected, contradicting (2). This completes the proof of Claim 1. O

Claim 2. H is a path.

Proof. Suppose that H is not a path. Then recall that H is a tree with one branch vertex of degree 3 in H. Then H has three
leaves, say x1, X, X3. Removing the branch vertex in H, there exist three disjoint paths each of which has one in {x1, x2, X3} as
an endpoint. Also, some path has a length at least two, say P, since there exist at least seven vertices distributed over three
paths. Without loss of generality, we may assume that x; is one of the endpoints of P, and let the other endpoint be x,. Let
X = {X1, X2, X3, X4} (see Fig. 3). Then X is an independent set. Since dy(X) = 5, d«(X) > (8k — 3) — 5 = 8(k — 1). Thus
there exists a cycle G, in ¢ such that dCx-O (X) > 8forsome 1 < iy < k — 1. Then dCfO (x) > 2 for some x € X. By Lemma A,
dq.o (x) <3and |G| < 4.

Case 1. |G, | = 3.
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Fig. 3. The graph H and an independent set X = {x1, X2, X3, X4}.

Let G, = v1, v, v3, V1. Supposethatdc (x) = 2foreachx € X.Letvy, vy € Nc (x1).Since |G| = 3, Nc (xz)ﬂNc (x3) # 0.
Ifus € NC (x2)N Nc (x3), then H[x,, X3], v3, X, and xq, v,, V1, X1 are two dlSjOll‘lt cycles. Thus without loss of generahty, we
may assume that vq e NCiO (x2)N NCiO (x3). Then H[x3, x3], vy, X2 is a cycle. Since dCiO (x4) =2, NC,.O,U1 (x4) 0. Ifv, € NCiO (x4),
then H[x1, x4], v, X1 is the other disjoint cycle, and if v3 € N¢, (x4), then H[x1, X4], v3, v2, X1 is the other disjoint cycle. Thus
there exists at least one vertex x € X such that dc (x) = 3. Then the minimum possible degree sequences from X to Cj, are
(3,3,2,0),(3,3,1,1)0r(3,2,2, 1).

We claim that if there exists a degree sequence (3, 3, 1, 0) from X to G, then there exist two disjoint cycles in (H U G).

First, suppose that dc, (on) = 1forsome 1 < jy < 3.Letv; € Nc, (xj)- If dq (x4) = 0, then since dqo (Xm) = 3 for each
m e {1,2,3} — {jo}, H[xjo,xm] v1, X;, is a cycle. Since dc () = 3 form e {1, 2, 3} — {jo, m}, X, v3, V2, Xy is the other
disjoint cycle. If dco(x4) = 3, then H[X;,, X4], v1, Xj, is a cycle, and since dCO(Xmo) = 3 for some my € {1, 2,3} — {jo},
Xmg» U3, U2, Xm, 1S the other disjoint cycle. Next, suppose that dc (x4) = 1.Letv; € Nc, (x4). Then dq (Xm,) = 3 and
dc, (Xm,) = 3 forsome 1 < my < my < 3,and H[xp,, X4], v1, X, and Xmy» U3, U2, X, are two disjoint cycles

“Thus by the claim, we have only to consider the degree sequence (3, 2, 2, 1). If the degree 3 vertex does not lie on the path
connecting the degree 2 vertices, then since the two vertices with degree 2 must have a common neighbor by |G| = 3,
we can easily find two disjoint cycles. Thus the degree 3 vertex does lie on the path connecting the two vertices with
degree 2. Then dc, (x4) = 3, dc, (x1) = 2, and we may assume that dco( ») = 1and dq (x3) = 2. Letv; € Nq (x2).
Since |Nc0 (x1)N Nc (x4)] = 2, there exists Vpy € Nclo (x1)N NC,O (x4) for some hy € {2, 3}. Then H[X1, X4], vpy, X1 is @ cycle
Since dC,O(XB) = 2, there exists vy, € Nclo(x3) for some hy € {1, 2,3} — {ho}. If hy = 1, then H[x,, X3], v1, X is the other
disjoint cycle, and if hy € {2, 3}, then H[x;, x3], vp,, v1, X2 is the other disjoint cycle.

Case 2. |G| = 4.

Let G, = v1, vz, 3, vg, v1. By Lemma A, dco( x) < 2 for each x € X. Since dc (X) = 8, dc (x) = 2 for each x € X. Any
vertex in X does not have consecutive neighbors in Cj,, otherwise, we can 1mmed1ately find a 3- cycle contradicting (1). Thus
for each x € X, either NC'o (x) = {vq, v3}or NCIO( X) = {vy, v4}.

Subcase 1. All four vertices in X have the same two neighbors in j,.
We may assume that NCiO (X) = {v1, v3}. Then H[xq, X4], v1, X1 and H[x3, X3], v3, X3 are two disjoint cycles.

Subcase 2. Three vertices in X have the same two neighbors in Cj,.

Suppose that xi, x4 have the same two neighbors in C. Then we may assume that v; € Nco(X1) N Nc (x4), and
H[x1, X4], v1, X1 is a cycle. Since dc, (xj) = 2foreachj € {2, 3}, Nq —v, (%) # 0. Then (H[x2, x3]1 U (G, — v1)) contains the
other disjoint cycle. Suppose that x1, x4 do not have the same two nelghbors in Gj,. Since x,, X3 have the same two neighbors
in G, we repeat the above arguments, replacing x;, X4 with x;, Xs.

Subcase 3. Two vertices of X have the same two neighbors in C;
different from the neighbors of the first two.

Suppose that xq, x4 have the same two neighbors. We may assume that v; € NC (x1)N NC (x4). Then H[x1, X4], v1, X1
is a cycle. Since x;, x3 have the same two neighbors, different from the neighbors of x1 and x4, B [x2, X3], v2, X» is the other
disjoint cycle. Suppose that x1, x4 have different neighbors. We may assume that v; € NCxo (x1) and vy € Nqo (x4). Then
H[x1, x4], v2, v1, X1 is a cycle. Since x;, x3 have the neighbors, different from vq, vo, (H[x2, x3] U {v3, v4}) contains the other
disjoint cycle. O

,» and the other two vertices of X have the same two neighbors,

Since H is a path by Claim 2, let H = X1, X2, ..., X (t > 8). Let X = {X1, X3, X5, X;}. Then X is an independent set with
dy(X) =6,and dx(X) > (8k — 3) — 6 = 8k — 9 > 7(k — 1), since k > 2. Thus either d,(X) > 8 for some cycle Cp in %, or
dc(X) = 7 for every cycle C in %. If dc(X) > 8 for some cycle C in ¢, then we have the minimum possible degree sequences
(3,3,2,0),(3,3,1,1),(3,2,2,1) or (2, 2,2, 2) from X to C. If dc(X) = 7 for some cycle C in ¥, then we have the minimum
possible degree sequences (3, 3, 1,0), (3,2, 1,1),(3,2,2,0) or (2, 2, 2, 1) from X to C.

Subclaim 1. If there exists a degree sequence (3, 3, 1, 0) from X to C, then there exist two disjoint cycles in (H U C).
Proof. By Lemma A, |C| = 3. Let C = vy, vy, v3, v1. We may assume that dc(x;,) = 1 for some iy € {1, 3}, otherwise,

ip € {5, t}, and we may argue in a similar manner from the other end of the path H. Let v; € Nc(x;,). First, suppose that
ip = 1, thatis, dc(x1) = 1. Then dc(xj,) = dc(x;,) = 3 for some ji,j, € {3,5, t} with j; < j,. Thus H[xq, x;,1, v1, X; and
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Xj,, V3, V2, Xj, are two disjoint cycles. Next, suppose that iy = 3, that is, dc(x3) = 1. If dc(x1) = 0, then since d¢(x;) = 3 for
eachj € {5, t}, X3, x4, X5, v1, X3 and x;, v3, v2, X; are two disjoint cycles. If dc(x;) = 3, then x1, x5, X3, v1, X1 is a cycle, and
since dc(x;,) = 3 for some jy € {5, t}, X;,, vs, V2, X;, is the other disjoint cycle. O

Subclaim 2. If there exists a degree sequence (2, 2, 2, 1) from X to C, then there exist two disjoint cycles in (H U C).

Proof. By Lemma A, |C| < 4.LetC = vy, vy, ..., vg, v1, Where g = |C|. We may assume that dc(x;,) = 1for some iy € {5, t},
otherwise, iy € {1, 3}, and we may argue in a similar manner from the other end of the path H. Let v; € N¢(xy, ).

Case 1. Nc(x1) N Nc(x3) # 0.

First, suppose that vj, € Nc_,,(X1) N Ne—y, (x3) for some 2 < jo < q. Then x1, X, X3, vjy, X1 is a cycle. Since d¢(x,) = 2
forr € {5,t} — {ip}, Nc,ujo (x;) # 9. Then (H[xs, x;] U (C — vj,)) contains the other disjoint cycle. Next, suppose that
v1 € Nc(x1) N Ne(x3). Then xq, X2, X3, v1, X1 is a cycle. Since dc(x,) = 2 forr € {5, t} — {ip}, if v1 & Nc(x;), then (x, U (C — vq))
contains the other disjoint cycle. Thus we may assume that v; € Nc(x,). Then H[xs, X;], v1, X5 is a cycle. Since d¢(x;) = 2 for
eachi e {1, 3}, Nc_, (x;) # ¥, and (H[x1, x3] U (C — v4)) contains the other disjoint cycle.

Case 2. Nc(x1) N Ne(x3) = 0.

In this case, if |C| = 3, then since dc(x;) = 2 for each i € {1, 3}, Nc(x1) N Nc(x3) # @, contradicting our assumption. Thus
|C| = 4, and either Nc(X1) = {U], v3} and Nc(X3) = {1)2, U4} or Nc(X1) = {Uz, U4} and Nc(X3) = {1)1, U3}.

Suppose that Nc(xq) = {v1, v3} and N¢(x3) = {va, v4}. Suppose that dc(xs) = 1. Then xsv; € E(G) by our earlier
assumption, and d¢(x;) = 2. If x,v; € E(G), then H[xs, x], v1, X5 is a cycle, and x3, v4, v3, V2, X3 is the other disjoint cycle.
Thus N¢(x;) = {va, v4}. Then H[x3, X;], v4, X3 and x, vs3, v2, v1, X1 are two disjoint cycles. Suppose that d¢(x;) = 1. Then we
can find two disjoint cycles in (H U C) similar to the case where dc(xs5) = 1.

Suppose that Nc(x1) = {vy, va} and Nc(x3) = {v1, v3}. Then x4, vs, v3, v2, X1 is a cycle, and since dc¢(x;,) = 1 for some
ip € {5, t} and x;,v1 € E(G), H[x3, X;,], v1, X3 is the other disjoint cycle. O

By Subclaims 1 and 2, if d-(X) > 8 for some cycle C in ¢, noting the minimum possible degree sequences, then (H U C)
contains two disjoint cycles. Thus we may assume that dc(X) = 7 for every cycle C in . Let X' = {x,, x4, Xs, X }. Then X' is
an independent set with dy(X’) = 7, and d(X’) > (8k — 3) — 7 = 8k — 10 > 6(k — 1), since k > 2. Thus we choose some
cycle C in % such that dc(X’) > 6. Since dc(x;) < 3 by Lemma A, note that dc(X’ — {x;}) > 6 — 3 = 3. Now, we have only to
consider degree sequences (3,2, 1, 1) and (3, 2, 2, 0) from X to C by Subclaims 1 and 2. Since both degree sequences contain
degree 3, |C| = 3 by Lemma A. Let C = vy, vy, v3, V.

Case 1. The sequence is (3,2, 1, 1).

Suppose that dc(x1) = 3. By the degree sequence of this case and |C| = 3, there are distinct integers iy, i € {3,5, t}
with iy < ip such that N¢(x;;) N Nc(x;,) # ¢. Without loss of generality, we may assume that v; € N¢(x;,) N Ne(x;, ). Then
H[x;,, x;,1, v1, X;; is a cycle. Since dc(x1) = 3, X1, v3, vy, X1 is the other disjoint cycle. If dc(x;) = 3, then we can find two
disjoint cycles similar to the case where d¢(x;) = 3. Thus we may assume that d¢(x;,) = 3 for some iy € {3, 5}.

Suppose that dc(x;) = 2. Without loss of generality, we may assume that vy, vy € N¢(x1). First, suppose that dc(x3) = 1.
Then dc(xs) = 3. If x3v; € E(G), then X1, X, X3, v1, X1 and X5, vs, vy, X5 are two disjoint cycles. If x3v, € E(G), then we can
find two disjoint cycles similar to the case where x3v; € E(G), replacing vy with v,. If x3v3 € E(G), then x3, x4, X5, v3, X3 and
X1, U2, U1, X1 are two disjoint cycles. Next, suppose that dc(x3) = 3. If xsv3 € E(G), then X3, X4, X5, v3, X3 and X1, vy, V1, X1
are two disjoint cycles. Thus xsvj, € E(G) for some jo € {1, 2}. If jo = 1, that is, xsv; € E(G), then X3, vs3, vy, X3 is a 3-cycle,
and ((H — x3) U vq) is connected and not a path. Thus we can find two disjoint cycles in (H U C) as in the proof of Claim 2.
Similarly, we can prove the case where jo = 2.

If dc(x;) = 2, then we can find two disjoint cycles similar to the case where d¢(x;) = 2. Thus we may assume that
dc(Xm,) = 2 for some mg € {3, 5}.

Then dc(x;) = 1foreachi € {1, t}. Let x;v; € E(G). Then we may assume that dc(x3) = 2 and dc(xs) = 3, otherwise,
dc(x3) = 3 and dc(xs) = 2, and we may argue in a similar manner from the other end of the path H. If x3v; € E(G),
then H[xq, x3], v1, X1 and Xxs, v3, v, X5 are two disjoint cycles. Thus x3v; € E(G) for eachi € {2, 3}. If x,v; € E(G), then
Hl[xs, x:], v1, X5 and X3, vs3, v,, X3 are two disjoint cycles. If x,v, € E(G), then H[xs, X;], v2, X5 and H[x1, X3], v3, v1, X1 are two
disjoint cycles. If x,v3 € E(G), then H[xs, x;], v3, X5 and H[x1, X3], v, v1, X1 are two disjoint cycles.

Case 2. The sequence is (3, 2, 2, 0).

We may assume that dc(x;,) = 0 for some iy € {1, 3}, otherwise, iy € {5, t}, and we may argue in a similar manner
from the other end of the path H. Let jo € {1, 3} — {io}. Then dc(x;,) > 2. Without loss of generality, we may assume that
V1, U2 € Nc(on).

Suppose that dc(xs) = 2. If dc(x;,) = 2, then N¢(xj,) N Nc(xs) # ¥, say v, and H[X;,, Xs5], v, Xj, is a cycle. Since d¢(x;) = 3,
(x; U (C — v)) contains the other disjoint cycle. If d¢(x;,) = 3, then d¢(x;) = 2 for each j € {5, t}. Since N¢(xs5) N Nc(x;) # 9,
say v, H[xs, X¢], v, X5 is a cycle. Since dc(x;,) = 3, (x, U (C — v)) contains the other disjoint cycle.

Suppose that dc(xs) = 3. If [Nc(X;,) N Nc(x;)] = 1, then let v € N¢(x;,) — Nc(x.). Then H[x;,, xs5], v, Xj, is a cycle, and
{(x; U (C — v)) contains the other cycle. Thus x;,, x, have all the same neighbors in C, say vy, v;. Suppose that Nc(xg) # @.
If Nc(x) N Nc(x:) # @, say v, then H[xg, x¢], v, X5 is a cycle, and (xs U (C — v)) contains the other disjoint cycle. If
Nc(xg) N Nc(x¢) = @, then xgvs € E(G). Thus xs, Xg, v3, X5 and X, v, v1, X; are two disjoint cycles.
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Suppose that N¢(x4) # @. Then replacing xg in the above argument with x4 and x; with x;, we can prove this case by the
same arguments above. Thus N¢(x;) = ¥ for each i € {4, 6}. This implies that dc(x,) = 3. Then xj,, X, v1, Xj, and Xs, v3, v2, X5
are two disjoint cycles. O

4. Proofs of Lemmas
4.1. Proof of Lemma 1

Let F,C,x;(1 <i < 4)beasinLemma 1. Let Fy, F, be two components of F, C = vy, vo, v3, v1, and X = {Xq, X2, X3, X4}.
Now, we consider two cases.

Case 1. At most two vertices of X lie in the same component of F.

Since dc(X) = 9, dc(x,) = 3 forsome 1 < iy < 4.By |[C| = 3,dc(x;) < 3foreach 1 <i < 4. Thus dc(x;,) = 3. Without
loss of generality, we may assume that iy = 1, that is, dc(x;) = 3. Then d¢({x,, X3, x4}) > 6. Also, we may assume that
dc(x2) > dc(x3) > dc(x4). Now, we claim that dc({x;, x3}) > 4. Otherwise, if dc({x2, x3}) < 3, then dc¢(x;,) < 1 for some
jo € {2, 3}. That implies that dc(x4) < 1, since dc(x4) is the smallest degree in {x;, X3, X4}. Then dc({x2, X3, x4}) < 3+ 1 =4,
a contradiction. Thus the claim holds. Noting our assumption of this case, {x1, Xo, X3} is a set of leaves from at least two
components of F. Since dc({x1, X2, Xx3}) > 3 +4 = 7, Lemma B applies, completing this case.

Case 2. Three vertices of X lie in the same component of F.
Without loss of generality, we may assume that xq, xo, X3 € V(F1), x4 € V(F2), and dc(x1) > dc(x3) > dc(x ) Recall that
dc(X) > 9.1t follows that the minimum possible degree sequence S from X to C is (3, 3, 3,0), (3, 3,2, 1) or (3, 2, 2, 2).

Subcase 1.5 = (3, 3, 3, 0).

If dc(x;,) = O for some 1 < iy < 3, then iy = 3, that is, dc(x3) = 0. Now, we take {x1, X, X4} that is a set of leaves from
at least two components of F. Since d¢({x1, X2, X4}) = 9, Lemma B applies. If dc(x4) = 0, then dc(x;) = 3foreach 1 <i < 3.
Since all the x;s are leaves, x3 does not lie on the path in F; connecting x; and x,. Then F;[x1, X2], v1, X1 and x3, v3, vy, X3 are
two disjoint cycles in (F U C).

Subcase 2.5 = (3, 3,2, 1).
Take {x1, X2, X4}. If dc(x4) € {1, 2}, then dc({x1, X2}) > 6.1f dc(x4) = 3, then dc({x1, x}) > 5. Since d¢({x1, X2, x4}) > 7 for
all cases, Lemma B applies.

Subcase 3.5 = (3, 2, 2, 2).
Take {x1, X2, X4}. If dc(x4) = 2, then dc({x1, x2}) > 5.1f dc(x4) = 3, then dc({x1, x2}) > 4. Since dc({x1, X2, X4}) > 7 for all
cases, Lemma B applies. O

4.2. Proof of Lemma 5

Proof of (i). Let vy, v2, v3, v4, s be the vertices such that dc, (v;) = 2 for each 1 < i < 5, appearing in this order on C,. Let
w1, wy € N¢,(vq) appear in this order on C;. The neighbors of v; partition C; into two intervals C;(w1, w,] and Cy(wz, w1].
We claim that each of v,, v3, v4, vs has one neighbor in different interval of C;.

First, suppose that v;, vj,, vj, for some 2 < i; < i; < i3 < 5 have both their neighbors in a common interval of Cy, say
Ci(wq, wz] We may assume that at least one of their neighbors is not w,. Let z;; € N ( (w1, wz)(vll) and z;, € Ne,(w;,wy)(Viy)-
Then C [zi,, zi,1, C; [vi,, vy, 1, Zi, and Ci[wy, w1], v1, wy are shorter two disjoint cycles, since v;, is not used.

Next suppose that vj,, vj, for some 2 < iy < iy < 5 have both their neighbors in a common interval of Cy, say C;(w1, w2].
Then we may assume that i; = 2 and i, = 5, otherwise, we can prove the other pairs of i; and i, by the same arguments
above. Let z;; € N¢,(wy,w,)(v2) and zi, € Nejwy,wy)(V5)- If Ney(uws,wy)(Vj,) # @ for some jo € {3, 4}, then there exist shorter
two disjoint cycles. Thus N, (w;,w,)(vj) = @ for each] € {3, 4}. Since d¢, (vj) = 2 for eachj € {3, 4}, N¢j(w,,wi1(vj) # 9. Let
Ziy € Nejuy, wl](vg) and z, € Ne¢,(wy,w;1(v4). Then C [zi;, zi,], C; [va, v3], 2z, and C [zi,, 2,1, Ga[vs, v2], z;, are shorter two
disjoint cycles, since w, is not used.

Finally, suppose that v;, for some 2 < iy < 5 has both the neighbors in an interval of C;, say Ci(w1, w;]. Then we
have only to consider iy = 2 or ip = 3, otherwise, we take a cycle from v; in the opposite direction. First, suppose that
ip = 2. Let X1, X2 € N¢y(uy, wz](vz) appearing in this order on C;. If X, # w», then Cq[x1, X2], v2, X1 and Ci[wy, w4], v1, w, are
shorter two disjoint cycles, smce v3 is not used. Thus X, = wj. Let yq, ¥y, € N¢,(v3), appearing in this order on C;. Suppose
that y; € Ci(wq, wo). Then C [X1, ¥11, G5 [v3, v2], X1 and Ci[wy, wq], vq, wy are shorter two disjoint cycles, since vy is not
used. Thus y; & Cy(wq, wa), that is, y1 € Cq[wy, wq]. Note that y, € Ci(wy, wil. If y1 # wo, then Cq[xq1, wy], v2, X1 and
Cily1, y21, vs, y1 are shorter two disjoint cycles, since v; is not used. Thus y; = wy. If y, # wq, then C;[wy, ¥2], v3, w, and
Ci[w1, X11, G [v2, v1], wy are shorter two disjoint cycles, since v4 is not used. Thus y, = wy.Letzy, z; € N, (v4), appearingin
this order on C;. Suppose thatz; € Ci[w1, wy). Then Ci[wy, 211, G, [vs, v3], wy and Gy[v1, v2], wy, vy are shorter two disjoint
cycles, since vs is not used. Suppose that z; € Ci[ws, wy). Then Ci[wy, x1], G5 [v2, v1], w1 and Ci[wy, z1], G5 [vs, v3], w; are
shorter two disjoint cycles, since vs is not used. Next, suppose that i = 3. Then, by the same arguments as the case where
ip = 2, we have shorter two disjoint cycles, replacing v, with vs.
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Thus each of vy, v3, v4, vs has one nelghbor in each interval of Cy. Let X € Ncjw,,uy1(v2), Y € Neywyupi(v3), 2 €
NC] (wy,w11(V4), U € Nej(uwy,wq1(5). ThenC [x,y1, C; [v3, val, xandC [z, u], C; [vs, v4], z are shorter two disjoint cycles, since
vy isnotused. O

Proof of (ii). Let v{, v, € V(C;)suchthatdc,(v1) = 5and d¢, (v2) = 3, appearing in this order on G,. Let w1, wy, w3, wa, ws €
Nc,(v1), appearing in this order on Cy, and let uy, up, u3 € Nc,(v2), appearing in this order on C. The neighbors of vy
partition C; into five intervals Cy(w;, wit1], 1 < i < 5 (mod 5). Suppose that u;, uj, € Ci(Wny, Wmy+1] (Mmod 5) for some
1 <ip < jo < 3 and for some 1 < mg < 5. Without loss of generality, we may assume thatiy = 1,jo = 2and mg = 1.
Then Cq[uq, uz], v2, uq and Cq[ws, wy)], vy, w3 are shorter two disjoint cycles, since w; is not used. Thus neighbors of v,
are contained in different intervals. Since C; is partitioned into five intervals, some two neighbors of v, lie in neighboring
intervals, say u; € (wi, wz] and u, € Ci(wa, ws]. Then Cq[uq, uz], vy, uq and Cq[wy, ws], vq, w4 are shorter two disjoint
cycles, since wq is not used. 0O

Proof of (iii). Let v1, v, v3, v4, Vs, vg be the vertices on C, with the degree sequence (3,1, 1, 1, 1, 1), appearing in this order on
C,. Without loss of generality, we may assume that d¢,(v1) = 3 and dc, (v;) = 1foreach2 <i < 6.Let wq, wy, w3 € N¢,(v1),
appearing in this order on C;. The neighbors of vy partition C; into three intervals: C;(w1, w,], Ci(w3, ws], C(ws, wq]. Then
there exist some integer 1 < iy < 3 and distinct integers 2 < j; < j, < 5 such that NCl(w, wlom(v]]) # () and
Ney( Wiy w,0+1](vjz) # . Without loss of generality, we may assume that iy = 1. Letu; € N¢,(w,, wZ](vjl)and Uz € Neyqwy,wy1(Vj)-
Then C [uq, u2], G [vj,, vj,1, ug and Ci[ws, wq], v, w3 are shorter two disjoint cycles, since vg is not used. 0O

Proof of (iv). Let vy, vy, v3, v4 be the vertices on C, with the degree sequence (3, 2, 1, 1), say d¢,(v1) = 3, d¢,(v2) = 2 and
dc,(vi) = 1for eachi € {3, 4}. Suppose that vy, v, are in this order on G,. Let wy, wy, w3 € N¢,(v1) be in this order on (,
and let uy, u; € N¢,(v;) be in this order on C;. Let v3, v4 be in this order on G,. Let z; € Nc,(v3), and let z; € N¢,(v4). The
neighbors of v; partition C; into three intervals: C;(w1, w], C1(w2, ws], C1(ws, w1]. If v, has both its neighbors in the same
interval in Cy, then we can find shorter two disjoint cycles. If the neighbors of v, are into two different intervals of C; and
neither is in {w, w,, w3}, then we can also find shorter two disjoint cycles. Thus the neighbors of v, are into two different
intervals of C; and at least one of them is at an endpoint of these intervals. Without loss of generality, we may assume that
uq € Ci(wq, wy] and uy € Ci(w,, ws]. Now, we consider two cases.

Case 1.v3,v4 € Cz(U], Uz) Orvs, vg4 € Cz(vz, U]).

Without loss of generality, we may assume that v, vq € C3(v1, v2). If z; € Ci(w1, w3), then Cli[uh 2], Go[va, v2], ug and
Cy[ws, wq], v1, w3 are shorter two disjoint cycles, since vs is not used. If z; € C{[ws, wy), then C[uy, 23], G [v4, v2], u; and
Cq[w1, wo], vq, wq are shorter two disjoint cycles, since vs is not used. Thus z, = wj.

Ifu, € Ci(wy, ws), then Cq[uq, uz], vy, ug and G[ws, wq], v1, ws are shorter two disjoint cycles, since vs is not used. Thus
Uy = ws3.

Ifz; € Ci(ws, uy), then Cli [z1, w1], Go[vq, v3], 21 and Cq[uq, ws], v, uq are shorter two disjoint cycles, since vy is not used.
Thus z1 € Ci[uq, ws).

Suppose that u; € Ci(wq, wo). If z; € Ci[uy, wy), then Ci[wq, z1], C3[v3, v4], wy and Ci[w,, ws], v1, w, are shorter two
disjoint cycles, since v, is not used. If z; = wj, then G;[v1, v3], wy, vy and Cy[wy, uq], G [v2, v4], wy are shorter two disjoint
cycles, since ws is not used. If z; € Ci(wy, ws], then Cy[z;1, ws], Glvy, v3l, z1 and Ciwy, uq], G [v2, v4], wy are shorter two
disjoint cycles, since w,, is not used. Thus u; = wj.

Now, we consider two disjoint cycles C' = wq, G3[vy, v4], w1 and C” = C;i[w,, ws], vy, wy. Note that |G| > 6. If
Cy(vg, v2) # D or Cy(vq, v1) # @, then C’ and C” are shorter two disjoint cycles. Thus C3(vy4, v2) = @ and Co(v,, v1) = @. First,
suppose that z; € Ci[w3, w3). If C3(v1, v3) # @, then C[ws, w1], vy, w3 and C;[vs3, v2], C1[wa, z1], v3 are shorter two disjoint
cycles. If Ca(v3, v4) # 0, then Ci[wy, z1], G, [v3, v1], wy and Ci[ws, w1, C2[vs, v2], w3 are shorter two disjoint cycles. Next,
suppose that z; = ws. If G(vq, v3) # @, then Ci[wq, wa], v1, wy and C3[vs, v,2], ws, v are shorter two disjoint cycles. If
Cy(v3, v4) # ¥, then Gy[vy, v3], w3, vy and Ci[wq, wy], C; [vz, v4], wy are shorter two disjoint cycles.

Case 2. v3 € Cz(U], vz) and V4 € Cz(Uz, vl).

If z;y € Ci(wq, w3), then Cli[ul, z1], Go[vs, v, ug and Cq[ws, wq], v1, w3 are shorter two disjoint cycles, since v, is not
used. If z; € Cy[ws, wy), then Cq[uy, z1], C3[vs, v2], Uy and Ci[wq, w], v1, wq are shorter two disjoint cycles, since v, is not
used. Thus z; = wq. Then C3[vq, v3], w1, v and Cq[uq, uy], vy, uq are shorter two disjoint cycles, since v is not used. 0O

Proof of (v). Let vy, v, v3 be the vertices on C, with the degree sequence (3, 3, 1). Suppose that vy, v, v3 exist in this
order on C,. Without loss of generality, we may assume that d¢,(v;) = 3 eachi € {1, 2} and d¢,(v3) = 1. Suppose that
w1, wy, w3 € N, (vy) exist in this order on C;. Let W = {w1, w, w3}. These neighbors of v partition C; into three intervals:
Ci(w1, wa], Ci(wy, ws], Ci(ws, wql. Let uy, up, us € N, (v2), and suppose that uy, uy, u3 are in this order on C;.

Case 1. Some two neighbors of v, are in the same interval of C;.
Without loss of generality, we may assume that uq, u, € Ci(wq, wz]. Then Cq[uq, uz], vz, uy and Cy[ws, w], vy, ws are
shorter two disjoint cycles, since v is not used.

Case 2. No two neighbors of v, are in the same interval of C;.
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Then uy € (w1, wy], uz € C(wy, wsl, and u3 € Cy(ws, wy]. First, suppose that u;y, u;, € W for some 1 < ip < jo < 3.
Without loss of generality, we may assume that iy = 1 and jo = 2, thatis, u; € C;(wq, wy) and u, € Cy(w,, ws). Then
Cil[uq, uz], v, uy and Ci[ws, wq], v1, ws are shorter two disjoint cycles, since vs is not used.

Next, suppose that u;; ¢ W for only some 1 < iy < 3. Without loss of generality, we may assume that ip = 1, that is,
u; € Ci(wq, wy). Then note that us = wy, Cy[wq, u1], v2, wy and Cq[w,, ws], vy, w, are shorter two disjoint cycles, since v3
is not used.

Finally, suppose that u; = w;,1 (mod 3)foreach 1 < i < 3. Without loss of generality, we may assume that v3z; € E(G) for
z1 € (w3, ws]. Now, we have two choices for constructing shorter two disjoint cycles. We may construct C;[w1, w3], va, wq
and Cq[z1, wsl, G, [v1, v3l, z1, or Ci[wq, wa], v1, wy and Ci[z;, ws], Gy[v2, v3], z;. Since |G| > 6, one of these two choices
must leave out a vertex of C;, and hence we may form shorter two disjoint cycles. O

4.3. Proof of Lemma 6

Let C = V1, Uz, U3, V1.

Case 1. The sequence is (3, 3, 2, 0).

Suppose that dc(x;) = 0. Then dc(y;,) = 3 for some iy € {1, i, t}, and we may assume that iy = 1, that is, dc(y;) = 3.
Since dc(y,) > 2 foreachr e {i, t} and |C| = 3, v, € Nc(¥i) N Nc(y;) for some 1 < my < 3. Without loss of generality, we
may assume that mg = 1. Then H,[y;, y¢1, v1, y; and y1, vs3, v, ¥1 are two disjoint cycles.

Suppose that d¢(xq) = 2. Without loss of generality, we may assume that v, v; € N¢(x7). Then xq, v, vy, X7 is a cycle.
Since dc(y;,) = dc(yj,) = 3 for some iy, jo € {1, i, t} withip < jo and |C| = 3, v3 € Nc(¥i,) N Nc(¥j,)- Then Hayiy, ¥jo 1, v3, Vi
is the other disjoint cycle.

Suppose that dc(x1) = 3. Since dc(y;,) = 2 and dc(y;,) > 2 for some ig,jo € {1,i,t} withiy < jo and |[C] = 3,
Vmy € Nc(Wip )ONc(yj,) for some 1 < mp < 3. Without loss of generality, we may assume that my = 1. Then H,[y;;, yj, 1, v1. ¥,
and x4, vs3, vy, X1 are two disjoint cycles.

Case 2. The sequence is (3, 3, 1, 1).

Suppose that dc(x;) = 1. Then dc(y;,) = 3 for some iy € {1, 1, t}, and we may assume that iy = 1, that is, dc(y1) = 3.
Since one of y; and y, has degree 3 to C and the other one of them has degree 1 to C, noting that |C| = 3, vy, € Nc(yi)NNe(ye)
for some 1 < mgy < 3. Without loss of generality, we may assume that my = 1. Then H, [y, y¢], v1, ¥; and y1, v3, v, y1 are
two disjoint cycles.

Suppose that dc(x;) = 3. Since one of y1, y;, y. has degree 3 to C and the others of them have degree 1 to C, dc(y;,) = 3
and dc(yj,) = 1for some distinct ig, jo € {1, i, t}. Then note that eitheriy < jo orip > jo.Since |C| = 3, v, € Nc(¥i )N (jo)
for some 1 < mgy < 3. Without loss of generality, we may assume that my = 1. Then Hzi[yio, Yiols v1, ¥ip and X1, v3, vz, X are
two disjoint cycles. O
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