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GRAPHS WITH PRESCRIBED DEGREE
SETS AND GIRTH
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Abstract

For a finite nonempty set @ of integers, each of which is at least two, and an
integer # >> 3, the number {®; ») is defined as the least order of & graph having degree
gel: & and girth n. The number f(®; n) is evalusted for several sets @ and integers n.
In particular, it is shown that f{{3, 4};'5) — 13 and ({3, 4}; 6) — 18.

%

For integers » > 2 and n >> 3, the integer f{r, n) is defined as the smallest
order of an rregular graph having girth # (the girth being the length of a
smallest cyele in the graph). ErpSs and Saces [1] have shown that flrsm)
exists for all integers r >> 2 and » >> 3. The problem of evaluating f(r, n) for
various values of » and n has received considerable attention. The r-regular
graphs having girth » and order f{r, n) are known as {r, n)-cages. The objeot
of this paper is to extend the function f(r, n) and the (r, nY-cages.

The degree set Dy = {ay, ey, . .., ;) of a graph @ is the set of degrees of
the vertices of . We henceforth assume for 9, —= {a, ay, ..., a,}) that
a <y ... < .

For a set @ = {ay, a,, ..., ;) of integers with 2 < @ <y < ... <y
and for an integer n > 3, we define

f(@)’ n’) :f(“l: oy o« vy By; n)

to be the smallest order of a graph having girth n and degree set ©. The
existence of f(@; n) is guaranteed by the above result of Erdés and Sachs.
In partioular, if H, is an a;-regular graph of girth », where ViH dNVH)=9
(¢ #= 7), then the graph ¢ defined by

k
V@ = U V(H) and EG) = U E(H,
i=1 i=1
has degree set @ and girth n. We shall refer to a graph @ of order F(8D; n)
having degree sot @ = {a;, ay,..., @} and girth » as a (D; n)-cage or an
(cty, @y, . . ., @y m)-cage.
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In [2] Karoor, PormmeENT and WarL showed that for a given set
D= {ay, ay, ..., a,} of positive integers (with a; < @, <7 ... < @;), the minimum
order of a graph ¢! with degree set @ is 1 + a;. If v is a vertex of degree a,
in a graph & with degree set @5 —= @ containing no vertices of degree 1, then
there must be two adjacent vertices which are themselves adjacent to v,
producing a 3-cycle. This gives the following observation.

TaEOREM 1. If @ = {ay, ay, ..., a,} is @ sel of positive integers with
2oy < ay<...<a, then {(®;3) =1 -+ a,.

The difficulty of evaluating f(&: n) appears to increase sharply when
n > 3. By placing restrictions on €, however, we are able to determine /(®; n)
in cerfain cases. In particular, if @ has cardinality two and o; = 2, the follow-
fng result can be obtained.

TarOoREM 2. For m > 8, »n > 3,
min — 2y 4
2

m(n —1)+2
2

if mn is even,

(2, m; n) =
if n is odd.

Proor. We observe that f(2,m; n) < 2 4 m(n — 2)/2 for » even and
(2, m;n) <1+ m{n — 1)/2 if » is odd, since the graphs ¢, and &, of Fig. 1
have degree set {2,m}, girth » and the appropriate orders.

v v v
n-2 n-2 n-2 Vi1 Vi1 v,
7 ! 7 Tz om i e n2'1,
Y
%’1

Fig. 1, The (2, m; n)-cages for n even and for n odd
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Now suppose n(>> 4) is an even integer and let v be a vertex of degree
m in a graph ¢f having degree set {2, m) and girth n. Since n > 4, the vertices
YLy Uy e Uy adjacent to v are distinet and pairwise non-adjacent; there-
fore, ¢ contains more than m -+ 1 vertices, which gives the desired result
for n = 4. Thus, we assume n 2> 6. Since @, = {2, m}, each vertex 7y
(i =1,2,...,m)is adjacent to at least one new vertex Uy 3. Since n > 6, the
vertices vyy Wy, . . ., ¥y p, are distinet and pairwise non-adjacent, so that
has order at leagt 2m - 2, which gives the required result for n — 8.

If n 2> 8 we repeat the above process until the vertices

V-2 1: Vn-a o0y Vn—a
o » "—'!2 e

2

have been added (see Fig. 1/a). These vertices are distinct and pairwise non-
adjacent, for otherwise, an (n — 1)-cycle is produced. Thus, & has order at
east 2 4+ mn — 2)/2, ie.,

f(2,m;n) > 2 + min — 2)/2,
which completes the proof of the theorem if # is even,
The argument if n is odd is gimilar and is omitted, |
Another cage in which f(®, n) can be evaluated rather easily ocours

when [@] = 2 and n = 4.

TueorEM 3. For 2 < r <~ s,
flrys;4) = ¢ + s

Proor. The complete bipartite graph K(r, s) has degree set {r, s} and
girth four; hence f(r, 8; 4) << r -+ &

In order to show that f{r,s;4) > r + s, let @ be a graph with degree
set {7, s} and girth four, Let u, € ¥(G) such that deg w; = s. Let vy, »,, . . ., v,
be the s vertices adjacent to »,. Since & has no 3-cycles, ({vy, 5, ..., 9.} con-
tains no edges. Since the degree of v, is at least r and #y I8 not adjacent to any
of vy, ¥y,.. ., ¥, at least r other vertices must be present in &, ie., |V(&)] >
= 7+ 8. Hence f(r, s; 4) > r + s, giving the desired result. ‘

Since it is well known that f(r; 4) == 27, the above result could be
extended to include the case r = s.

Due to the difficulty of determining f(r, n) when n >> 5, it is probably
not surprising that the problem of evaluating f(®; n) when D =2andn>5
seems to be extremely difficult. We now consider thig problem when @ — {3, 4}
and » = 5 or n = 6,




264 CHARTRAND, GOULD, EAPOOR: GRAPHS WITH PRESCRIBED DEGRER SRTS
TaroreM 4. f(8, 4; 5) —= 13,

Proo¥. Let G be a graph with degree set {3, 4} and girth 5. Let v be a
vertex of degree 4 in @, and let v,, v, vy, v, be the vertices adjacent to ». Since
& contains no 3-cycles, no two of the vertices #,, v, vy, v, are adjacent to each
other. Since every vertex of ¢ has degree 3 or 4, the vertex v; (i = 0, 1, 2, 3) is
adjacent to at least two vertices different from v, say v;; and v; 5. Hurther,
since ¢ contains no 4-cycles, for ¢ == §, we have v x> vy when 4, 1 € {0, 1, 2, 3}
and &, [ € {1, 2}. Thus G containg at least 13 vertices so that f(3, 4; 5) > 13.

To show that f(3, 4; 5) = 13, it now suffices to verify the existence of
a graph of order 138 having girth 5 and degree set {3, 4}. To the graph partially
constructed above, add the edges

Vi1 Ve, Vi Vs Yoty and w50,

fori=0,1,2,3, where ¢ - 1,4+ 2 and 4 |- 8 are expressed as 0,1, 2 or 3
modulo 4. The graph H so described is shown in Figure 2. The graph H has
order 13 and @y = {3, 4}. Alsow, v,, Vo1 V30 Us, ¥ I8 a B-cyele of H. It remaing
only to show that H contains no 3-cycles or 4-cycles. Tt is straightforward to
see that A has no 3-cycle or 4-cycle containing any vertex in the set I =
= {v, vy, vy, vy, v3}. If H contains a 3-cycle or 4-cycle, all vertices of such a
eycle must belong to the set V{H) -— U. Such a cycle @ must contain a vertex
2, for i = 0, 1, 2 or 3. Thus, €' must contain the path

Vi1 YVitoa Yiga 1 Vi1
or the path

Y1 Yirae Vi n Yia

which cannot oceur if € has length 3 or 4. Thus & has girth 5,

~)
Va2
Fig. 2. Two drawings of a (3, 4; 5)-cage



CHARTRAND, GOULD, KAPOOR: GRAPHE WITH PRESCRIBED Dy
QR.EE 8ETS ‘265

.TrEOREM B. f(3, 4, 6) = 18.

ProoF. Let @ be a graph with degree sot {3, 4} and ' _ .

a vertex of degree 4 in & and let v,, vy, ¥, v, be the verti%mh STX. Let ¢ be
Since @ contains no 3-cycles, no two of the vertices v,, v,, es adjacent to v.
Since every vertex of ( has degree 3 or 4, the vertex v, (i - = "s.81¢ adjacent,
cent to at least two vertices different from v, say v;,; and «, 0,1, 2, 3) is adja-
contains no 4-cycles, for i == §, we have v; , = v; ;, Where ,,:” ;- Farther, since ¢
k,1e{1,2}. | , €{0,1, 2, 38} and
 Again, each v;; (i = 0, 1, 2, 3; § = 1, 2) has degree a,i;' 1
at least four additional vertices, must be present in &, say %, egst three. Thus
only these 17 vertices, then each wu, (¢ = 0, 1, 2, 3) must ha~, 4y, Uy, Uy If @ hag
- adjacent to exactly four of the vertices v; ; (i = 0, 1, 2,3; 5 ____::Q degree 4 and be
-adjacent to both v, and v, 5, a 4-cycle is produced. Thug 1,2). If any Uy 18
adjacent to exactiy one of v,; and v, (¢ =0,1,2,3). Bug, E&Qh U, must be
vertices w, (k==0,1,2, 3) must be adjacent to two of then two of the
(t=0,1,2 8;7j =1, 2), thereby producing a 4-cycle. Thug the vertices 7
least one additional vertex w, i.e. |V(G@)]| > 18. must contain at
- To show that f({3, 4}; 6) = 18, it now suffices to ve
of a graph of order 18 having girth 6 and degree set {3

partially constructed above, add the edges 4

Tify the existence
* 4y Ty the graph

Ui Vi1 Uy Vi, Ui Yirg o W =019 )
: - 3 ) N 3

where the subscripts ¢ - 1 and ¢ + 2 are expressed as 0, 1, 9
_ Or 3 modulo 4.
Observe that v, v, ¥4, Uy, Vy,9, ¥y, ¥ 15 8 6-cycle. It rem .

8
that & containg no r-cycle for 3 < r < 5. It is Str&ightforwa,lrl:; tonly to show
0 see that ¢

Fig. 8. Two drawings of & (3, 4; 6)-cage
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contains no such cycle containing any vertex in the set M = {v, 94, vy, vy, 3}
If G contains a cycle of length five or less, all vertices of such a cycle must

belong to the set V(&) — M.
Such a eycle C must contain a vertex u; (i = 0, 1, 2, 8). Thus C must

-eontain one of the following paths:

(1) up V00 Wy Vigpr Wigr

(2) % Dypre Yigw Yz Yita

(8) wup Viyrn  Uiss Vrgsn W

(4) % O Uiy ”i+3_,23"“'t+2

(8) Up Vipenr  Yiry Vi W ' - o o

. where i = 0,1, 2, 3and k = 1, 2; 3 and all subscripts are expressed modulo 4.

Since these paths do not extend to a cycle of length less than six, the graph
@ has girth six. Also D4 = {3, 4}. Thus f(3, 4; 6) =18.
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