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Abstract

Inspired by the famed Chvatal-Erdés Theorem, we say a Chvatal-Erdgs graph
G is triangle-free, with o (G) = k (G). Denote a Chvatal-Erdés graph with
k=a(G)=kr(G)asak—CFE graph. We report the results of a search that
found all k£ — C'E graphs for £ < 6, and describe several infinite classes of
k — CFE graphs.

A cycle C' is chorded if there is an edge between two vertices of C' that
is not an edge of C'. We show that every sufficiently long cycle in a regular
graph has many chords, and every sufficiently long cycle in a k — CE graph
has a chord.

A graph is chorded pancyclic if it contains chorded cycles of each length
from 4 to n (G), while G is chorded r-pancyclic if there is a chorded cycle of
each length from r to n (G). Further, G is doubly chorded r-pancyclic if G
contains cycles of all lengths from r to n (G) that have at least two chords
each. We show k — C'E graphs to be doubly chorded 8-pancyclic and extend
this result to r-chorded graphs for r > 3.
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1. Introduction

In 1972, Chvatal and Erdés [8] proved a fundamental result about hamil-
tonian graphs by relating the connectivity  (G) and the independence num-

ber a (G) of a graph G.

Theorem 1. (Chvatal-Erddés Theorem) For any graph G, if a(G) <
k (G), then G is hamiltonian.

This result is tight in that o (G) cannot be lowered to a(G) — 1. They
futher showed that if o (G) < k (G) then G has the very strong property of
being hamiltonian-connected.

This work is fundamental in several ways. First, it depends only on the
structural connectivity versus the independence number, rather than on some
sort of edge density condition based on degrees. In fact, the Chvatal-Erdés
Theorem generated enough other work that a survey of such work can be
found in [25].

At about the same time, Bondy [5] proved several results about pancyclic
graphs. A graph G is r-pancyclic if G contains cycles of all lengths from
r to n(G). A pancyclic graph is 3-pancyclic. Other natural extensions of
pancyclic graphs have also been developed, see for example [6], [12] and [13].

Bondy [5] also made his famed meta-conjecture that almost any condition
that implies a graph is hamiltonian also implies it is pancyclic. This inspired
further work on graphs with a (G) < k (G). In fact, the Chvatal-Erdés paper
generated enough further research that two surveys of such work can be found
in [18] and [25].

Amar et al. [1] conjectured that if a (G) < k(G) and G is not bipartite,
then G is 4-pancyclic. Lou [19] considered this conjecture and proved the
following.

Theorem 2. (Lou’s Theorem [19]) If G is a triangle-free graph of order
n >4 with o (G) < k (G),

1. G is k-regular with k = o (G) = & (G).

2. G has diameter 2.

3. G is 4-pancyclic, or G € {K,,,C5}.



We define a Chvatal-Erdés graph to be a triangle-free graph with
a(G) = Kk(G). Denote a Chvatal-Erdés graph with £ = «(G) = & (G)
as a k — C'E graph.

This name is inspired by the Chvatal-Erdés Theorem. Graphs with
a(G) = k(G) (not necessarily triangle-free) were denoted as such in [1].
In addition, Erdés asked in 1986 for which orders these graphs exist. We will
also see that the Chvatal graph (4-regular, triangle-free, 4-chromatic with
order 12) is a Chvatal-Erdds graph.

Properties of these graphs are studied in [1, 19]. Several examples of
these graphs are given in [1, 6], and they have been studied in relation to
independence number [3, 6], fractional chromatic number and toughness [6].

Chorded cycles have recently attracted significant attention. An edge
between two vertices of a cycle C' is a chord if it is not an edge of C'. A cycle
C'is a chorded cycle if the vertices of C' induce at least one chord. Posa [23]
asked what conditions imply a graph contains a chorded cycle. This question
has seen considerable interest and extensions lately (see for example 9], [14],
[15] and [17]).

In this paper we consider a merging of pancyclic graphs and chorded
cycles. We say a graph G is t-chorded r-pancyclic if G' contains cycles of
each length from r to n (G), with each such cycle having at least ¢ chords. We
use chorded r-pancyclic for 1-chorded r-pancyclic and doubly chorded
r-pancyclic for 2-chorded r-pancyclic. In [12]|, Lou’s Theorem was extended
as follows.

Theorem 3. [12| Let G # K, /2,2 be a k—CE graph of order n > 13. Then
G is chorded 8-pancyclic.

The goal of this paper is to study the case when o (G) = & (G) in more
detail to better understand the graphs at the boundary of Theorem 1. We
further wish to extend Theorem 3, and in so doing, also extend Lou’s Theo-
rem. Thus we will gain more information on strong cycle properties in k—CE
graphs.

In Section 2, we use theoretical results and a computer search to describe
all k — C'E graphs with £ < 6. In Section 3, we describe several infinite
classes of Chvatal-Erd&s graphs, particularly those that are circulant. In
Section 4, we prove two results that guarantee many chords of large cycles
in Chvéatal-Erdés graphs. In Section 5, we prove several results on extending
chorded cycles in Chvatal-Erdés graphs.



We consider only simple graphs in this paper. We use the standard nota-
tion of V (@) and E (G) for the vertex set and edge set, and of the graph G.
The order of G is n (G); the minimum degree is 6 (G). Let K, denote the
complete bipartite graph with parts of order a and b. Let C,, and P, denote
the cycle and path with n vertices. Let Ny(x) denote the set of neighbors
of the vertex z in the graph (or subgraph) H. Given an orientation of some
path or cycle, we denote by 2 and z~ the successor and predessor of the
vertex x following the given orientation. Further, let 272 = (27)* and sim-
ilarly, let 272 = (27)7, etc. Let d(u,v) denote the distance in the graph
between vertices u and v. Given a subgraph or vertex subset S, let G — .S be
the graph obtained by removing S from (. For terms not defined here see
[16].

2. Small Chvatal-Erdés Graphs
In this section, we prove basic results on kK — C'E graphs.

Corollary 4. The only 1 — C'E graph is Ky. The only 2 — C'E graphs are
04 and 05.

This follows immediately from Theorem 2, since these are the only 2-
regular triangle-free graphs with diameter 2.

Next we give sharp bounds on the order of k — C'E graphs. The upper
bound depends on the Ramsey number R (s,t), the smallest order n such
that in any 2-decomposition of K, the first factor contains K or the second
factor contains K;.

Proposition 5. If G is a k— CE graph, then 2k <n(G) < R(3,k+1)—1.
The unique extremal graph for the lower bound is Ky .

Proof. Let uv be an edge of G. Since G is triangle-free, N (u) and N (v) are
disjoint independent sets, so there are at least 2k vertices. If there are no
other vertices, G is bipartite, so G = Ky .

The Ramsey number R (3, k + 1) is the smallest order so that any graph G
of this order either contains a triangle, or G contains K} ;. Thus R (3,k + 1)—
1 is the largest order so that there is a triangle-free graph with o (G) = k. [

Note that R (3, k) is only known exactly for £ < 9, but it is known that
R(3,k) < % [24]. The only bipartite & — CE graph is K}, since any
bipartite graph has an independent set with at least half its vertices.
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Figure 1: The two 3 — CE graphs: K33 and Ms.

Proposition 6. The only 3—CFE graphs are K33 and the Mobius ladder Mg
(see Figure 1).

Proof. Any 3 — C'E graph is cubic with order at most R (3,4) — 1 = 8. The
only 3 — C'E graph with order 6 is K33. There are six cubic graphs with
order 8 (see [10, 11]), only one of which (Mjy) is triangle-free and not bipartite.

Clearly o (Ms) = k (Ms). O
The circulant graph C, (l1,...,[,) has vertices vy, ...v, and all edges
v;v; whenever |i —j| =1, modn, 1 <k < r. The values [} are jumps.

Note that C,, = C, (1) and the Mobius ladder M,, = C, (1, g), n even. Note
that K}y is also circulant with all possible odd jumps present.

Any circulant graph is vertex-transitive. The description of its jumps
is usually not unique. For example, C1; (1,3) = C11(1,4) = C11(2,3) =
011 (2, 5) = 011 (4, 5)

Theorem 7. The only 4—CE graphs are K44, C1o(1,4), C11 (1,3), C12(2,3),
the Chvdtal Graph, and C13(1,5).

Proof. Since R (3,5) = 14, a 4 — C'E graph has order at most 13. A 4 —CFE
graph has order at least 8, and the only such graph is K4 4. To search orders
9-13, we consult several databases.

The Combinatorial Object Server [10] can be searched for 4-regular triangle-
free graphs. These can be displayed in graph6 format. This can be input into
House of Graphs [11] to generate drawings of the graphs, which can easily
be checked for independence number.

For n =9 there are no graphs to check. For n = 10 there are two graphs
to check, Cyo (1,3) and Cjp(1,4). The first is bipartite (and has a = 5), the
latter is a 4 — C'E graph. For n = 11 there are two graphs to check. The first
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Figure 2: The six 4—CFE graphs: K44, Ci9 (1,4), C11 (1,3), Ci2 (2, 3), the Chvatal Graph,
and Cy3(1,5).

has a = 5, and the second, C; (1,3), works. For n = 12 there are 12 graphs
to check. There are two, C}5 (2,3) and the Chvatal Graph, that work.
McKay [21] has a database of Ramsey (3,5)-graphs, which have no tri-
angle and no independent set with size at least 5. These are displayed in
graph6 format, and can be drawn using House of Graphs. For n = 13 there
is a unique graph, C13(1,5), which works. ]

Note that [1] observed Ky 4, Cio(1,4), and Cj5(1,5) are Chvatal-Erdds
graphs. Thus the Chvatal Graph is the smallest k — C'E graph that is not
circulant, since it has two vertex orbits.

Theorem 8. There are 135 — C'E graphs.

Proof. There are no 5—CE graphs with odd order since they must be regular.
There is one (K35 5) with order 10. A search using COS found none of order 12
and one of order 14, Cy4(1,4,7) = C14(5,6,7). Any others must have order
16. Brendan McKay conducted search of the database of Ramsey (3,6)-
graphs [21] for those that are 5-regular. The search found 11 5 — C'E graphs
with order 16. 0



i\
[
]
7

4

od
Ay
X
W

@

AV

‘v 7
AN

Figure 3: All 13 5 — CE graphs. The first row is K55, C14(1,4,7), C16(1,3,8), and the
Clebsch graph.
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Figure 4: Four 6 — CE graphs: Kg, C15(1,4,6), Ci6(1,4,7), and Cy7(1,3,5).

All 5 — C'E graphs have been added to House of Graphs (K5 and Cleb-
sch were already present). Those added are numbers 53516 to 53526. This
allowed the calculation of various parameters, including the length of the
longest induced cycle. Note that of the 13 5 — C'E graphs, only Kjs,
C14(1,4,7), and Cyg (1, 3,8) are circulant. The fact that the other 5 — CFE
graphs (aside from the Clebsch graph) are not circulant follows from the fact
that they have more than one vertex orbit, as calculated by House of Graphs.
Note that graphs 53517 and 53520 can be formed by performing a 2-switch
on two edges of the circulant graph Cig (1, 3, 8).

A search by Brendan McKay found 602 6 — C'E graphs. A file containing
the graphs in graph6 format is available from the authors on request. All
6 — C'E graphs with at most 18 vertices have been added to House of Graphs
(Kg6 and C5 (1,4, 6) were already present). Those added are numbers 53527
to 53532. The 6 — C'E graphs of order 22 are graphs 1991, 2956, and 53583
to 53590. None of these graphs are vertex-transitive, and hence none are
circulant.

Table 1 has the number of £ — CE graphs of order n. The values in the
last two rows come from a search by Brendan McKay.

3. Classes of Circulant k — CE Graphs

Next we consider some general constructions of classes of Chvatal-Erdés
graphs. Several basic classes of &k — C'E graphs are circulant graphs.
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K\n|2|3[4|5|6|7|8[9(10|11|12|13 |14 15|16 |17 |18 19| 20 | 21 |22
1 |1

2 111

3 1 1

4 1 1121

) 1 11

6 1 1111 1] 421232 |331]10

Table 1: The number of k — C'E graphs of order n.

Note that a connected k-regular circulant graph need not be k-connected.
There is a complete characterization of the circulant graphs with x (G) < k
in [4]. For example, Cs (1, 3,4) is 5-regular with connectivity 4.

Theorem 9. [20| Any connected K4-free k-reqular vertex-transitive graph G
has k (G) = k.

Of course, this includes all connected triangle-free circulant graphs.

Erdés asked in 1986 for which orders Chvétal-Erdés graphs exist. Sidorenko

[26] showed they exist for every order n ¢ {1,3,7,9}.

Theorem 10. (Sidorenko [26]) If6r—2 <n < 8 —3 then C,, (r,...,2r — 1)
1s a 2r — C'E graph.

For r = 1, this gives Cy and C5. For r = 2, this gives the four circulant
graphs of orders 10-13. For even k, this gives k circulant k — C'E graphs.

Theorem 11. (Andrasfai [2|) The circulant graph G = Cs_q (k, . L%T’lj)
is a k — CFE graph.

The graphs in the previous theorem are known as Andrasfai graphs [2].
They can also be described as G = C3j,_1 (1, 4,7,...,3 (ﬂ — 2). This can be
seen by multiplying the jumps of the latter by k, or the former by 3.

It is easy to see that C3;_; (k, cee L%J) has the property that any inde-
pendent set is contained in the neighborhood of a vertex (hence any maximum
independent set is the neighborhood of a vertex). Pach [22] and Brouwer [7]
proved this, and proved the stronger result that a triangle-free graph with
no twin vertices so that each independent set lies in the neighborhood of a
vertex is an Andrasfai graph.

Ayat et al [3] proved a similar result to the following theorem without

considering connectivity.




Theorem 12. Forr > 1, G = Cs,(1,3,...,2r—1,4r) is a 2r + 1 — CFE
graph.

Proof. Note that G is triangle-free since no pair of odd numbers sums to 4r,
and no three odd numbers sum to 8r. Thus x (G) = k by Theorem 9.

Suppose there is an independent set of 2r 42 vertices. We can specify the
independent set by the consecutive differences in the indices of its vertices.
Suppose all these differences are even. Then we have 2r + 2 vertices out of
the 4r (say) even-indexed vertices. By the Pigeonhole Principle, there must
be some pair of vertices whose indices differ by 4r. But then these vertices
are adjacent.

If there is an odd difference, there are at least two odd differences that
are at least 2r + 1. Then there are 2r other differences that are all at least
2. The sum of all the differences is at least 2 (2r + 1) +2r-2 = 8+ 2 > 8r,
a contradiction. O

The lexicographic product of G and H, G [H], has vertex set V (G) X
V (H) and (u,v) adjacent to (v/,v") if uv’ € E(G) oru =u' and v’ € E (H).

Note that [1] observed C, [FJ and Cs [FT} are Chvatal-Erdés graphs.
In fact, 04 [Kr} = KQT’QT and C5 Wg] = 010 (1, 4)

The following result is stated in |26, 1] without proof.

Theorem 13. If G is a k — C'E graph, then G WT] is a kr — C'E graph.

Proof. Let G be a k—CFE graph, so G is triangle-free, and k = o (G) = k (G).
If v € V(G), let S, be the corresponding set of r vertices in G [K,]. Now
G [FJ is triangle-free, since otherwise there would be a triangle on the
corresponding vertices of G.

If wv € E(G), then all vertices in S, and S, are adjacent. Thus any inde-
pendent set of G [FJ contains vertices in at most k sets S;, so « (G [FTD =
kr.

Clearly G [FJ is kr-regular, so k (G [FT]) < kr. There are k inde-
pendent paths between nonadjacent vertices v and v in G. Thus there are
kr independent paths between nonadjacent vertices v’ € S, and v' € S, in

G. Similarly, there are kr independent paths between nonadjacent vertices
v, u" € S,. By Menger’s Theorem, « (G [K,]) = kr. O

A lexicographic product of a circulant graph and an empty graph is itself
a circulant graph.
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Lemma 14. If G is a circulant graph with jumps a;, 1 < i < p, then G [Er}
1s a circulant graph with jumps a; +jn, 1 <i<p, 0< 7 <r —1.

Proof. Let the vertices of G be v;, 1 <[ < n. Let the vertices in G [fr}
corresponding to v; be v;;, 1 < j < r. List the vertices of G WT] with the
order

V1,1,V2,15-- -3, Un1,V1,2,V22, -+ -, Un2,- -, V15, V2)py ..., Upyp.

A jump a; in G corresponds to jumps of length a; + jn, 0 < j <r —1, in
G [K r]. Thus, G [K T} is a circulant graph with the stated jumps. O

Ayat et al. [3] proved that for » > 1, there does not exist any 2r-regular
circulant triangle-free graph on 4r + 1 vertices, and there does not exist any
(2r +1)-regular circulant triangle-free graph on 4r+4 vertices. The following
theorem generalizes these results.

Theorem 15. A non-bipartite k — C'E graph has order n > gk The unique
graph that attains this is Cs [Fr}, r= %

Proof. Let G be a non-bipartite k — C'E' graph of minimum order. Let wv
be an edge of G. Since G is triangle-free, N (u) and N (v) are disjoint inde-
pendent sets of k vertices. Since (G is non-bipartite with diameter 2, there is
another vertex x, and it has neighbors in each of N (u) and N (v). If = has
d neighbors in N (u) U N (v), « has k — d other neighbors. Thus z has at
least ¢ neighbors in (say) N (u), so any vertex in N (v) N N (z) has at least
¢ neighbors not in N (u) U N (v). Thus there are at least max {k — d, ¢
vertices not in N (u) U N (v). This is minimized when d = k, so G has at
least 2k + g = gk: vertices.

Let k be even. Let V3 = N(v) N N (z), Vo = N(u) — N (z), V3 =
N(w)—N(x), Vs = N(u) NN (z), and V5 = V(G) — N (u) — N (v). We
know that each set has size r = %, and there are no V| — Vj edges, V] — V3
edges, or V5 — V), edges. For the vertices to have degree k, all V} — V5, Vi — V5
V3 — Vy, and Vy — V5 edges must be present. Then there are no V5, — V5 or

V3 — Vi edges, so all Vo — V3 edges are present. Then G = Cs [ET] ]

The proof uses the facts that £ — C'E graphs are k-regular, triangle-
free, and have diameter 2, but does not use the independence number or
connectivity. Thus the theorem actually holds for a larger class of graphs.

Note for k = 2r+1 odd, a non-bipartite k —CE graph has order n > 5'“2—“
This can only be attained when r is odd (else k£ and n are both odd).

11
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Figure 5: Four structures producing chorded (k + 2)-cycles. A dashed edge indicates a
path with length at least 1.

Note that in Cj [Fr], the longest chordless cycle has length 5. This
follows because any longer cycle must contain multiple vertices corresponding
to a single vertex of C5, which forces a chord with a neighboring vertex.

4. Extending Chorded Cycles in kK — CE Graphs

In this section we use a different approach to produce chorded cycles in
k—CFE graphs. This will improve on the results of the previous section when
the cycles are relatively small.

Given a cycle C, = z125 ...z, with 7 < n(G) — 2, Lou [19] provided
several supergraph structures, one of which would contain C.. 5. These can
be seen in Figure 5 and will be denoted structures I, II, III, and IV.

Lemma 16. [19] Given a k-CE graph G of order n(G) > r + 2 with r > 4,
if G contains a cycle C,., then C,. is contained in one of the structures I, II,
I, or IV from Figure 5.

Lemma 17. Let r > 4 be an integer. Given a k — CE graph G and a cycle
C, with r < n(G) — 2, if C, is contained in one of structures I, III, or IV,
then G contains a cycle C,o with at least one additional chord. Further,
if Cy 1s contained in either of structures III or IV, then there exists a Ciyo
containing two chords that were not induced by C,..

Proof. Let C.. : x1,29,..., 2., 2.
Case 1. Suppose that C, is contained in structure I. Let adjacent vertices y;
and 1y be such that, without loss of generality, y;2, and ysx9 are edges of G

12



completing structure I. Then C' : x1,y1, Yo, T2, T3, . .., T, x1 is an (r+2)-cycle
with the chord xqx,.

Case 2. Suppose that C, is contained in structure III. Let vertices w, and
wy be such that, without loss of generality, w,z, and w,x, and wyz,+ and
wyTy+ are edges of G, where a™ < b, completing structure III. Then

LayWay Thy Tp=s - -+ y Lo+, Why Tt Tp+2, . - - s Tg

is a (r + 2)-cycle with additional chords z,z,+ and zpxp+.

Case 3. Suppose that C, is contained in structure IV. Without loss of
generality assume the edge uv has ux; and vz; as edges to C, as well as the
edge xo7;,1 forming structure IV. Then the cycle

L1, Uy Uy Ty Tjm1y+ o+ 5 L2y Tijd1y + -+ 5 Ty T
has length r+2 and has the additional chords x 25 and z;x;,, as desired. [

An examination of the k-CE graphs found in Proposition 7 and Theorem
8, shows that every one that is not bipartite contains a chorded 6-cycle and
chorded 7-cycle. For k > 5, the k-CE graphs all have order at least 14. Thus,
we state the following slight improvement of Theorem 2 which will be useful
later.

Theorem 18. Let G # K, /2,2 be a k — CE graph of order n > 8. Then G
s chorded 6-pancyclic.

The next lemma is obvious.

Lemma 19. Suppose k > 2. Given a list of at least 2k items that is 2-colored
red and blue, if there are at most k — 1 items colored red, then there are at
least two consecutive items colored blue.

Next we prove our final three results on chorded cycles, beginning with a
proposition.

Proposition 20. If G # K, 2,2 is a k — CE graph of order n > 8, then G
contains a doubly chorded 8-cycle and, if n > 10, a doubly chorded 9-cycle.

Proof. Suppose the result fails to hold. By Theorem 2, G contains a cycle
C : x1,29,...,x4,x1 where t € {6,7}. However, G must lack a doubly
chorded C* of order 8 or 9. By Lemma 16, C' must be contained in one
of the structures shown in Figure 5.

13



Case 1. Suppose a copy of structure I exists containing C'. Without loss
of generality, let the edge uv have the additional edges ux; and v, forming
structure I. Note that the 8 or 9-cycle (depending on ¢t =6 or t = 7)

* .
C*:x1,u,0,20,X3,...,T¢, X7.

has chord x;zs.

Now consider the vertex pairs {xs, 25} and {x3,2,}. Both pairs are at
distance three on C. If either pair is joined by a chord, then C* has two
chords as desired. Thus, by Theorem 2, both pairs must be joined by paths
of length two. Suppose x5, ws, x5 and x3,ws, x; are the two distance paths
in G, where wy, w3 ¢ V(Cs). Now if wy = v or wy = u, then the edge wyxs
would be the second chord for C*. Further, wy # ws or a triangle would exist
in G, a contradiction. Hence, these are distinct vertices not in V(C)U{u,v}.
As such these distance paths form structure III on C' and by Lemma 17, an
8 or 9-cycle with at least two chords results.

Case 2. Suppose a copy of (g is contained in structure III or IV. Then by
Lemma 17 an 8 or 9-cycle with at least two chords exists in G.

Case 3. Suppose C' is contained in a copy of structure II. Without loss of
generality, let the path vy, 2, y3 along with the edges y; 4, and ysx3 complete
the structure. Note that

* .
(G T1,Y1,Y2,Y3, X3, ..., T, L1

is an 8 or 9-cycle in G. If this C' induces two chords not incident to xs, then
C* has the desired two chords. So we may assume this does not happen.

Consider the vertex pairs {xy, 24}, {x2, x5}, {x3,2:}. These pairs are at
distance three on C'. Thus, by Theorem 2, shorter paths must join each pair.
If the first and third pairs are joined by an edge, then two chords exist in C*.
If both pairs are joined by paths of length two, say 1, w;, x4 and x3, ws, x;
are the paths, where wy, w3 ¢ V(C), then w; # ws or a triangle would exist.

Suppose w; € {y1,Ya, ys} where j = 1 or 3. Then, w; # y, or a triangke
would exist, a contradiction. Therefore suppose w; = y3 (or wz = yi).
The wyys completes the triangle ys, x3, x4, y3, a contradiction. Similarily, if
w3 = y; the edge wix; completes a triangle.

Now,

Ty, Wy, Ty, - .., Ty, W3, T3, Lo, T1

14



is an 8 or 9-cycle with chords z3x4 and x;2;. Hence, one of these pairs is
joined by a chord and the other by a path of length two. Without loss of
generality, suppose x124 is an edge of G and x3, ws, x; the path of length two.
This implies that the pair {x9, 25} must be joined by an edge or structure
ITI would exist. But now,

Lo, T5,T4,T3,Y3,Y2,Y1, L1, T2

is an 8-cycle with chords x24 and z9x3. Further,

T1,T7,Te, L5, T4, T3,Y3,Y2,T2, L1

is a 9-cycle with chords x4 and xox3.
Thus, in all cases an 8 and 9-cycle with at least two chords exists.

]

Theorem 21. Let G be a k — CE graph of order n > 8. Then G is doubly
chorded 8-pancyclic, or G = K, j2.n/2.

Proof. Assume G # K, /5 ,/2. Proposition 20 provides the cases for 8-cycles
and 9-cycles. By Theorem 18, there must exist an integer r with 8 < r <
n — 2, such that G contains a chorded C,., but no doubly chorded C, 5. We
next show that each of the structures in Figure 5 on a chorded C,, actually
provides a doubly chorded C,. 5. Assume that C,. : x1,xs, ..., x, is a chorded
cycle.

Case 1. If structure I contains C,., we are done by Lemma 17 as the C, o

contains V' (C,) and hence all its chords as well. Structure 1 provides an extra
chord.

Case 2. Suppose G contains a copy of structure II on C,.. By Theorem 18,
let C, = x1,29,,...,2,.,7 > 8, be a chorded r-cycle. By Proposition 20, if
r =8 or 9 we are done, so we may assume r > 10. Without loss of generality,
suppose that vy, v, v3 is a path off C,. and viz; and vszs are edges of GG
forming structure Il with C..

Now d(z3,x6), d(x4,27), d(xs5,25) and d(ze, xg) are all greater than dis-
tance two on C,, so by Theorem 2(2), each of these pairs of vertices must
have shorter distance paths. If two of these pairs had edges joining them,
then the cycle C* : x1,vq,v9, 03,23, ..., 2, r; would be a (r 4+ 2)-cycle with
those two edges as chords. Thus, at most one of these pairs is joined by an
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edge. But then structure III containing C). exists and by Lemma 17, a cycle
of length r + 2 exists with at least two chords. Suppose C, is contained in
either structure III or IV. Then again by Lemma 17, a cycle of length r + 2
exists with at least two chords.

This completes the proof. O

We now present our final result.

Theorem 22. Let G # K,2,/2 be a k — CE graph of order n > 8. Then
for (n—4)/2>t>1, G is t-chorded (2t + 4)-pancyclic.

Proof. Assume that G # K, /,/2. We proceed by induction on ¢, the number
of chords. When ¢t = 1 the result holds by Theorem 18. Hence, consider
t > 2. By induction we can assume the result holds for t = m — 1 > 2 and
we consider the case when t = m.

If the result fails for m chords, then there exists a cycle of order at least
2m + 4 that fails to have m chords. By the induction hypothsis there exists
a cycle Cp, 2m +2 < p < n — 2, which is (m — 1)-chorded. Let C, :
Z1,%2,...,Tp, T1 be such a cycle with at least m — 1 chords.

If C, is contained in any of structures I, III, or IV, we obtain a cycle of
order p+ 2 with at least m chords by Lemma 17. Thus, we may assume that
C, is contained in a copy of structure II. Without loss of generality, we may
assume that the path yi,y2, y3 oft C), has adjacencies y;x; and ysx3 creating
structure II.

Now if €}, has at least m chords none of which are incident to x5, then
the cycle

* .
g T1,Y1,Y2,Y3, L3, Lay ..., Tp, L1

has length p + 2 and contains at least m chords as desired.
Thus we may assume that there are at most m — 1 chords in C, not
incident to z5. Consider the p — 2 vertex pairs

)
{333 1:6}7 {$47 .T?}, SR {xp737 'Tp}a SR {xpv flf3}

Each of these pairs is presently at distance three on C,. But there are only
m — 1 chords possible and there are p > 2m + 2 pairs. Thus, to reduce these
distances to at most two, the pairs are either joined by a chord of G or there
exists a vertex off C, that lies on a path of length two between the vertices
of the pair. Hence, by Lemma 19, there is some pair of consecutive vertices
along C, that have paths of length two to their paired vertices. Further,
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these intermediate vertices must be off C}, and must be distinct or a triangle
would be formed, a contradiction. But now structure III exists on C}, and
by Lemma 17 there exists a cycle of length p + 2 with at least m chords,
completing the induction. O]

5. Conclusion

It is clear from recent work that many conditions implying various cycle
properties in a graph can be used to show stronger results concerning cycles
with chords. This paper provides several examples of this. Broadening the
meta-conjecture from [15], it appears that almost any condition that implies
some cycle property in a graph also implies a chorded cycle property, possibly
with some families of exceptional graphs, and small order exceptions.
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