RIGIDITY OF LORENTZIAN METRICS WITH THE SAME
SCATTERING RELATIONS

YIRAN WANG

ABSTRACT. Consider small metric deformations of the Minkowski space. We
prove that the scattering relation of null geodesics between two Cauchy surfaces
uniquely determines the metric perturbation up to gauge obstructions.

1. INTRODUCTION

We study a scattering rigidity problem for Lorentzian manifolds. More pre-
cisely, let z = (t, 2!, 22, 23) be coordinates for R3*1. Let g be a globally hyperbolic
Lorentzian metric such that each hypersurface M; = {t} x R3,¢ € R is a Cauchy
surface and every complete null geodesic intersects M; at one point. For T" > 0,
we consider null geodesics v from Mg to My and obtain a well-defined scattering
relation of null geodesics

(1) S(7(0),4(0)) = (7(70),¥(70))

where v(0) € My, v(10) € Mr. See Figure 1. The question is whether S determines
gon M = (0,T) x R? between My and M. Recently, a closely related problem was
studied by Eskin in [3, 4] when the metric g is independent of ¢.

In this work, we prove a positive result for compactly supported, small metric
deformations of the Minkowski space. Let go = —dt*>+ 3 >_, (dz*)? be the Minkowski
metric on R3. Let K be a simply connected compact set of M with connected
smooth boundary. Given e € (0,1), we consider Lorentzian metrics g = go + h on
R3*! in which h is a smooth covariant two tensor field satisfying

(a) his supported in X;

) [Ihlles = Z [hijlles < e
,7=0

Under these assumptions, we have a simple parametrization of the scattering re-
lation. For v € S?, note that § = (1,v) is a future pointing light-like vector at
(0,z),z € R3 for any g as described above. We denote by v,.,(s) the unique geo-
desic with initial condition 7, ,(0) = (0, ), %2,,(0) = (1,v). For e sufficiently small,
Ve intersects Mp at a unique point 7, ,(so) (see Section 2). The scattering relation
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S for null geodesics is

(2) S((0,2), (1,0)) = (Va0 (50); Yzv(s0))-

zZ t=0

FIGURE 1. Scattering relation for light-like geodesics. v is a future
pointing light-like geodesic which goes from z in direction ¢ and
intersects ¢t = T at Z in direction 5 The metric perturbation is
supported in XK.

To determine g from S, there are apparent gauge obstructions. It is known that
null geodesics are invariant under conformal diffeomorphisms. We will show in
Lemma 2.1 that the same holds for the scattering relation of null geodesics. In this
work, we determine the metric perturbation A in the divergence and trace free gauge

(c) divh=trh=0

where tr, div denote the Euclidean trace and divergence. Our gauge choice is anal-
ogous to the solenoidal gauge for the geodesic ray transform, see e.g. [10]. In fact,
it is known that any Riemannian metrics sufficiently close to the Euclidean metric
can be brought to the divergence free gauge (with respect to the Euclidean metric)
via a diffeomorphism, see for example [6, Lemma 4.1]. By the same argument, we
believe that any Lorentzian metric sufficiently close to the Minkowski metric can be
transformed to the divergence and trace free gauge (with respect to the Euclidean
metric) via a conformal diffeomorphism. However, we prefer to work in a fixed co-
ordinate system and do not pursue the coordinate invariant statement. We denote
the set of metric g = go + h with h satisfying (a), (b), (c) by A(K,e€).

For € € [0,1), we consider a smooth one parameter family of symmetric two
tensors h, in C3 and hg # 0. Then we let g. = go+¢€he and assume that g. € A(K, ¢€).
Let Sc be the corresponding scattering relation for null geodesics defined as in (2).
Our main result is

Theorem 1.1. There exists € > 0 such that for e;,ea € (0,¢€), if Se; = Se,, then
Jer = Yeo -
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In the Riemannian setting, the scattering rigidity problem has been studied ex-
tensively especially in the case of simple manifolds for which the problem is equiv-
alent to the boundary rigidity problem, see for instance [10, 13]. Our interest for
the Lorentzian problem comes from some inverse problems in Lorentzian geometry
and general relativity. One inspiring example is the nonlinear stability result of
Christodoulou and Klainerman [2] which among other things demonsrates the com-
pleteness of null geodesics for Einstein vacuum spacetimes close to the Minkowski
space. It is natural to ask whether the null geodesics or the scattering relation ac-
tually determines the metric perturbation, and this is partly why we consider the
small perturbation problem in this work. There is another related problem studied
by Guillemin [7] on the Zollfrei deformation of the Minkowski space, which in some
sense concerns the scattering relation of null geodesics from the past null infinity to
the future null infinity. It is conjectured that the n+1,n > 3 dimensional Minkowski
space is rigid among Zollfrei deformations. One can also find applications in recovery
of bulk geometry in the AdS/CFT correspondence, see for example [1].

We briefly discuss the ingredients in the proof and outline the structure of the
paper. We consider the more general question of determining metrics in A(X, €)
from the scattering relation. Our starting point is an integral identity involving the
difference of the Hamiltonian flows for two metrics in A(XK, €). This is done in Section
2 by following the approach of Stefanov and Uhlmann [12] for the boundary rigidity
problem. The identity gives us some integral transforms of the metric perturbations
along null geodesics. The main challenge is to prove the injectivity of the transforms.
Let’s explain the difficulty. After formal linearization at the Minkowski metric, the
transforms become the light ray transform. It is known (see e.g. [7, 9, 16]) that
this transform contains a microlocal kernel even after taking into account the gauge
obstructions mentioned before. So it is not injective for general metric perturbations.
For compactly supported perturbations, injectivity can be established, see [5, 11].
However, no stability estimate is available so one cannot extend the injectivity result
via perturbation arguments to smooth perturbations of the light ray transform which
we need. We resolve this issue by combining some partial stability estimates of the
transform with the analytic continuation. We first analyze the transform on the
Minkowski space, proving injectivity (up to gauge obstructions) in Section 3 and
stability in Section 4. Then in Section 5, we analyze a light ray transform with
both small metric and weight perturbations. We prove a stability estimate under
some regularity assumptions which allows us to recover the Fourier transform of the
metric difference on a non-empty open set which further yields the injectivity by
analytic continuation because the metric difference is compactly supported.

Acknowledgement. The author wishes to thank Lauri Oksanen, Andras Vasy and
Plamen Stefanov for their interest and advices in the early stage of the work about
the light ray transform. This work is supported by NSF under grant DMS-2205266.
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2. THE SCATTERING RELATION

Let g = Zf’ =0 gijdzidzj be a Lorentzian metric. Consider the Hamiltonian

3
(3) p(2,¢) = % > 996

1,j=0

Hereafter, we use ¢ = (7,§),7 € R,{ € R? to denote covectors at z = (t,z),t €
R,z € R3. Also, (¢"/) denotes the inverse of (g;;). The Hamiltonian system is given
by (with m =0,1,2,3)

3

3
dz" N~ impe, dom 1 e
(4) e _gg G o= 2;08”9 Gi¢;

Consider initial conditions
(5) 2lsm0 = 20 = (0,29),  (lsmo = ¢ = (r0,£O),

We denote z = (z,¢) and z(® = (200, ¢©)). We write the solution of (4) with (5)
as z = z(s,2(")), which is called a bicharacteristic. At this point, we do not assume
that ¢(© is a null vector. For the Minkowski metric go, the system can be solved
explicitly and the flow is

20(5,29) = (570, 20 4 560 70 Oy s R,

By a perturbation argument and the standard ODE well-posedness result (see e.g.
[8, Section 1.2]), for e sufficiently small and any g € A(X,¢), there exists a unique
C* solution of (4) with initial condition z(?) in a compact set O of R x R*. The
€ depends on T and O. So the Hamiltonian flow (hence the scattering relation) is
well-defined when ¢ is sufficiently small.

Now we prove the conformal invariance of the null scattering relation.

Lemma 2.1. Suppose g € A(X,¢) and g = e?g for some ¢ € C°°(M). Then the
scattering relations S, S for null geodesics defined as in (2) are the same.

Proof. Let p,p be the Hamiltonians of g, § respectively, so p(z,¢) = e ¢®p(z,¢).
Consider null geodesics for g in the cotangent bundle which are null bicharacterisitics
described by the Hamiltonian system. Using the fact that along null bicharacteristics
p=p =0, we can write the Hamiltonian system for § as

& o s Al _ol g y
(6) A e Zg Gis ds —e B Z 0.m g"” G;(;
i=0 i,j=0

with initial condition

(7) 2lsmo = 2@ = (0,2©), (5o = ¢ = (=1,6©),£0 ¢ §2
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Note that ¢(© is light-like for both g and §. Let 5(3) be the projection of the
bicharacteristics to M. Define

s / T G0 gy
0

We have ds/d5 = e~ ¥(7()) along the null geodesics. After changing § to s, (6)
becomes (4). By the uniqueness of solutions of the Hamiltonian system, we have
7(5) = v(s). Finally, let sg, 59 be such that v(s¢),¥(50) € Mz. We obtain that

) d_, _ Lo ds .
Y(s0) = ST ls=so = V() |s=30 7 _ls=s0 = V(5)|5=39

in which we used that ¢ = 0 outside K. This proves that S = S. g

Next, we derive an integral identity following the idea in Stefanov and Uhlmann
[12] for the Riemannian problem. Suppose S = S for two metrics g,§ € A(X,€).
Let z,Z be the corresponding Hamiltonian flows for ¢, §. Starting from z(?), we follow
the flow z to z(s,z(")) € M, for some ¢ € (0,T). Then we continue with the flow z
until it reaches Mp. There is an issue that the affine parameter s cannot be com-
pared directly as the arc-length parameter in the Riemannian setting. We will use
parameter t € (0,7") to connect the flows. Note that changing the parametrization
from s to t along the flow will not change the Hamiltonian flow as a set, however
the projections to M may not be geodesics anymore.

Lemma 2.2. Let z(s,2%), zy(s,2) be the corresponding Hamiltonian flows for
g € A(K,€) and gy respectively with 29 in some fized compact set O of R? x R4,
Then for e sufficiently small (depending on O,T), z(s, Z9)) is well-defined for s € R.
Moreover, for any b > 0, there exists € small depending on b, O such that

(8) |z = 20llc2(j0,4)x0) < Ce
and C > 0 is uniform for g € A(X,e€).

Proof. This again follows from standard ODE well-posedness results. We compare
the Hamiltonian systems for g € A(X, €) and go. Consider (2'(s), ¢'(s)) = z(s,20)) -
2o(s,2(?)) which satisfies the following ODE system

nm !
(9) d(czzs) = am (zlu C/a 20, CO): dg;n
with zero initial condition. Here, ay,, by, are smooth functions and for |2/|, |¢'| < M,
we have ||am||cs, |[bm|lc2 < CMe with C' depending on O, T. Thus for € sufficiently
small depending on 7" and O, we obtain a unique C'* solution of (9) on M. Outside
of M, § = go by our assumption. Thus the flows can be extended for all s. The C?
estimates can be seen by considering the system (9) for s € [0,b],b > 0. d

:bm(z,7cl7 ZO?CO)? m:07 17273

Let 5 € [0,50] be the affine parameter for z where sq is such that z(sg,z(?)) €
T"Mr. Let t = $(s,20) € [0,T]. For 5 € [0, 5] the affine parameter of z, we let
t = ¢(5,29) € [0,7]. In view of the first equation of (4), both ¢, ¢ are smooth
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invertible functions for fixed z(9). See Lemma 2.3 below. We first follow the flow
z to z(s,2")) € M;. When connecting the two flows, note that the second flow
by z does not necessarily correspond to a null geodesic. For any (z,{) € T*M
with ¢ sufficiently close to some null vector f for g, we know from the continuous
dependence of the Hamiltonian flow on initial conditions that there exists z(? and
s € R such that z(s,2") = (2,¢). We define z71(2,¢) = 2. For g,§ € A(X,¢)
and e sufficiently small, we can use Lemma 2.2 to conclude that z7*(z(s,z(?))) is
well-defined for all values of s. We set

(10) k(s,2%) = ¢ (¢(5,20), 2 (2(s,2"))).
The function switches the affine parameters from s to 5. Note that if g = g, then
r(s,29)) = 5. We next show that (s,z(?)) is close to s if g is close to §.

Lemma 2.3. For g,§ € A(K,€), let z(s,29), 2(s, 2) be the corresponding Hamil-
tonian flows with 2% in a fized compact set O of R3 x R*. Then for € sufficiently
small (depending on O,T) as in Lemma 2.2, there exists C > 0 independent of g, §
such that

(11) 155(s, 29) = 5]l o2 (0,50 x0) < Cle

Proof. The first equation of (4) can be written as

%Z—T+O(E):1+O(€)

in C?. For the second equality, we used Lemma 2.2 and the initial condition 7 = —1.
Write t = ¢(s,2(9) € [0,T]. By the inverse function theorem, ¢ is invertible for e
small and any fixed z(?). We can use ¢ as the parameter in (4) and follow the
argument of Lemma 2.2 to conclude that ||¢~1(t,z(?)) — t||c2 < Ce with C uniform
for z0 € O and g € A(K,€). For 5 € [0,30] the affine parameter of z, we let
t = ¢(5,20) e [0,7]. The same conclusion holds. Thus from the definition of
r(s,2(9)), we have

(s, 2%) = 5]l c2
<[l6 (e(s,2), 27 (2(5,27))) = 6(5,2) |2 + [l ¥(5,2) = 8|2 < Ce.

Here, we used that 271 (z(s,z(?))) stays in some compact set O of R? x R* depending
on O, e. So the argument above applies. [l

Now we define a function
(12) F(s) = 2(3 — k(s,2), z(s,2V))
on [0, so]. Note that
F(0) = 2(50 — £(0,2),2) = 2(5,2©)
because £(0,z()) = 0 and

F(s0) = 2(0,2(s0,29)) = z(s9,2)
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because n(so,z(o)) = 0. For any z(0) = (0,2,1,8),z,& € R3,[¢| = 1, we assume the
scattering relations S = S so F(0) = F(sg). This implies

s0
(13) / F'(s)ds=0

0
Let Hy(z) = (0p/0¢, —0p/0z) be the Hamilton vector field at z. We use (12) to find

F'(s) = — Hp(z(50 — k(s, z(o)), z(s, Z(O)>))8S/ﬁ:(8, 2(0))
(14) 0z

+ m(éo — k(s,2), (s, Z(O)))Hp(z(s, 20y

Next, we transform the first term on the right hand side of (14). For any s € [0, 5¢],
we have

0z
0z(0)

(15) 0= 4-1om2(5 — 5,2(s5,20)) = ~Hy(3(5,20) + - (5,20 Hy ()

Replace 5 by 59 — x(s,2(9) and 2O by z(s,z(?) we get
0z

(16) Hy(z(30 — r(s,2?),2(5,29))) = 5,07 (50— k(5,29 2(s,29)) Hz(2(s,2?))
Putting identities (13), (14) and (16) together, we obtain
(17)

%00z

0 m(go - /i(S, Z(O))’ Z(S, Z(O)))as/i(s, Z(O))(HP(Z(S, Z(O))) _ Hﬁ(Z(S, Z(O))))ds —0.

We will use this identity to show g = g.

3. THE LINEARIZATION AND INJECTIVITY
We consider the formal linearization of (17) at the Minkowski metric g = go:

S0 9z
(18) ; m(so — s,z(s,z(o)))(Hp(z(s, z(o))) — Hﬁ(z(s,z(o))))ds =0

We wish to demonstrate that § = gg from this identity. For the Minkowski metric,
the Hamiltonian flow can be found explicitly. Take z(0) = (2(0 ¢(0) = (0,2,1,¢)
with |£] = 1. We have

(0)
2(s,2%) = (5,0 + 56, 1,6) = (Ig Slgd) (Z(g))

thus

0z Id sId
(19) FEON (o Id ) '
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Consider § € A(X,¢€). Set u = Gl — 6% i,j=0,1,2,3. Let ¢ = (1,£). We have

3 3 3 3

Hy — Hy = (Q_ %G5,y ubi¢;, > uG, Y ¥,
=0 0=1 =0 =0

(20) 13 5 18 g 1S 5 13 3

—3 > douGig;, —3 > uGiGj —5 > 00, —5 > dsuGi¢y)

1,5=0 1,j=0 1,j=0 4,5=0
Using (19) and (20), we find from the last four components of (18) that

S0 3
(21) / > hub(s, x4 s)(i¢ds =0, k=0,1,2,3.
0 ij=0

Here, € R3,( = (1,¢),£ € S? and 59 = T.

The integral in (21) can be regarded as the Minkowski light ray transform. Let
r € R3v € S? and 6 = (1,v) so that § is a (future pointing) light-like vector.
We can parametrize null geodesic v on (M, go) as (1) = (1, + 7v),7 € (0,T) so
that (0) = (0,z),7(0) = 6. For a covariant symmetric two tensor u, we define the
Minkowski light ray transform as

sp 3
(22) Lu(z,v) = / Z wii (1,2 + )00 dr.

0 ;=0
Thus, by raising and lowering indices using gp, we can essentially view (21) as
L(Oku) =0, k = 0,1,2,3 in which u is a covariant symmetric two tensor. Below,
we prove the injectivity of L which is sufficient to conclude v = 0 from (21) because
the metric perturbations are all compactly supported. This shows that the formally
linearized problem is solvable.

Let Sym? denote the vector bundle of covariant symmetric two tensors on M whose
fiber can be identified with the space of symmetric matrices within the coordinate
system we use. It is known that the light ray transform on symmetric two tensors
L : Cg°(R3**1; Sym?) — C°°(€) has a non-trivial null space given by

(23) N = {cgo + d°w : c € C°(R3™),w € CF°(R3TL; A1)},

where d° is the symmetric differential given by
1 .
(d*w)ij = 5 (Viw); + (Vjw)i), 4,5 =0,1,2,3,

with V; the covariant derivative, and Al denotes the bundle of one forms. See [9,
Lemma 4.3]. It is essentially contained in Theorem 2 of [5] that this is the full null
space. For 3 + 1 dimensional Minkowski space, we give a somewhat shorter and
different proof taken from [15].

Proposition 3.1. Suppose u € C(R3*Y, Sym?). If Lu = 0, then there is unique
c € C(R3*Y) v € CP(R3TL, Ay) such that u = cgo + d*v.
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Proof. We start with the Fourier slice theorem. For u € C§°(R**!, Sym?), Lu = 0
if and only if
3
(24) > (000 =0
4,j=0
where 0 = (1,v),v € S? and ¢ = (7,&), £ # 0 such that 7+&-v = 0, that is L ¢ with
respect to the Euclidean inner product. Hereafter, = denotes the Fourier transform

in (¢, z) variables. Now we use Lemma 9.1 of [9]: for any space-like vector ¢, there
exist e = e(¢) € R,w = w(¢) € R3*! such that

(25) a(¢) = e(C)go + ¢ ® w(C) + w(¢) ®¢.
We claim that e, w can be uniquely solved from .

Consider u;; = &w;(C) + &wi(C), i # j, 4,5 = 1,2,3. We get three equations for
w;, 1= 1, 2, 3

& & 0 wy U2
& 0 &) |w| =|us
0 & &) \ws U3

The determinant of the coefficient matrix is —2¢1£2&3. When it is non-vanishing, we
obtain that

_ &un + oung — §1uas _ &uin — Sourg + §1Uas
(26) 28283 R ’ i_ ~ 26183
ws = —&3u12 + Sz + E1Uos3
26162

The Paley-Wiener theorem tells that #;; are Schwartz and analytic in (. So @ =

(w1, wa, w3) is analytic in ¢ and (26) defines @ uniquely on R x R3\{0}, and invari-

antly under orthogonal coordinate changes. In particular, the coordinate singularity

at & = 0,7 = 1,2,3 is removed but the singularity at £ = 0 remains at this point.

Note that the singularity at 0 is integrable. Next, we use @91 = 7w + £1wg to get
Go1r  &3Ui2 + a1z — 113

27) T T 2618283

Again, we can use the orthogonal invariance to get wq for ¢ € R x R3\0. Finally, we

can solve e from (25) and we proved the claim.

The above calculation also yields some rough regularity estimate of e,w. Recall
that (€)*.7 (yuij)(§) € L2(R*) for 4,7 = 1,2,3,i # j. From the formula (26), we see
that (€)"t1w;(€) € L*(R*Y),j = 1,2,3. Then from (27), we get (€)"wo(€) € L*(RY).
Again by using (25), we get (£)%e(¢€) € L*(R*). In particular, the inverse Fourier
transforms of w, e, denoted by v, c belong to L?(R; H**(R3)) and L?(R; H"(R3?))
respectively. By taking inverse Fourier transform of (25), we see that the decompo-
sition

(28) xu = cgo + d°v
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holds on R* at least in the sense of distributions. Also, it is crucial to note that
both v and ¢ regarded as distributions are compactly supported. Suppose that u is
supported in [T7, T3] x R where 0 < T} < Ty < T. We translate [T1, T3] to [—a,a]
for a = (Ty — T1)/2 > 0. For fixed & = (&1, &2,£3) € R3, we know from applying the
Paley-Wiener theorem to %, (xui;)(s,€),4,7 =0,1,2,3,7 # j that

| (xuiz) (€0, )| < C(1+ o) Vel ™%l g eC

for some C, N > 0. From (26), we see the same type of estimates holds for w;. The
Paley-Wiener theorem tells that vy is supported in [T, T3] after the translation.
Because u is compactly supported in !, 22, 3 variables as well, we can repeat the
argument for &;,j = 1,2,3 with other {’s fixed to conclude that v is compactly
supported. The same conclusion holds for v;,7 = 0,1,2,3. Then it is easy to see
from (28) that ¢ is compactly supported.

By taking the inverse Fourier transform of (25), we find distributions ¢, v such
that u = cgg + d®v in the sense of distribution. Let tr and div denotes the Euclidean
trace and divergence. We have

(29) tr(u) = tr(ego + d°v) = 2c+ divo
(30) divu = div(egg + d°v)
Using (29) in (30), we obtain
1
(31) c= i(tr(u) —divw)
and

1
divu = 5 div((tr(u) — divw)gg) + div(d®v)

which gives four equations for v. In local coordinate, they are

Ay —0p(tru) + 2 Z?:o 000;v; (divu)g
Avy [ O1(tru) (divu),
(32) Avy | Do (tru) * (divu)z
Awvg O3 (tru) (divu)s

Here, A = Z?:o 8]2 denotes the Laplacian on R*. Because we known a priori that
v; are compactly supported, we can solve the last three equations

(33) Avj = —0;tru+2(divu);, j=1,2,3

by imposing Dirichlet condition. Given that u is smooth and compactly supported,
v; are smooth by standard regularity theory for elliptic equations. After that, we
use v1,vg, v3 to solve the first equation for vy in (32). This completes the proof of
the proposition. O

Proposition 3.2. Suppose u € C§(R3T1, Sme). Then we can write u = cgg +
d*v 4+ w where ¢ € C(R3*T), v € CE(R3FL, Ay),w € CP(R3*TL, Sym?) and trw =
divw = 0. In particular, if tru = divu =0 and Lu = 0, then u = 0.
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Proof. Let tr and div denotes the Euclidean trace and divergence. We look for ¢ €
CS(R3TY), v € C§°(R3T1, A1) which satisfy (29) and (30). Then w = u — cgo — d*v
is trace and divergence free. As in the proof of Proposition 3.1, we arrive at the
equations (32). We can solve the last three equations

Avj = —0jtru+2(divu);, j=1,2,3

by imposing Dirichlet conditions on a bounded set containing the support of w.
Given that u is smooth and compactly supported, v; are smooth by standard reg-
ularity theory for elliptic equations. After that, we use vy, v, v3 to solve the first
equation for vy in (32).

Finally, if Lu = 0, by Proposition 3.1 we know that u = cgg + d°v for some
c,v € C§°. Also, c,v satisfy (29) and (30). Because tru = divu = 0, we see from
(32) with Dirichlet boundary condition that ¢ = v = 0. Thus u = 0. O

According to the proposition, it is natural to introduce
(34) G = {h € C°(R*™, Sym?) : h is supported in X and trh = div h = 0}

which complements the kernel of the Minkowski light ray transform when acting
on A(X,e€). The conclusion is that L is injective on G and we solved the formally
linearized problem.

Remark 3.3. The results we proved in this section also hold for compactly supported
H* 1€ R tensors. In Proposition 3.1, if uw € H" is compactly supported, then for
wi, i =1,2,3 defined in (26), we have that () w; are well-defined distributions. By
repeating the rest of the argument, we conclude that there is ¢ € H*,v € H* so0
that u = cgo + d*v. Similarly, Proposition 3.2 can be adapted.

4. THE STABILITY ANALYSIS

We need some stability estimates for the light ray transform acting on two tensors.
This is not simple because of the presence of the microlocal kernel. It is known that
the normal operator of the light ray transform is not elliptic, see [9, 16, 17]. For the
Minkowski case, we can use the kernel as a convolution operator and introduce a
projection operator to obtain a stability estimate on the elliptic region.

As shown in [9, Lemma 4.1], L is an Fourier integral operator of order —3/4 as-
sociated with the canonical relation N*Z' where Z is the point-line relation. Hence
L : &' (M, Sym?) — 2/'(R? x §?) is continuous where &’ denotes the space of distri-
butions with compact support and 2’ the space of distributions. We use standard
product measure on R? x S? to define the adjoint L*. Let N = L*L be the normal
operator. It is shown in [9, Section 8] that N = (N7*™) is a convolution operator
or a Fourier multiplier indeed. From [9, Lemma 8.1], we know that the Fourier
transform of NJ*¥™ are locally integral functions given by

2m(|€]? — |7'2|)7% /Sl 076%0'0™mdv, ¢ = (1,€) space-like

\7Jklm
(35)  Nikm = !

0, otherwise.
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Here, Sé ={veS?: 7+ v=0}is a circle of radius |£|71(]¢]? - 7'2)%, 0 = (1,v).
We introduce

. 076%0'0™dv, ¢ space-like
(36) Kk — /Sl
0, otherwise.

so we can write NJFm = 27 (|¢|2 — ]72|)_%I§'jklm. Note that K75 are homogeneous
of degree zero in (. Some terms are computed explicitly in [9]. Let K be a Fourier
multiplier defined by (K Jkm) ' Observe that neither N nor K is elliptic for non-space-
like ¢. On (R3*1, go), we denote the cone of space-like vectors by I'*? = {(z,() €
TR3*L ¢ = (1,6) # 0,72 < |€[?}. Let x(¢) be the characteristic function of
I'*? ¢ R*. Let x(D) be the corresponding Fourier multiplier. The stability estimate
we look for is

Proposition 4.1. For f € G, there exists C' > 0 such that
(37) IX(DVFNl -y < CILS N0, € R.

Proof. We prove for u = 0. The general case is similar. For each ( space-like,
consider K : A, — Kjklmalm as a linear map on My, the vector space of 4 x 4
symmetric matrices. It is shown in [9, Lemma 9.2] that for space- like direction ,
there exists a projection P on M, such that kerK = kerP and PK = K = KP. In
particular, Pis homogeneous of degree zero in (. The explicit expression of P can
be found in [9] but we do not need it. For ¢ space-like, we define W = K + (Id —P)
and otherwise W = 0. If Wa = 0, we see that

0=PWa=PKa+0=Pa
This implies Ka = Pa = 0. Next,
0= (Id-=P)Wa = Ka— PKa+ (Id—P)a
=0— Pa+ (Id=P)a = (Id—P)a
Thus, we must have a = 0. So W is invertible in space-like directions. Let Q be

the inverse of W. Then Q is homogeneous of degree zero in ( for { space-like. We
introduce

Q(¢) = 2m)(IEP — 172);2, ¢ e R3H!

1
Q7O = @m) Mg - 1773, ce R

Let Q(D),Q 1(D) be Fourier multipliers defined by Q,Q~!. Observe that N =

Q(D)K = KQ(D). From (35) and (36), we get N f = KQ(D)f. Then

QD) f = QWD) f = QK+ (I - P)QUD)f = QNf+ QU - P)QD)f

Thus we have

X(D)f = Y (D)UD)f = Q" (D)QNf + Q™1 (D)Q( — P)QUD) f
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which implies that
(38) (D)l < CINFI, +ClIT - P,y

2

Now take f € G and consider » = (I — P)f. By the definition of P, we have
Kr = 0 which is equivalent to Lr = 0. Thus we have Pf € G so r € § which implies
that » = 0. So we get from (38)

(39) IX(D)fIl -y < CINFI 3

Finally, we use

INX(D)fllr < Clix(D)f 2 < Cl |2
and the fact that N(1—x(D))f = 0 to derive that L* : L?(R3xS?) — H> (R3*1, Sym?)
is continuous, see also [17]. Thus we obtain that

(DI, < CILS e
For general u, we can add the ({)* factor to the proof to get (37). O

5. THE PERTURBED TRANSFORM

We return to the identity (17) for ¢g,g € A(XK,¢€). Using Lemma 2.2 and 2.3, we
have

68(20)(50 — m(s,Z(O))72(872(0)))@%(5’2(0))
VA
0z Id sld

=7 (%0 = ,20(5,2%)) + O(e) = (O Id> +0(e)

in C'. Here, zq is the Hamiltonian flow for gg. We repeat the calculation in Section 3
for g,g € A(X, €) with tr g = tr g,divg = div g. We still get (20) with v = g7 —g".
From the last four components of (17), we obtain that

so 3 3
(40) / Y (L wig(=(5),C(9)))Aku (2(5))Gi(5)¢i (s)ds = 0, k=0,1,2,3
0 =
2,7=0
where w;; € O(e) in C and we used (z(s),((s)) = z(s,z(?)). In this section, we
analyze a weighted light ray transform

3
SO . .
(41) Luu(7) :/0 D (4 wig(v(s), 7(9)))uig (v(9)7 ()37 (s)ds
i,j=0
where v denotes light-like geodesics on (M, g) for g € A(X,€), and w;; are smooth
functions supported in a fixed compact set satisfying
3
(42) [wlier = [lwijller < e
i,j=0
We assume that € € (0, 1) but later € will be taken to be sufficiently small. By raising
and lowering indices using g, the integral in (40) becomes the transform L,,. Our



14 YIRAN WANG

goal is to prove the injectivity of L,, which is the key ingredient for proving Theorem
1.1. Note that L,, is a perturbation of L but it involves both small weight and metric
perturbations. The idea is to obtain a stability estimate similar to Proposition 4.1
which allows us to recover 4 on a non-empty open set of the phase space.

Consider the metric g € A(X,€) as a perturbation of gg. Let v;, be the unique
geodesic satisfying 7, ,(0) = (0,2) and 4;,(0) = (1,v). As shown in Lemma 9.2 of
[14] (with slight modifications to adjust the parametrization of geodesics), we can
write vz (s) = (s, x+sv)+ (s, z,v), B(s, x,v)) with § = (51, f2, #3) such that a, 5
are smooth scalar functions satisfying

(43) lallezany < Coes IBillezny < Coe

for some Cjy > 0 uniform for g € A(X, €). From now on, we use this parametrization
in (41).

FiGUrE 2. Construction of the cut-off function v in phase space.
The picture shows the cones I'g”, 7% and I's? _ projected to the 7-|¢|
plane when £ is represented in polar coordinates. The shaded region
is X¢ defined in (45) on which the function ¢ = 1.

First, we construct a cut-off function in the phase space, denoted by 1 below.
Note that for any ¢ € T,R3*!, we have —3¢|¢|? < g(¢,¢) — go(¢,¢). For € > 0, let

3
(44) ge = —(1+3€e)dzf + (1—3¢) Y dz?
i=1
We have g.(¢,¢) < ¢(¢,¢) for all ¢ € R For our construction, we will need
ke, Gore for some k > 1 to be chosen later. Let I'g’, TR, TSP be the space-like cones
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for g, gue, g2xe- Note that T'gP varies as the base point varies but we always have
P c Tk c TP See Figure 2. It is important to keep in mind that s will be
chosen independent of € so when « is fixed, the cones will be sufficiently close when
€ is sufficiently small. Next, we avoid possible singularities at the vertex of the cone.
Let B, = {¢ € R*: [¢] < €} and define

(45) T)CE =T p\BQE and :X:Qe = FQ}{E\BC'
Note that X, C Xo.. See Figure 2. Now we let 1/({) be C*° function such that ¢) =1

on X, and ¢ = 0 on R*\Xy.. We define a Fourier multiplier via ¢)(D) = Z ~1y.%.
Next, for f € Cg°(R3H, Symg) supported in K, we write (41) as

(46)  Luf(zv) / S 6(5)(1 4 10552 0)) iy (e (8) Vs () ()

,j=0

in which ¢(s) is compactly supported on R and ¢(s) = 1 on [0, sg]. The choice of ¢
is not unique but it will not affect the transform. We consider

(47) Lyf= wa(D)f + Lw(l - 1/J(D))f
in which ¢(D),1 —¢(D) are acting on each component of f. For our injectivity
result, we make the following assumptions.

(48) £l 372 < CollX(D)fll gr-1/> for some Cg > 0.

In fact, this condition is more than what we need but it is easier to state. We deduce
that

(49) 1%(D) fll g2 < Collb(D) fll =172 + Coll fll e

for p € R and some generic constants C,. We will estimate the two terms on the
right hand side.

Lemma 5.1. Let k > 1. For € > 0 sufficiently small and all w satisfying (42) and
g € A(K,¢€), we have

(50) WD) -1 < CrllLwp(D)f |2 + Cpll flle,  f €S-
for some C1 > 0 uniform in w, g.

Proof. We prove by using a perturbation argument. Hereafter, C' denotes a generic
constant (independent of €). We do not keep track of it.

The idea is to compare L,, with the transform for a constant metric perturbation
of go. In particular, let Lok be the light ray transform of goy.

(51) Lowe f(z,v) / o(s Z fij(c Lo o+ sv)@ZHst 6= (ctv),ves?

4,J=0

1+46ke
1—6ke

outside some compact set W in R3*!. This can be arranged by taking W = [0, 7] x
W with W compact in R? and sufficiently large such that any light-like geodesic

where ¢ = ( )% is close to 1 for € small. Note that it suffices to assume goxe = go
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on (M, g) staring from {0} x W¢ does not intersect . Then we can make the
arrangement gox. = go outside W by using a smooth cut-off function. The new
metric is still a small perturbation of gy and the transform is unchanged.

Next, let v4,(s),s € (0,s0) be a light-like geodesic for metric g on M and write
Yo (8) = (s, 2+50)+(a(z, 5,v), B(x, s,v)) with estimate (43). For f € C§°(X, Sym?)
and (z,v) € R3 x S?, we have (with +2 = —1)

(52)
(D)f(wv U) - L2ne¢(D)f(9U7 U)
3

Lo
=/ (s) Z((1+wm)¢( ) fij (Ve () A0 ()32, (8) = (D) fij(c™ s, + 50)6'07 )ds

157+1(z+sv)-€ B (et +BE)Y (e =1)sT
=(27)~ /}RB//gbs Z ((1+ww)(1 e ) — wije )

1,]=

S (7,€) fij (7,€)0°07 dsdrdé
3

’LST+’L (z+sv)-€ . _ ar+p-€)
en [ [ ot S (1 wy) (1 — e

1,7=0
(7, €) fij (7, )yjdsdrde

where w;; are constants close to 1, and w;; are smooth terms of order O(e) in C!
coming from the differences of 6 and 4, ,, thanks to the estimate (43). Thus

Hwa( )f_L2new< )fH%Q
6 <o [« N Y 058t O

1,j=0

<Oeb(D)fl, 3 I(D)fl, 3 < Cel(DIFI _, + Cyll Il

Here, we used that goxe is arranged to be equal to gy outside some compact set of
R3L. Thus L,y (D) f(z,v) — Laxet(D) f(z,v) is compactly supported in z. Also,
we used (49).

Next, we need a stability estimate like Proposition 4.1 for Lok.. This can be
obtained by transforming Lo, to L. We consider a diffeomorphism ® : R3+! — R3+1
defined by ®(¢,z) = (c7't,z) = (s,z). We see that ®* f;;(t,z) = fij(c™1t,2),i,j =
1,2,3, ®* fo;(t,z) = cLfo;(c7t,x),5 = 1,2,3 and ®* foo(t,x) = ¢ 2foo(c t, x).
Thus

Lowe f (2, 0) /¢ Z fii(c™ @+ tv)0'07 dt

JO

/(b Z O* fi(t, v + t0)0'07 dt = LO* f(x,v)

4,J=0
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Note that if f € G so tr f = div f =0, then tr ®*f = 0 and div®*f = 0. Applying
the estimates for L, we get

(54)  IIx(D)®fIl -y < CIL®"fl[r2 + [|(Id =P)®" f|[ 2 = C|[ Lae f| 12

For the left hand side of (54), we use Plancherel’s theorem to get
(D) fI2 _y = / ((7,€) " x(r ) f (7 /e, &) PPc2drdg
R4
= [ (en &) er 9 f(r )P arde > Collxane DI,

Here, xoxe is the characteristic function for the space-like cone I‘Q,% and define
X2ke (D) as a Fourier multiplier. Also, the constant Cy can be taken to be indepen-
dent of e. We thus get from (54) that

(55) Ix2re(D)fIl -1 < CllLanexane(D)f |12 + €llxane(D)fIl -1, [ €S

Finally, note that y2xet) = ¥. We have yaxe(D)Y(D)f = ¢(D)f. Thus combining
(53) and (55), we derive that

W(D)fHHf% < CHL2neX2He(D)w(D)fHL2
< CllLwp (D) fllz2 + | Lwb (D) f = Loxeth (D) f| 2
< CllLw¥ (D) fllz2 + Ce%l!i/)(D)flle + Cpllfllzze

For € sufficiently small, we obtain

WD)l -3 < CrllLwtp(D) fllzz + Coll fllme, €S
which completes the proof. O

1
2

Lemma 5.2. There exists & > 1 such that for all € > 0 small, we have

(56) [ Lo (L =(D) fllg2 < C-all fllg—, fe€S
where the constant C_1 is uniform in w satisfying (42) and g € A(XK,€).

Proof. We start from

(D)) f(z,v)

3
(57) / o(s Z (14 wis (5,2, 0)) (1 — (D)) i (o (5))3 0 (530 (5)ls
1,J=

We write ’ymv( ) (s + (a: s,v),x 4+ sv + fB(x, s,v)) and get

(D) f(
/ / / / / (z+sv+B(x,s,0)—y)-E+i(sta(z,s,v)—0)T
R3 R3

¢(s) Z (1 +wij(s,2,0) (1 = (7, ) fij (0, Y) a0 (8)32 o (s)dodydrde ds

4,j=0



18 YIRAN WANG

This is an Fourier integral operator (FIO) with phase function
O =(x+sv+p(x,s,v)—y) &+ (s+ alz,s,v) —o)T
Using &, 7, s as parameters, we see that the critical set is given by
(58) x4+ sv+ p(z,s,v) =y, s+alz,s,v)=0, v-&+0sfE+ (1+ dsa)T =0.

Note that 1 —1(7,§) is supported in |7] > (1+ke)|| for |7[, |£| large. On the critical
set, we obtain from the last equation of (58) that

€] = [v- &l = (1 +a)l|7] - blg]|
where a,b € (0,Cz¢) for some Cy > 0 independent of € and is uniform for metrics
g € A(X,e). This implies that |[7| < (1 4+ Cs¢)|{] for a fixed C3. Now we can
choose k > max(C3, 1) so the critical set is empty for |7|, [€| large. Because 1 — 1) is

supported in Bo UR*\X,, we see that the operator (57) is smoothing and we obtain
the desired estimates. g

From now on we fix k > 1 such that Lemma 5.2 holds. The key result of this
section is

Proposition 5.3. Suppose f € H3? NG satisfies (48) and ||f||-12 < CY for
some C{ > 0. Then there exist € > 0 sufficiently small and Cy > 0 such that for w
satisfying (42), the light ray transform L., satisfies

(59) WD),y < CallLwflirz f€S.
Proof. Using Lemma 5.1 and 5.2, we arrive at
(60) WD) -3 < CrllLwfllzz + Call fll -1

We argue by contradiction and assume that (59) is not true. Then for n =1,2,--- |
there exists (i) metric g" € A(XK,1/n); (ii) weight function w™ on M supported in
K with ||w™||cr < 1/n; (iii) f™ € H~2 NG supported in X with N =12 < CF
and ||¢(D)f”||H_% = 1, such that

(61) [oD)F 1], -1 = nllLwn gny 7| 2

where we added g™ to the notation L,» to emphasize its dependency. Because
H2 (X) is compactly embedded in H~1(X), there exists a subsequence still denoted
by f" which converges to f in H~1. Taking n — oo in (61), we arrive at || Lf||;2 = 0
so Lf = 0. Note that f also satisfies tr f = div f = 0. By the injectivity of L on
compactly supported tensors (see Remark 3.3), we get f = 0.
Finally, using (60), we get
CullLgnwn L2 + Call f" |- > 1

which implies that || f||z-1 > C > 0 by taking n — oo. This contradicts to f = 0. O

Now we prove the injectivity of L.
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Proposition 5.4. Suppose u € G satisfies (48). Then there exists € > 0 such that
and Lyu =0, then u = 0.

Proof. By rescaling u, we can assume that |ul| ;12 < Cf and u satisfies L,u = 0
and (48). With Lyu =0, u € G, we deduce ¢(D)u = 0 from Proposition 5.3. By
the definition of ¢(D), we conclude that & = 0 on X.. Thus we obtain that & = 0
on R* by the analyticity of 4. So u = 0. g

6. PROOF OF THE THEOREM

Consider ge,, ge, in the statement of Theorem 1.1. Following the argument in
Section 2, we arrive at the identity (40). We need to check that dpu”’ = Oygel —

Orge) satisfies condition (48) in order to apply Proposition 5.4. We observe that
lime, e, (Okgel — Orge) /(62— €1) = 0cOkge’ |e=e,- Note that 0O ge’ |c—o is a fixed non-
zero tensor hence satisfies the condition (48) for some constant C’. By continuity
of the norms in €, we conclude that Jyu® satisfies (48) for €1, o sufficiently small
with possibly a different constant C’. Then we can apply Proposition 5.4 to obtain
€ > 0 such that dyu = 0 if €1, €2 < €. By the fact that v is compactly supported, we
conclude that © = 0 so g¢;, = ge,. This completes the proof of Theorem 1.1.

Finally, we remark that one can state a more general version of Theorem 1.1.
Let g, g be Lorentzian metrics in A(XK, €) and S, S be the corresponding scattering
relation for null geodesics defined as in (2). Suppose that Jx(g—g), k = 1,2, 3 satisfy
(48), namely

10k(9 = Dl 32 < CollX(D)(Ok(g = 9)llgg-1/> for some Cj > 0
Then there exists € > 0 such that, if S =S, then g = §.
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