Planarity

K p, q G or planar draw G G plane

r_1 r_2

r_3

r_4 v_1 v_2

v_3 v_4

K_4.

G region of G G G r_1 , r_2 , r_3 and r_4 r_1 v_1 v_2, v_2 v_3 and v_3 v_1 r_2 v_1 v_2, v_2 v_4 and v_4 v_1 r_1 G G

1

If G p, q r p − q + r = 2.

Proof. q = G is connected, p = r = q q ≥ G p, q G p = q + r = G e G C H = G − e e H H has p vertices, q − r −

p − (q − + (r − = 2.

e H G G p − q + r = 2.

Since p, q G

G x and y G + xy G G G r r is

triangulations

If G p, q p ≥

q = 3p − 6.

Proof. Let r G G

K r r = 2q.

p − q + 3 2q = 2 or q = 3p − 6.

If G p, q p ≥ q ≤ 3p − 6.

Proof. G p q^* ≥ q q ≤ q^* = 3p −

G δ(G) ≤ 5. Proof. Suppose G = (V, E p, q V = { x_1 x_p }. If p ≤ p ≥ q ≤ 3p −

i =1Σ p i = 2q ≤ 6p − 12.

p G q ≥ 6p G

K graph K_5 K Proof. K G K K G 4r ≤ 2q = 18. r ≤ 2 = p − q + r ≤ 6 − 9 + 4 =

K and K_5.

K_5 Proof. If K_5 K_5 q ≤ 3p − 10 E(K_5 ) − 6 =

K and K_5

subdivision e = xy xy w wxand wy. G xy x, w, y

H is H G or H is G G is G and H F

K K ?

K .

G G K_5 or K .

Proof.

K_2.

K_5 or K K_5 or K

K_5 or K G size.

δ(G) ≥ G G v with = 2 v u and w

Suppose uw G G − v G − v G G − v with K_5 or K G G − v G − v v vu and vw G G uw G G_1 = G − v + uw is G G_1 F K_5 or K uw or G with K_5 or K F − uw + vu + vw G F G K_5 or K δ(G) ≥ G e = uv H = G − e H K_5 or K G H H K_2 H u and v H cycle C containing u and v C

C : u = v_0 , v_1 v_i = v v_n = u < i < n − 1. ( H of G C H.

Since G e H G. v_0 , v_1 v_i H C as

{ v_i , v_{i +1} v_n }. H + e v_j − v_k path P H < j < i < k < n P v_j and v_k C v_j or v_k C P C v_j or v_k.

Let H_1 H − { v_l 0 ≤ l < n, l ≠ j, k P C H_1 C G H v_r − v_s path P_1 < r < j, i < s < k j < r < i and k < s < n v_r and v_s C K with v_j , v_s , v_i v_k, v_0 , v_r

v_0

v_j

v_r

v_i v_k v_s

P_1 P

x ∈/ V(C C

P_1 v_0 , v_i , v_j and v_k P_1 v_0 v_r and v_s where j ≤ r < i and i < s ≤ k r = j and s = k P_1 v_i , v_j or v_k,

K x, v_k, v_i v_0 , v_s , v_r

v_0

v_j

v_r

v_i v_s v_k x P

x ∈/ V(C C

P_1 , P_2 and P_3 x v_0 , v_i , v_j and v_k v_0 , v_i and v_j v_t − v_k path P_4 (v_t ≠ v_0 , v_i , x v_t P_1 or P_2 P_4 P_1 and P_2, and C v_t and v_k P_1, P_2 and P_3 produce

K v_0 , v_t , v_j x, v_k, v_i

P_1

P_2

P_3

P

P_4 x v_0

v_j

v_i v_k

v_t

x ∈/ V(C v0 , vi , vj and vk

K_5 is v_0

v_j

v_i v_k x

P

K_5 or K G

G_1 = (V_1 , E_1 G = (V, E piece of G relative to G_1 e = uv where e ∈/ E_1 and u, v ∈ V(G_1 G − G_1

h i g e f

j k

G C: b, c, d, h, i, g, b.

P G_1 P in G_1 segment. If C G C C incompatible C

C c d G C.

P(C P(C P(C G C G C P(C P(C C C

[2]).

G C of G P(C

Proof. Suppose G G K_5 or K G K_5 or K (the

C P(C K_5 K P(C G P(C discussion.

Consider K_5 with V(K_5 ) = C C K_5 − C P(C) = K_3 K_5 to K

1 2 5

4 3 1 2 3 4

1 3

2 4 C

C K_5 .

1 4 2 5 3 6

1 5 2 6 3 4

C K .

G G^* as G G^* G^* are

G G^* of G G^* G of G G^* geometric) G^* G.

G and G̃ 1− C G G̃ is C̃ in G̃ corresponding C in G

G Proof. G G^* G G^* Aand B C C C^* G^* C Aand B C^* G^*.

C^* of G^* C in G C G G^* G vof G G G^* G^* G^* G G^* C

G C C C^* G^* G. G_1

immediate.

If G G^* G^* )^* = G.

graphs. G G Proof. G G is K_5 or K

K_5 K_5~ K_5

− K_5 K_5~ − − K K̃ K 4− − K̃ K̃ K̃ . K K̃ algorithm.

E 3p −

−

This contraction

Ĥ H of G G (say Ĝ Ĥ ⊆ Ĝ Ĥ G-admissible. As G = K_5 − e_1 where V = e_1 G- G H = G − e_2 where e_2 is

Let S G H S r of Ĥ S r Ĥ S Ĥ_1 , Ĥ_2 Ĥ_{E− p +2} = G Ĥ_i ⊂ Ĥ_{i +1} Ĥ_i is G- G S G Ĥ_1

1

2 3 4

5

3

4 1 2

5

H. current Ĥ_i S R(S, Ĥ_i R(S, Ĥ_i S Ĥ_i S r Ĥ_{i +1} P between S r P P

[2].

Input: − 5). Output: Method: C. C C Ĥ_1 i ← 1 and r ← 2.

r E p + 2,

S of Ĥ_i in G S determine R(S, Ĥ_i ).

Swith R(S, Ĥ_i ) , G S R(S, Ĥ_i ) 1, R } = R(S, Ĥ_i );

S R R(S, Ĥ_i ).

P in S H_{i +1} = H_i ∪ P to Ĥ_{i +1} with P R.

i ← i + 1, r ← r +

G = K_5 − { e_1 , e_2 V = e_1 e_2

C = H_1 of G Ĥ_1 i = r = 2.

5 1 2 3 r_1 r_2

S_1

S_2

Ĥ_1

Ĥ_1

Ĥ_1

S_1 and S_2

R(S_1 , Ĥ_1 ) = { r_1 , r_2 } = R(S_2 , Ĥ_1 ).

S_2 P R(S_2 , Ĥ_1 ). r_2 of Ĥ_1 Ĥ_2 r_3 r ← i ← Ĥ_2 r_2 Ĥ_3.

region r_1 or r_2 r_1 Ĥ_4

5

r_1 r_2 r_3

Ĥ_2 P 5

r_1 r_2 r_3

r_4

Ĥ_3 r_2 .

r_1 r_2 r_3

r_4 r_5

Ĥ_4 = K_5 − { e_1 , e_2 }.

O(V

C P_i C paths P_i C C G G G planarity.

G D_G num(v lowpt(v v lowpt(v) = v nextlopt(v v lowpt(v nextlopt(v) = v.

S_v v

lowpt(v) = S_v) and nextlopt(v) = v} ∪ (S_v − lowpt(v

vertices.

If G = (V, E T edges B u ∈ V v, w ∈ V u → v ∈ Tand w vin Tand lowpt(v) ≥ num(u).

num(v) ≥ nextlopt(v) > lowpt(v v T lowpt(v) = nextlopt(v) = num(v) = 1. D_G D_G E(G e = v → w ∈ E(D_G

ϕ (e) = 2 lowpt(w) + 1

2 lowpt(w) 2 w if e nextlopt(w) < v.

if e nextlopt(w) ≥ v if e

v → w v ϕ (v v (v v

v_1 v_2 v_3 v_4

v_5 v_6

v_7 v_8

v_9

G D_G v_1 lowpt nextlopt value. ϕ v_1

v_5

v_2

v_4

v_3

v_7 v_6 v_8 v_9

1 2 3 4

5

8

9

vertex (v) lowpt(v) nextlopt(v) v_1 v_5 v_2 v_4 v_3 v_7 v_6 v_8 v_9

D_G z (z C z = P_0 = C z = (z arc ϕ arc ϕ arc ϕ v_1 → v_5 2 v_5 → v_2 2 v_2 → v_4 2 v_3 → v_7 6 v_3 → v_6 3 v_6 → v_8 8 v_7 → v_2 6 v_8 → v_4 8 v_6 → v_2 6 v_2 → v_9 4 v_9 → v_5 4 v_4 → v_3 3 v_4 → v_1 2 v_6 → v_1 2

ϕ values.

vertex (v (v) v_1 v_5 v_2 v_4 v_9 v_3 v_6 v_7 v_4 v_1 v_3 v_5 v_2 v_6 v_1 v_2 v_8 v_7 v_2 v_8 v_4 v_9 v_5

P_1

D_G P_2 P_3 P_4 P_5

Input: D_G

Output: P_0 = C, P_1 P_k. Method: s

i ← 0, P_i .

w ∈ (v P_i ← P_i ∪ { v → w }.

v < w,

else i ← i + P_i .

E V. P_i

vertex.

P_i and P_j s_i, t_i and s_j, t_j, s_i s_j t_i ≤ t_j.

P_i and P_j s and t v_i P_i and v_j P_j s → x_i nextlopt(x_i ) < s s → x_j nextlopt(x_j ) < s.

nextlopt lowpt

segment of D_G C C v → w with v ∈ C and w ∈/ C T w v of C C

P_1 , P_2 , P_3 and P_4 P_5. C C S v_i is v_{i − 1} → v_i, v_i → w, v_i → v_{i +1}

v_{i − 1} → v_i, v_i → v_{i +1}, v_i → w.

v_1

v_{i − 1}

v_i

v_k w

v_{i +1}

. . .

. . .

C.

C

G

C

Let P S P vertex v_i v_j S P C x → v_t C v_i and v_j x → v_t satisfies v_j < v_t < v_i then S C.

algorithm. S S ∪ C S ∪ C S G. 1 2 3 4

7 5

1 2 3 4

7 5 Ĉ_1 P_2 C P_1

P P P P Ĉ Ĉ from Ĝ = S ∪ C

P_4 inside Ĉ_3 Ĉ_3

P_3 Ĉ_2 P_4 Ĉ_3 Ĉ_3

3 4 5 7 8 Ĉ_2 P_3

Ĉ_2. 1 2 3 4

7 5 8

9 6

Input: − E 3V 6. Output: Method:

G) G D_G.

C in D_G. C. S G − C S ∪ C

Planar(S ∪ C). If S ∪ C S G

O(V E E V

O(V E O(V E) − E 3 V O(V).

results. G p C G e diagonal C if e C r_i G i C r̂_i denote i C

Let G p C

i =3Σ p (i − r_i − r̂_i ) = 0.

Proof. C m of C i =3Σ p r_i = m + 1.

m = (_{i =3}Σ^p r_i ) − 1. Let N m +

N =_{i =3}Σ^p ir_i . However, N C N = 2m + p.

Nand m i =3Σ p ir_i = 2_{i =3}Σ^p r_i − 2 + p.

Thus, i =3Σ p (i − r_i = p − 2.

i =3Σ p (i − r̂_i = p − 2.

i =3Σ p (i − r_i − r̂_i ) = 0.

r

C r_3 = r̂_3 =

to C C. C r_3 = − − r̂_3 = r

r

Exercises

G p, q r p − q + r = 1 + k(G k(G G.

f , d)− d d ≥ f − regular

G p ≥ p_i i in G i = Δ(G) = n 3p_3 + 2p_4 + p_5 = p_7 + 2p_8 + + (n − p_n + 12.

p, q 2 3 q edges.

p ≥

with K

G p, q g(G) = k ≥ E (k − k(p − .

G is V E G T and E^* = { e^* ∈ E(G^* ) e ∈/ E(T T^* = ( E^* ) G^*.

V(G) G and G

− e and f.

e f

References

− 160.

Rev. − 47.

Circuits. − 58. JACM, 21(1974), 549− 568.

− 283. − 84.