Aand Bin C and D

A B

D

C

eulerian if

→

C

D

G: G G G Proof. v G C G, G entering v v

G k G G k cycles.

C^* of G

than k G C^* E(G). G m any k ≤ k ≤ m G k G k = C k k < m of G G C.

Let C_1 vertex v C C_1 contains k +

G G

exercises. Let G = (V, E k (k > E k

D = (V, E): D v∈ V, = . E

C C C G − C.

Input: p, q G = (V, E). Output: C of G. Method: C_i G − C_i

v_0 ∈ V C_0 = v_0 and i ← 0.

C_i = v_0 , e_1 , v_1 e_i , v_i

v_i e_{i +1} C_i graph G_i = G − E(C_i

C_{i +1} = C_i, e_{i +1}, v_{i +1}.

i ← i + 1. i E C = C_i

If G eulerian.

Proof. Let G C_p = v_0 , e_1 e_p , v_p v_p G_p v_p = v_0 C_p

C_p C_p G G C_p S

G_p S ∩ V(C_p G v_p ∈ S _ = V − S i v_i ∈ S ∩ C_p but v_{i +1} ∈ S _ . Since C_p S _ i < p S _ G_i that joins S and S _ C_p e_{i +1} S to S _ G_i.

e_{i +1} G_i.

e G_i v_i

e G_i H_i, S in G_i H_i ⊆ H_p S in G_p e is H_p e_{i +1} G_i and v_i C_p S H_i = H_p deg_{Hp} v = deg_{Gp} v v of H_p H_p H_p

G G

Input: G = (V, E Output: C of G. Method:

v ∈ V C_0 v i = 0.

E(C_i ) = E(G); C = C_i

v_i on C_i C_i C_i^* v_i G − E(C_i C_i^* v_i.)

C_{i +1} C_i and C_i^* v_{i − 1}, traversing C_i v_i C_i^* v_i C_i i ← i +

e_1 = vwand e_2 = vx G_{1 2} H e_1 and e_2 from G zadjacent to w and x G H by identifying the vertices z and v z and v z and v H G { e_1 , e_2 H

G e_1, e_2 E v z v ==>

e_1 and e_2.

Input: G = (V, E). Output: C of G. Method:

G G_1 i ← c_i G_i.

c_i = 1, C = G_i; T and T^* of G_i v_i C_{i +1} v_i T and T^* v_i

G_{i +1} = G_i − {T, T^*} ∪ C_{i +1} C_{i +1} as G_{i +1} T = C_{i +1}, i ← i + c_i G_i p, q G q d problem, q ≤ d ≤ 2q

w(e) ≥

tour

(path).

x Since x

If G p ≥ xand y, + ≥ p G

Proof. graph G p ≥ G is x and y in G G + xy p ≥ G

H = G + xy H

H x to y x − y P: x = v_1 , v_2 v_p = y in G v_i ∈ N(x), then v_{i − 1} ∈/ N(y

v_1 , v_i , v_{i +1} v_p , v_{i − 1} , v_{i − 2} v_1 G x of V − { y y ≤ (p − − is, + ≤ p −

v_1 v_p v_{i − 1} v_i P

If G p ≥ δ(G) ≥ 2 p G is

hamiltonian.

Let x and y G p + ≥ p G + xy G is hamiltonian.

Proof. If G G + xy G + xy G closure G CL(G G p

If G_1 and G_2 p G_1 = G_2 CL(G

Proof. e_1 , e_2 e_i and f_1 , f_2 f_j G G_1 and G_2 e_m G_2 f_n G_1.

Let e_k = uv e_1 e_i G_2. H = G + { e_1 e_{k− 1} G_1 it

deg_H u + deg_H v ≥ p.

e_k, H G_2

deg_{G2} u + deg_{G2} v ≥ p.

u and v G_2 f_n G_1 G_1 = G_2

below.

==>

==> ==>

G CL(G

If CL(G) = K_p CL(G G is

theorem.

O(V^3 + V(G) x, y Ore-type O(V^2

G C. G x ∈/ V(C x C.

Input: G. Output: G. Method:

P: u x_k v.

V(C) V(G). If u v,

C: u v, u;

k u x_{k+1} and v x_k C: u, x_{k+1} , x_{k+2} v, x_k, x_{k− 1} x, u.

x ∈ V(G − C P^* x of C P P^*.

G ≠ K_p

K_r ∪ K_r.

If G vertices xand y, N(x) ∪ N(y) 3 2p − 1 ,

then G G CL(G) = G?

N(S S x, y

x y x and y x, y

Let G k n ≥ some t ≤ k S of t N(S) t + 1 t(n − G

Proof. Suppose G C m G x_0 G off C C: v_1 , v_2 v_m. t paths from x_0 to C x_0 w_1 , w_2 w_t C C x_i w_i C X = { x_i 0 ≤ i ≤ t X t + C G X V(G A = V(G) − N(X)

(A X);

B = {v ∈ V(G) i vx_i ∈ E(G

(B u Yof t Xwith u ∈/ N(Y)); and D = V(G) − (A ∪ B).

A_C = A ∩ V(C A_R = A − V(C).

Now, X ⊆ A x_0 ∈ A_R C X V(G) − V(C results.

Claim: t D on C.

a_1 and a_2 Aon C. Since X ⊆ A a_1 and a_2 C [x_i , x_j < i < j ≤ t x_t , x_1 v ∈ N(x_j v^+ v on C v^+ ∈ N(x_k x_k ∈ (x_j , x_i v and v^+ a_1 , a_2 x_j x_0 x_0 v ∈ E(G v^+ x_k ∈/ E(G k C w_i, w_j w_k x_0 v v^+

w_k x_k x_0.

along C C

x_0 w_k x_j , v x_k, v^+ w_j , x_0

N(x_i N(x_{i − 1} N(x_{i − 2} N(x_1 N(x_t N(x_{i +1} N(x_0 ) a_1 , a_2 t + t D between a_1 and a_2

x_0

>^{a 1} v v^+

a_2 w_j w_k x_k w_i x_i

x_j w_i , w_j , w_k.

x_j ≤ j ≤ t number s B s B/(t + Bin V(G) − V(C n − m A_R X V(G) − V(C B on C least m − (t + A_C

B B ∩ C B − C

≥ n − m A_R m − (t + A_C

= n A_R (t + A_C and s ≥ t + 1 B ≥ t + 1 n − t + 1 A_R A_C.

Since X − { x_j t A_R 1,

N(X − x_j ) n A s = n A_R A_C s ≤ t + 1 t(n A_R) ≤ t + 1 t(n − .

t + K_r which t bound.

tK_r + K_t n-closure

If G n S = {a, b

N(S) 2 n , then G n >

traceable P_n

G is G, while G is hypohamiltonian if G G − v vertex v of G hypohamiltonian. p ≥

exercises.

G is G

C_n (n ≥

p, q G p + CL_{p +1} (G G p +

Let G p CL_{p +1} (G G is

Proof. If p = p ≥ G order p CL_{p +1} (G) = K_p x and y G x and y G

Let H G w wxand wy H p^* = p + 1.

Since deg_H u + deg_H v ≥ p^* u and v in G that < V(G) > in CL(H K_p u ∈ V(G uw ∈/ E(H deg_{CL(H)} u + deg_{CL(H)} w ≥ p^* CL(H K_p^* H H must wxand wy x and y G.

If G p

x and y in G, + ≥ p + G connected.

If G p ≥ 2 p + 1 x G

G = (V, E panconnected x and y x − y l l satisfying d(x, y) ≤ l V G

If G p ≥ x ∈ V(G), ≥ 2 p + 2 G

G p is pancyclic l, ≤ l ≤ p G is G l, ≤ l ≤ p

If G p, q q ≥ 4 p^2 G is

p G K_2.

F = {H_1 H_k if G F F H G is H Z_1 = K + e.

G K , Z_1 G is hamiltonian.

Proof. Suppose G G C : x_1 , x_2 x_n , x_1 G vertex x C x_i C < x, x_i , x_{i − 1} , x_{i +1} > K Z_1 xx_{i − 1}, xx_{i +1} x_{i − 1} x_{i +1} G xx_{i − 1} or xx_{i +1} C C G

N

N. G is

K , N G

K , N G

H S and G is H G S G S H B 5.4.2.

If G R, S R = K and S N, C_3, Z_1, B, P_4, P_3, K_2 or K_1 G

P_3

P_3 K_2 or K_1 G K_1 or G P_3

Z_3

W B

Wand Z_3 Z_i i If G G is

K , P_6

K , W

K , Z_3 p ≥ 10, then G

. . G_1 . . G_0

K_m

K_m

K_m

G_2

K_m

G_3

K_m e_1 e_2 e_3

G_4

K_m G_6 G_5

Let R and S R, S ≠ P_3 G n ≥ G R, S G R = K and S C_3, P_4, P_5, P_6, Z_1, Z_2, Z_3, B, Nor W.

Proof: G

G_0 G_6

R G_1.

R P_4.

Since G_4, G_5 G_6 P_4 S S G_4 S S induced C_4 G_5 is C_4 S

G_6 is K S=K .

R P_4.

G_0 R

R P_4 R = K R = K .

Now, S G_1, G_2 G_3 S G_1 S S is K_3 S S G_3 P_7 S P_4, P_5 or P_6.

S K_3 G_3 is Z_4 G_2 Z_3, Z_2, Z_1 K_3 G_2 3 e_1, e_2 and e_3 from G_3 K_3 with B or W K_3 N.

The^n G V(G^n ) = V(G which uv G^n ≤ d_G (u, v) ≤ n G^2 and G^3 are square and cube of G

K S(K subdividing K S(K K e = xy w wxand wy S(K ). G G G

G = S( K ) G^2

S(K

Let G G^2

L(G G G G C.

Let G L(G G K_n (n ≥ G

H L(H H of H C V = V(C U = V(H) − V C < U > H U to Vin H

No U − V H Tof H.

Proof. T C C T C C e e T creates C T C C T contradiction.

Let G p ≥ L^2 (G L(L(G hamiltonian.

Proof. Let H = L(G L(H) = L^2 (G V(H V ∪ U U − V H e_1 f_1 e_r f_r (r ≥ U − V H and let v_i e_i and f_i in G ≤ i ≤ r e_i f_i H, deg_G v_i = ≤ i ≤ r

H − { e_i f_i 1 ≤ i ≤ r }

G − { v_i 1 ≤ i ≤ r v_i 1 ≤ i ≤ r G

If G δ(G) ≥ L^2 (G hamiltonian.

K_2

Input: G = (V, E inequality.

Output: C

C_1 of G i ← 1.

i = p C = C_p

C_i ≤ i ≤ p v_i C_i w_i and w_{i +1} of C_i.

C_{i +1} v_i between w_i and w_{i +1} on C_i

r r r opt. r r r-optimal r r exchanges r = r = 3

If G p ≥ ≤ t ≤ p G C_t u and v + ≥ 2p − t, G + uv C_t.

Proof. If G contains C_t G + uv.

G + uv C_t G P t − G joining u and v U = V(G) − V(P). U p − t u and v U p − t t P.

C_t P.

G p u and v N(u) ∪ N(v) s, then G s + p < s + 2) G

Proof If p < s + G p ≥ s + G p x_1 , x_2 x_t P of G x_i and x_j (possibly i = j P to x_1 P x_i i x_1 and x_{j− 1} W = { x_1 x_i } x_{j− 1} P i ≤ s + x_1 and x_{j− 1} j i, i − x_1 x_2 x_i x_1 x_{i − 1} P W G i ≥ s + G s +

girth graph G g(G G G G f(g, δ G with g(G) ≥ g and δ(G)

f(g, δ

f(g, δ).

For δ, g ≥ 3,

f(g, δ) ≥ 2 (^d − 1 if g = 2d. 2 δ(^d − 2 if g = 2d + (5.7.1)

Proof. If g g = 2d + d x g δ(^j j + 1 from x f(g, δ) ≥ 1_{j=0}Σ^d (^j .

g g = 2d distance d xy bound.

f(g, δ δ g p C_p r g = K_{r +1} g = r- K_{δ, δ} r g g, r)-cages. g, r

f(g, δ).

2, f δ) = 2δ.

2, f(g, δ)^2 +

p^m + p m f δ) = 2 3 − 2 .

s(n n For n ≥ s(n) = 3n − 5.

Proof. n − K_{n − 3}

n n − n n = n − 5 = K_6 n (n n − G Σ_i = 6n − G x of .

= N(x) = { v_1 , v_2 v_5 }. If

E(<N[x] >) G

v_i v_1 N(x say v_1 v_2 and v_3.

H = G − x + { v_1 v_2 , v_1 v_3 H (n − n − H

C_1 and C_2 . If C_1 and C_2 H G G H G.

v_1 v_2 (or v_1 v_3 x and edges v_1 x, xv_2 G v_1 v_2 and v_1 v_3 x and xv_2, xv_3 G

If = ≤ x G G − x

K_3 + nK_1 has p = n + p − 6

For K q ≥ p +

If G p, q) K q ≥ p + G Δ(G) < 6.

Proof: Δ(G) ≥ G ≥ u G is K N(u T u N(u) − V(T K T exists.

K_5 n p + K

k k ≥ p ≥ 24k q ≥ k − p − 2k^2 + k k disjoint G = K_{2k− 1} + (p − 2k + K_1 K -free

Let G K k ≥

q ≥ p + k − k − /2 + 1

then G contains k

If G n,q n ≥ 3k and δ(G) ≥ 2k G contains k

Exercises

below.

H G e_1 = vwand e_2 = vx that H G e_1 , e_2

G G D E E_1 , E_2 E_k E_i i ≤ i ≤ k).

G = (V, E S of V G − S S. G G K_{p1 ,p2 pn} G and H G × H G and H G[H n Q_n = K_2 × Q_{n − 1} (where Q_1 = K_2 n ≥ 2, Q_n G δ(G) ≥ G δ(G) + 1. G p, q p ≥ q ≥ 2 p^2 − 3p + 6 , then G

G p, q q ≥ ( 2 p − 1 ) + G connected. G G p, q G p ≥ q ≥ 2 3p + 1 .

D theorem?

K_n

≥ 2 p +1 and ≥ 2 p +1 v. hypohamiltonian.

p ≥ 9. G = (V, E x ∈ V x C_{p − 1} (G) = K_p G

G^2 G G^3 is

G G^2 G x and y u and v G).

G p ≥ G v_1 , v_2 v_p

j ≤ j,_k ≤ k − 1 j<k, j + k ≥ p, v_j v_k ∈/ E(G)_j +_k ≥ p.

then G

G p ≥ d_i d_1 ≤ d_2 ≤ ≤ d_p d_j ≤ j < 2 p d_{p − j} ≥ p − j, then G G p ≥ j with 1 ≤ j < 2 p j j G

G p ≥ k(G) (G G D ≥ p xof D D

D p ≥ x and y are x → y D + ≥ p D is hamiltonian. D p ≥ x and y, + ≥ 2p − 1.

Prove D D p ≥ x and y x → y D, + ≥ p + D R, S

R, S

R, S

P_3.

3

2 1 1 2

4 2

4

4

3 1

bad.

G K k Δ(G) ≤ 3k − 1. G K Δ(G) ≤ G cycles. p, q)-graph G is K -free, k ≥ q ≥ p + k − k − /2 + G contains k

References

− 84.

− 136. K 181− 194.

130− 135. 16B(1974), 290− 292. − 48.

Graphs. Graph. − 439. − 81.

− 316. − 124.

− 12. Comment.

− 140. Properties, − 71.

− 564.

J. − 34.

Theory, − 409.

− 497. Comput., − 27. Hamiltonian. − 180.

− 710. Hypohamiltoniens. − 159. Rev.

− 218. − 42.

− 277.

− 800.

− 2269.

Monthly, − 1089. K − 55.

− 147. 65(1958), 611.

− 80.

Theory.

Amer. − 640.

− 94. 8(1977), 105− 116.

Soc., − 755.