Networks

p r n_1 and n_2 s_1 and s_2 from s_2 to n_1 s_2 to n_2 n_2 to s_1

p to n_1

r? > n_1 n_2 s_1 s_2 r p n_1 3000 n_2 s_1 5400 s_2

r.

A N = (V, E, s, t, c V, E s and t source and sink, e of N is n_1 n_2

p r

s_1 s_2

4000

3000

3000

4500

5400

2000

3200

1700

1000

c(e capacity c N in(v out(v v. in N E 1. f(e) ≤ c(e e ∈ E 2. v s and t, 0 =_{e∈ in(v)}Σ f(e) −_{e∈ out(v)}Σ f(e

s or t vertex. s and t in(s) and out(t

E V (V

N f F =_{e∈ in(t)}Σ f(e) −_{e∈ out(t)}Σ f(e F t F.

O(V E^2 ). O(V^2E O(V^3 O(V^3 O(V E V

Maheshwari.

N s t N technique.

S V s ∈ S and t ∈ S _ = V − S out(S S S _ in(S S _ S out(S S S in(S S S

S and S _ out(S) ∪ in(S cut S. F N. N = (V, E, s, t, c f S ⊆ V s ∈ Sand t ∈ S _ , F =_{e∈ out(S)}Σ f(e) −_{e∈ in(S)}Σ f(e

Proof. v ∈ S _ − { t has F x to y x and y S f(e x and y S _ f(e x ∈ S and y ∈ S _ f(e y x ∈ S _ and y ∈ S f(e x

S c(S) =_{e∈ out(S)}Σ c(e capacity S c(S F

N f F S ⊆ V, F ≤ c(S).

Proof.

F =_{e∈ out(S)}Σ f(e) −_{e∈ in(S)}Σ f(e).

≤ f(e) ≤ c(e e ∈ E

F ≤_{e∈ out(S)}Σ c(e) − 0 = c(S).

N f and S ⊆ V S contains s but not t F = c(S F S capacity.

Proof. Let F^* K

that F ≤ F^* ≤ c(K) ≤ c(S).

F = c(S F S

e = x → y s − t e from x to y e t e f(e) < c(e e. Δ(e) = c(e) − f(e Δ(e slack of e f(e) = c(e e is saturated. e = y → x s to t

x e t f(e) > e

An s to t s to t N s v s − v t s − t N,

v e (where e u to v u v c(e) > f(e). v is e^+ e

Δ(e) = c(e) − f(e v e (where e = v → u u v f(e) > vis e^− Δ(e) = f(e).

N f F s to t exists.

Input: N = (V, E, s, t, c f f(e) = e.)

Output: f^*

Method: s P from s to t.

P λ . f λ to f P λ from f P.

f^* = f N f^*.

p, s_1 , s_2 , n_2 , r n_1 n_2

p r

s_1 s_2

p, n_1 , n_2 , s_2 , r s_2

n_1 n_2

p r

s_1 s_2

p, n_1 , n_2 , r

p, s_1 , s_2 , r p → s_1 p → n_1 n_1 n_1 and n_1 n_2

p r

s_1 s_2

n_1 n_2

p r

s_1 s_2

F F = f(e c(e e t F c(S S,

x → y C s, x, y, t to s, y, x, t C augmentations

C

s x

y t C

C

C

C 1

C augmentations.

O(V^2E

scan

Input: N f. Output: P Method: s

maximum, v e = vu ∈ out(v c(e) − f(e) > u u with e^+.

e = uv ∈ in(v f(e) > u u with e^− . t t s s

t while

− N

Proof. Let F S F ≤ c(S flow f F s − t N C v s to v t C C v ∈ C w ∈ V − C vto w C v and w w to v v to w w to v from s to w C

Layers

e = u → v f(e) < c(e e = v → u f(e) > L_i and L_{i +1} by U_{i +1}

Input: N f. Output: L_0 , L_1 L_d

Method:

1. L_0 ← {s i ← 0.

T ← { v v ∈/_{j=0}∪^i L_j e = u → v or v → u e is

T = ∅

t ∈ T,

then k ← i + L_k ← {t L_0 L_k; else L_{i +1} ← T i ← i +

O(E). L_0 L_d

* f^* s = v_0 , e_1 , v_1 e_d , v_d = t v_i ∈ L_i and e_i ∈ U_{i +1} e n_1 n_2

p r

s_1 s_2

L_0

L_1 L_2

L_3

phase.

length len( j L_a (b m + len(m + > len(m), V 1.

Proof. m + (m + P: s = v_0 , e_1 , v_1 , e_2 e_{len(m+} , v_{len(m+} = t. P m v_j ∈ L_k(m j ≥ k k m j m + j ≥ k.

j j = v_0 = s j v_{j+1} ∈ L_i (m i ≤ j + i > j + e_{j+1} mth m− th e_{j+1} v_j to v_{j+1} m + v_j to v_{j+1} in m v_{j+1} L_i (m t = v_{len(m+} and t ∈ L_{len(m)} (m len(m + ≥ len(m mth m + m contradiction. P e_{j+1} = v_j v_{j+1} b, v_j ∈ L_b (m v_{j+1} is mth e_{j+1} m m + m v_{j+1} L_{b +1} (m b + 1 = len(m j ≥ b j + 1 ≥ len(m len(m + > len(m).

V 1.

X <== X, X X<

Input: Nwith f(e) = e e. Output: N.

v ← s

if s = v else e < e = uv e v ← u 2. e = vu with u <== e v ← u v t P Δ on P e on P f(e) ← f(e) f(e) = c(e e as

V 1. V E. O(V E O(V^2E).

d d s − t

O(V^3

N L_0 , L_1 L_d potential

p(v) =_{e∈ out(v)}Σ c(e_{e∈ in(v)}Σ c(e .

p(w) =_{v∈ V}min p(v wa

N p^* N p^*.

Proof. Let w p^* of p^* s to L_1 vertex v ∈ L_1 p^* v v L_2 L_d = { t }. p^* p^* t is p^*.

p(w) = p^* from s to t p(w

Input: N L_0 , L_1 L_d. Output: maximum.

s, t} ∪ V w p(w)).

s and t.

e c(e) = − 1 networks.

N − f

t E complexity O(E V − O(V E). Let N − f NZ from N and f V(NZ) = V(N e = uv ∈ E(N f(e) = 0, then e ∈ E(NZ e = vu ∈ E(N f(e) = e uv ∈ E(NZ). E(N) E(NZ) N NZ. Let M_N N, F_N Nand c_N(S S N.

− N f NZ M_{NZ} = M_N − F_N.

Proof. Let S ⊆ Vwith s ∈ Sand t ∈ S _ NZ c_{NZ}(S) out_{NZ}(S)_{e∈ out}

N(S)Σ

− f(e +

e∈ out_N(S _ ) Σ^{f(e).}

However, F_N =_{e∈ out}

N(S)Σ

f(e) −

e∈ out_N(S _ ) Σ^{f(e).}

Thus, c_{NZ}(S) out_N(S) F_N = c_N(S) − F_N. N S − N is M_N NZ is M_{NZ}

− N M_N E.

Proof. Since f(e) = e ∈ E U_i

out_N(S S =_{j=0}∪^{i − 1} L_j M_N U_i.

i = len(N (len(N M_N E

− N O(E^{3/2} ).

Proof. If M_N E^{1⁄2} E^{1⁄2}

M_N E^{1⁄2} F in N F < M E^{1⁄2} NZ M_{NZ} = M_N − F E^{1⁄2} len satisfies

len ≤ M_{NZ} E < E^{1⁄2} E E1_{⁄2}. E^{1⁄2} E^{1⁄2} E^{1/2}

e b b(e) ≤ f(e) ≤ c(e b e GN = (V, E, s, t, b, c).

b, c s v t

Input: N = (V, E, s, t, b, c). Output: N = (V, E, s _ , t _ , b _ , c _ ). N V = { s _ , t _ } ∪ V s _ and t _

v ∈ V e _ = vt _ c _ (e _ ) =_{e∈ out(v)}Σ b(e b _ (e _ ) = 0.

v ∈ V e _ = s _ v with c _ (e _ ) =_{e∈ in(v)}Σ b(e b _ (e _ ) = 0.

e ∈ E b _ (e) = c _ (e) = c(e) − b(e).

e_1 = st and e_2 = ts c _ (e_1 ) = c _ (e_2 ) and b _ (e_1 ) = b _ (e_2 ) = 0.

s and t N N e b(e out(s _ in(t _ out(s _ in(t _

GN N out(s _ ). Proof. f _ of N out(s _ f for N e ∈ E f(e) = f _ (e) + b(e 0 ≤ f _ (e) ≤ c _ (e) = c(e) − b(e), b(e) ≤ f(e) ≤ c(e).

v ∈ V − { s, t e_1 = s _ → v and e_2 = v → t _ N. Then

e∈ in(v)Σ f _ (e) + f _ (e_1 ) =_{e∈ out(v)}Σ f _ (e) + f _ (e_2 ).

f _ (e_1 ) = c _ (e_1 ) =_{e∈ out(v)}Σ b(e f _ (e_2 ) = c _ (e_2 ) =_{e∈ in(v)}Σ b(e).

Thus,

e∈ in(v)Σ

f(e) =_{e∈ out(v)}Σ f(e

hence, f N. N f flow f _ as f _ (e) = f(e) − b(e e ∈ E b(e) ≤ f(e) ≤ c(e that

0 ≤ f _ (e) ≤ c(e) − b(e) = c _ (e).

Since f e_1 = s _ → v and e_2 = v → t _ and let f _ (e_1 ) = c _ (e_1 f _ (e_2 ) = c _ (e_2

Σ^{f_(e) + f_(e}1^{) =} Σ^{f_(e) + f_(e}2 f _ out(s _ s t st and ts

N = (V, E, s, t, b, c N N out(s _ N. N N e = v → u if u is v f(e) > b(e

c(S) = Σ c(e) − Σ b(e).

−

u and w graph G u − w u − w

Proof. u and w u − w u to w D G every v ∈ V(G v_1 and v_2 e^v = v_1 v_2 an e = xy in G e x_2 y_1 and e y_2 x_1 in D D u_2 w_1 v_1 → v_2

u − w G F n u − w G u, e_1 , a, e_2 , b e_k, w u_2 , e′_1 , a_1 , e^a , a_2 , e′_2 , b_1 w_1.

x_1 y_1

x_2 y_2 G D D. f F

F u_2 to w_1 u − w G F u − w F − F equals c(S S where u_2 ∈ S and w_1 ∈ S _ c(S) =_{e∈ out(S)}Σ c(e S

u_2 to w_1

S u − w G v e^v S _ R = { v v ∈ V and e^v ∈ cut(S

u − w R c(S u − w F u − w separating F

G.

G u − v paths u − v

Proof D from G V(D) = V(G E(D e_1 = u → v and e_2 = v → u whenever e = uv ∈ E(G

Exercises

7 5 12

9 7

4

9 8 8 5 9

u and v D = ( V, E E_1 ⊆ E every u − v D E_1 W, W W ⊆ V u ∈ W, v ∈ W and ( W, W ) ⊆ E_1. s_1, s_2 and s_3 t_1, t_2 and t_3 are

s_1 t_1

s_2 t_2

s_3 t_3

7 8 13 6

4 8

9 11 9

9 6 9 14 8 7 9

8

N D D s − t N N f_1 and f_2 N ( W, W W, W f_1 and f_2 N.

k( K_{m,n} ) = m, n }.

s and t

s

8

7

8

7

t

7

8 12

4

5

6 6 8

10

10

5

9

6 9 7

5

e e e s to t (or t to s).

D = (V, E D

D = (V, E N = (V_1 , E_1 V_1 = { s, t } ∪ { u_1 u_V } ∪ { v_1 v_V }

E_1 = { s → u_i 1 ≤ i V} ∪ { v_i → t 1 ≤ i V} ∪ { u_i → v_j x_i → x_j ∈ E(D .

Vequals V D

u_i → v_i 1 ≤ i V

be ∞ D. concurrent concurrent D exercise.)

paths(u, v u − v G G u,v ∈ V(G)

min paths(u, v) =_{uv ∈} / E(G) min paths(u, v

paths(u, v vertices u, v.

G is k k =_{u,v ∈ V(G)} min paths(u, v).

N − M s to t in N

M^{1⁄2} 2V + 1. N complexity O(V^{2/3} E).

2,7 1,5 3,12

2,9 3,7

2,4

3,9 0,8 0,8 2,5 1,9

References

− 221. Ann.

Math., − 166. − 1280.

− 264.

Preflows, − 437. O( V^3

O n (1980).