Trees

T T are

Proof. If T u and v of T T T T C u and v u and v

Hence, T

p, q T T q = p − 1.

Proof. T p q = p − p p = T = K_1 and q =

p T p ≥ e = uv ∈ E(T 3.1.1, T − e u − v T − e T_1 and T_2 T_1 and T_2 p

E(T_i ) V(T_i ) i

E(T) E(T_1 ) E(T_2 ) 1 V(T_1 ) V(T_2 ) 1 = p − 1.

T p, q q = p − that T T T C e C T − e p p − T T

p, q T: T T q = p − 1. T T q = p − 1. p ≥

or leaves. internal vertices.

G If G G G v v or v-

v G v-distance T. Proof. v v.

Let G δ(G) ≥ m T m + then T G.

Proof. m m = T = K_1 m = T = K_2 T_1 m graph G_1 with δ(G_1 ) ≥ m − T m + G with δ(G) ≥ m.

T G v of T v w in T T − v m G − v satisfies δ(G − v) ≥ m − T − v ⊆ G − v ⊆ G. Since deg_G w ≥ mand T − v m w G V(T − v T G.

Input: G = (V, E). Output: T = (V, E(T Method: e w(e

i ← T .

e e ∈/ E(T T ∪ { e

e_i ← e and T ← T ∪ { e_i }.

i ← i + T

Proof. Let G p T Thas p −

E(T) = {e_1 , e_2 e_{p − 1} w(T) =_{i =1}Σ^{p − 1} w(e_i ). E(T w(e_i ) ≤ w(e_j i ≤ j.

T_{min} T T T and T_{min} e_i T T_{min} e_i into T_{min} H T e H T H − { e G and w(H − { e = w(T_{min} ) + w(e_i ) − w(e).

Since w(T_{min} ) ≤ w(H − { e w(e) ≤ w(e_i algorithm, e_i

< { e_1 , e_2 e_i } > T_{min},

< { e_1 , e_2 e_{i − 1} , e } > w(e_i ) = w(e

w(H − { e = w(T_{min} H − { e T than T_{min} T_{min}

v_1

v_5 v_2

v_4 v_3

3

2 3 4 3 3 1 2 3

1. i ← T − 3. T ← e = v_2 v_4 and i ← 2. 2− 3. T ← T ∪ { v_2 v_3 i ← 3. 2− 3. T ← T ∪ { v_4 v_5 i ← 4. 2− 3. T ← T ∪ { v_1 v_4 i ← 5.

in O( v_1

v_5 v_2

v_4 v_3 2 3 1 2

greedy. Simply

Let G = (V, E U ⊆ V e have U to V − U e. Proof. Let T G e T e T H = T ∪ { e C C contains e f = uv, where u ∈ U and v ∈ V − U e U to V − U w(e) ≤ w( f f C f from H w(H − f ) ≤ w(T hence H − f e.

U e from U to V − U of U e in V − U U U = V e = xy w(e w(x, y T U.

Input: G = (V, E V = { v_1 , v_2 v_n }.

Output: T. Method: T v_1 Tto V − V(T).

T ← v_1.

e = tu t of T u of V − V(T T ← T ∪ { e }.

E(T) p −

1. T ← { v_1 }.

2. w(t, u) = T ← T ∪ { v_1 v_4 v_1 v_3 , v_1 v_4 v_1 v_5

2. w(t, v_2 ) = w(t, v_3 ) = w(t, v_5 ) = w(t, v_2 ) = T ← T ∪ { v_2 v_4 }.

2. w(t, v_3 ) = w(t, v_5 ) = w(t, u) = T ← T ∪ { v_4 v_5 }.

2. w(t, u) = T ← T ∪ { v_2 v_3 }.

T

most V V O(V^2 )

O(V^2

G_1 and G_2 are identical if V(G_1 ) = V(G_2 E(G_1 ) = E(G_2

G = (V, E V = p }. For p = K_2 p =

1 2 3 1 3 2

2 1 3

V V = p }.

p p^{p − 2}.

Proof. p = p = p ≥ G and the p^{p − 2} p − p }. We i ← 1.

j ← j edge e = k.

i = p − i ← i +

p −

Let w = n_1 , n_2 n_{p − 2} p − V k k k k k k deg_T k = 1 + k w w: i ← 1.

j deg_T j = j to vertex n_i deg_T j ← deg_T n_i ← deg_T n_i − 1.

i = p −

i ← i + j

.. T

2

3 4 7 5

1

6

T. T n_1 = n_2 =

3 4 7 5 6

n_3 = n_4 = 7. n_5 = T s =

n_1 = deg 1 = deg 7 = n_2 = 4:

1 7 2 4

deg 2 = deg 4 = n_3 =

2 4 3 7 1

n_4 = n_5 = i = p − T.

p × = [ c G c_{ii} =_i and c = i ≠ j

i, j B n − 1 × n − n × n matrix B i j B at i, j −^{i +j} det B i, j). G matrix A D G is D − A.

1 2

3 4

A = 1 1 1 0

0 0 0 1

1 0 0 1

0 1 0 1 D = 0 0 0 3

0 0 1 0

0 2 0 0

2 0 0 0

(D − A ) = − 1 − 1 − 1 3

0 0 1 − 1

− 1 2 0 − 1

2 − 1 0 − 1 .

Thus, D − A_{11} ) = det 0 0 1 − 1 2 0 2 − 1 0 = det 0 0 1 − 1 0 0 2 3 0

0 0 1 0 − 1 0 3 2 0 = 3.

= (V, E vertex r root, v ∈ V r − v T V

e D u, vin D, e u − v e bridge in D.

r

r. T = (V, E): T T r v ∈ V r − v T. T r with = v ≠ r, = r − v)− T.

T r v ∈ V r − v T T T r with = 0 v ∈ V, = 1.

Proof. > > > 4 => > 1.

> T r r to v v∈ V T r − v T r − v

> T r r to v ∈ V e = u → r T r to u e r

r to r = v ≠ r > r − v T.

> e_1 = v_1 → v and e_2 = v_2 → v v T r − v_1 path P_1 r − v_2 path P_2 e_1 to P_1 e_2 P_2 r − v v ∈ P_1 (or P_2 P_1 from r to v P_2 e_2 r − v T,

> e = u → v v is r > T r r r − v vertices v = v ≠ r, > directed r − v T e_1 and e_2 v P from r to v r − v = v ≠ r.

> G underlying T = = v ≠ r r − v v P_G r − v G P_G T along P_G > > w ≠ r G G T. T D if T and V(T) = V(D D digraph D with m j k as A_i (D) = A_i = [ d d = − m if j ≠ k.

if j = k

T = (V, E r A_i (T) = [ d

d_{jj} j = r d_{jj}

r, r A_i (T

Proof. Let T = (V, E r

T r u → v T i u j v. r + from r r A_i^* = [ d^*

1. d_{11}^* 2. d_{jj}^* j = V . 3. d^* j > k.

A_i^* A_i

A_i^*

A_i T C r C since = = C form:

C: x_1 , x_2 x_a , x_1 x_i ≠ r i = a. A_i − one −

r, r

If D A_i A_i then D r D A_i (D

Proof. D_G G edge e = uv in G e u → v and v → u D_G v ∈ V(D_G V(G G D_G r T G and e = uv T T^* r u → v if d_T(u, r) < d_T(v, r v → u Tof G T^* of D_G.

T^* r Tof G.

digraph D

1

2 3

D A_i D.

A_i = 0 − 1 1 − 1 2 − 1 2 − 1 − 1

as: det − 1 2 2 − 1 = 4 − 1 = 3.

Hence, D

1 2 3

2 1 3

1 3 2

1 2 3

2 1 3

3 2 1

(a b)

D G = (V, E D_G from G V(D_G ) = V(G edge e = uv in G e_1 = u → v and e_2 = v → u r ∈ V(G G D_G r T G e = uv T d_T (u, r) < d_T (v, r e_1 T_D e_2 tree T_D of D_G T_D G. G D_G are m i j

A_i (D_G ) = − m deg_G v_i

if i ≠ j.

if i = j,

r difference.

D_G.

1 2

3 4

D_G

A_i (D_G ) = − 1 − 1 − 1 3

0 0 1 − 1

− 1 2 0 − 1

2 − 1 0 − 1 .

A_i (D_G C − A r

D D branchings. B = (V, E^* D = (V, E B ≤ v ∈ V r, = v, = B root r. e = u → v is called critical

1. w(e) < 0. 2. w(e) ≤ w(e_1 e_1 = z → v.

E_c ⊆ E V = (V, E_c

Let C = (V, E_c D = (V, E C C C Proof. v C. C v D B of D B entering v v B C v v in D v E_c v C

B = (V, E_B e = u → v D B e is if e_1 ∈ E_B

B_1 = (V, E_B ∪ { e } − e_1 )

Let B D e = u → v D B e B v − u B.

Proof. v − u B e B B entering v e v − u B e e v B hence, e

Let B = (V, E_B C digraph D E(C) − E_B B E(C) − E_B 1.

Proof. Since B E(C) − E_B e_1 , e_2 e_k E(C) − E_B C

C: u_1 , e_1 , v_1 , P_1 , u_2 , e_2 , v_2 , P_2 v_k, P_k, u_k, e_k, v_k, u_1

P_i B and C e_1 B P^* in B from v_1 to u_1 P_1 v_k u_1 P^* p_k after v_k B e_j B from v_j to u_j in B P_j P_{j− 1} at v_{j− 1} B v_1 P_1 v_k P_k v_{k− 1} v_1.

Since B k ≤ 1.

Let C = (V, E_C D = (V, E).

C^* in C B = (V, E_B E(C^* ) − E_B 1.

Proof. D B C e = u → v ∈ E_C − E_B e

E_B ∪ { e } − { e e′enters vin B} C B;

B E_C − E_B B E(C^* ) − E_B C^* of C.

C = (V, E_1 D B_v B_e B_e e e B_e e B_e e D

B_e

B_e B_e

B_e

Let C_1 , C_2 C_k V, H e_i^m C_i e _ C_i v e = u → w on C_i w as: w(e) = w(e) − w(e _ ) + w(e_i^m

Input: D = (V, E). Output: B_e Method:

1. B_v ← B_e and i ← 0.

B_v = V_i

v ∈/ Bv and v ∈ Vi −

4. B_v ← B_v ∪ { v }, e = x → vin E_i w(e) ≥ B_e ∪ { e C_i − 8. i ← i G_i C_i to u_i.

B_e and B_v 11. B_e ← B_e ∪ { e }.

i ≠ − G_{i − 1} B_e.

u_i B_e,

then B_e ← B_e ∪ { e e ∈ C_i and e ∈/ e_i^m };

B_e ← b_e ∪ { e e ∈ C_i and e ∈/ e

__i }. 17. i ← i − 1. 18. w(B) ←_{e∈ B}

eΣ^{w(e).}

leveled, r r v k v k + children (or descendents) of v v k − parent (or father predecessor v. A v and of v v v v is v ordered. full r r r

situation.

The height

a + 3b = a + 3 × b b b

× 3 b

b.

b a. 3.6.4). + a × 3 b

a + 3b

(or

Input: T = (V, E r. Output: T Method:

r ) T v)

v) end v v v.

traversal.

a a

× b × a + 3 × b

preorder and postorder a, b, c, d, e, f

13 6 7

3.6.6.

3.6.1. 26 13 13 6 7

66 26 40 13 13 18 22 6 7 10 12

0 0 0 0 0

1 1 1 1 1

01011101100000101010110.

b

bdcaabef.

Input: f_1 , f_2 f_n a_1 , a_2 a_n ).

Output: above.

Method:

n

0 1 f_1 + f_2

f_1 f_2

n > f_1 and f_2 T_1 f_1 + f_2 , f_3 f_n T_2

( f_1 , f_2 T_2 for

T_1 f_1 + f_2).

1≤i≤nΣ f_i l_i f_i

l_i

i =1Σ n f_i

f_1 , f_2 f_n

f_1 , f_2 f_n .

Proof. n n = f_1 + f_2 n ≥ n leaves.

f_1 ≤ f_2 ≤ ≤ f_n n T x T root r

If f_1 and f_2 T x x f_i and f_j f_1 and f_2 without T f_i ≥ f_1 and f_j ≥ f_2 f_i f_1 T has

f_1 and f_2 f_1 and f_2 namely f_1 + f_2 , f_3 f_n.

W_T T and W^* T^* = T − { f_1 , f_2 W_T = W^* + f_1 + f_2 T has T^* constant f_1 + f_2 minimal.

If c_1 , c_2 c_n f_1 , f_2 f_n f_i < f_j length(c_i ) ≥ length(c_j ).

Proof. length(c_j ) > length(c_i c_i to f_j and c_j f_i

W_H W^*

W_H − W^* = ( f_i length(c_i ) + f_j length( c_j − ( f_i length(c_j ) − f_j length(c_i

= ( f_j − f_i length(c_j ) − length(c_i >

W_H

n^2 )?

−

c_{i i =0}Σ^∞ c_ix^i x

T n b_n n = 1, b_1 = n > n − T j n − 1 − j n

b_n b_j and b_{n − 1− j} b_n b_j b_{n − 1− j} for j = n − following

b_n = b_0 b_{n − 1} + b_1 b_{n − 2} + + b_{n − 1} b_0 .

g(x) =_{i =0}Σ^∞ b_i x^i g(x

(g(x^2 = g(x) × g(x) =_{n≥0}Σ (_{0≤ j≤n}Σ b_j b_{n − j} ) x^n

=_{n ≥ 0}Σ (b_0 b_n + b_1 b_{n − 1} + b_2 b_{n − 2} + + b_n b_0 ) x^{n.}

x^n in g^2 (x b_{n +1}

1 + xg^2 (x) = g(x).

g(x g(x) = 2x 1 − 1 − 4x . g(x + z)^r = 1 + rz + r ( 2 r − 1

) z^2 + r ( 6 ( r − r − ) z^3 +

r k,

(_k^r ) =_{k!}

r( r − r − ( r − k + k >

k < k =

+ z )^r =_{k≥0}Σ ( k

r ) z^k.

g( x

g(x) = 2x 1 − k≥0Σ (_k

1⁄2 ) ( − 4x )^k ).

kto n +

g( x ) = 2x 1 − n +1≥0Σ ( n +1

1⁄2 ) ( − 4x )^{n +1} ) = 2x 1 + n +1≥0Σ ( n +1

1⁄2 ) ( −^n 2^{2n +1} x^n

=_{n≥0}Σ ( n +1

1⁄2 )( −^n 2^{2n +1} x^n .

x^n b_n g(x b_n = ( n +1

1⁄2 ) ( −^n 2^{2n +1} .

b_n b_n = n + 1

1 (_n^{2n} ).

Exercises T = (V, E e ∈ E, T − e components. p − T Δ(T) ≥ k T kleaves.

G v central if_{u∈ V(G)}max d(u, v) = rad(G). T d_1 , d_2 d_p i =1Σ p d_i = p − n equals 2 + i ≥ 3Σ (_i −

1 2 2 3 4

1 5 3 1

G G

x − 2y, x + z xy − 7z b^2 − 4ac .

x y z a b

x y

z w

t s

D_G G.

p − problem.

1 3

2

4 5

6

G A C matrices C − Aand A_i (D_G m (m +^{m− 2}. p k. = uv e u and v num_T( G G num_T(G) = num_T(G − e) + num_T( ) where G e num_T(G − e num_T( G implied

x, y, z, a, b, c

(_{n +1}^{1⁄2} )

(_{n +1}^{1⁄2} ) =_{2n +1}^{( − n} ×_{( n +}^{n −} . n − = 2^nn! n b_n.

References − 378.

− 240. − 1101.

Branchings. Networks, − 272.

Chem., − 508. − 50.

− 1401. − 744.

− 482.