h s

1.2

1.1 1.2 .7 1 2 1.4

1 .75

1 1.4 .8

3 2.5 h s

the denoted d(x, y x − y d G 1. d(x, y) ≥ d(x, y) = x = y. 2. d(x, y) = d(y, x). 3. d(x, y) + d(y, z) ≥ d(x, z).

− 3).

The diameter, denoted diam(G G equals_{u ∈ V}max_{v ∈ V}max d(u, v), radius of G rad(G_{u ∈ V}min_{v ∈ V}max d(u, v

d(x, y x, y

d(x, y) a b c d e a b c d e

rad(G) ≤ diam(G) ≤ 2rad(G).

Proof. x, y ∈ V(G d(x, y) = diam(G let z z rad(G

diam(G) = d(x, y) ≤ d(x, z) + d(z, y) ≤ 2 rad(G).

H is a G x in G F_x : V(G) → V(H x d_G (x, y) = d_H (F_x(x F_x(y

G_2 G_1 G_2 G_1:

F_u: u → d , w→ c , x→ a , v → b F_w: u → a , w→ c , x→ d , v → b F_x = F_w F_v: u → a , w→ b , x→ d , v → c .

u v

w x a b

c d

G_1: G_2:

G_2 G_1

G_2 from G_1 G_1 G_2.

Proof. Graphs G_1 and G_2 G_2 G_1.

G_1 G_2 F_i i F_b with b

breadthor BFS. x x

Input: G = (V, E x. Output: x x. Method: i x i 1. i ← 0.

x i." i i +1.

i ← i +

d follows:

i = 0. d d a and c.

a and c i = b and e.

b and e i =

x

d a c b e d a c b e x x. Proof. v = v_k k v_{k− 1} k − v_k vertex v_{k− 2} k − v_{k− 1} v_0 v_0 = x x

x = v_0 , v_1 v_{k− 1} , v_k = v

kfrom xto v d(x, v) ≤ k.

v x to v k x to v x d(x, x) = 0. k P: x = v_0 , v_1 v_k = v x to v in G hypothesis, v_0 , v_1 v_{k− 1} x to v_{k− 1} hypothesis, v_{k− 1} k − i = k − 1, v label k v h < k x − v P P

i O(E O(V E).

x − v

weights l(e) ≥ e

u v vertex w d(u, w u and w d(u, w w pred(w

labelsetting label-correcting

list C

Input: D = (V, E v_1. Output: v_1 Method: L(v pred(v

v ∈ V(D L(v) . C = C ; Select v ∈ C C = C − v.

u v; If L(u) > L(v) + l(vu);

L(u) = L(v) + l(vu); pred(u) = v; Add u to C

v_1

L(v v shortest v_1 − v

Input: D = (V, E v_1. Output: v_1 Method: v L(v pred(v v_1 to v v 1. L(v_1 ) ← v ≠ v_1 set L(v) and C ← V. C ; Find v ∈ C L(v). C ← C − { v }

e = v → w, if w ∈ C and L(w) > L(v) + l(e L(w) ← L(v) + l(e pred(w) = v.

a b

c e

d f 2.0 2.2 3.0 .7

2.3 1.5 5.4 3.0

3.3

a

∞ 2.7 ∞ ∞ ∞

a

x. If L(v d(x, v) = L(v).

Proof. L(v v_1 − v L(v D L(v u v e = u → v and L(v) = L(u) + l(e u from C

w u pred(u v_1 v_1 − v L(v C v_1

L(v) = d(v v

C v_1 L(v_1 ) = 0 = d(v v_1 L(u) = d(v_1 , u u deleted from C before v.

If L(v) w vertex v C, L(v) u ∈ V − C from C), L(u V − C to C v_1 ∈ V − C and w ∈ C v_1 − wpaths.

L(v v_1 − v path P L(v L(v) ≥ d(v_1 , v P

P_1 : v_1 , v_2 v_k = v v_1 − v e_i = v_i → v_{i +1} d(v_1 , v_i ) =_{j=1}Σ^{i − 1} l(e_j ).

Suppose v_i P_1 C before v

L(v_i ) = d(v_1 , v_i ) =_{j=1}Σ^{i − 1} l(e_j ). If v_{i +1} ≠ v L(v_{i +1} ) ≤ L(v_i ) + l(e_i v_i C v L(v_{i +1} L(v_{i +1} ) ≤ L(v_i ) + l(e_i )

= d(v_1 , v_i ) + l(e_i ) = d(v_1 , v_{i +1} ) ≤ d(v_1 , v).

If d(v_1 , v) < L(v v v_{i +1} = v L(v) ≤ d(v_1 , v

C C 1 C = V C V_{i =1}Σ^V i O(V^2 ). O(E) = O(V^2 O(V^2 x O(V^3

weights, as w(e x and y x − ypath.

a b

c d e

f g

4

2 -10 1

5 7

11 2

4

c is

∞ 13 ∞ ∞ 13 ∞ ∞

a, b, c, d, e, g x Initially, x ∞

Input: w(e

Output: x x. Method:

1. L(x) ← v ≠ xset L(v) .

e = u → v L(v) > L(u) + w(e) set L(v) ← L(u) + w(e pred(v) = u.

vertex a.

1 a → b 2 b → c 3 c → e ∞ 4.0 ∞ 4 c → d ∞ 5 d → e ∞ 6 d → f a b

c e

d f 2.0 2.2 − 3 1.7

2.3 − −

distances. D L(v) = d(x, v v.

D e_1 , e_2 e_E D x − v k v k V O(E V V.

e = xy xand y.

O( V ^3

i ≠ j:

d^0 (v_i ,v_j ) = ∞ l(e) otherwise if v_i → v_j

d^k(v_i ,v_j v_i to v_j v_i to v_j v_1 , v_2 v_k }. d^0 d^1 v_1 d^k(v_i , v_i

Input: D = (V, E Output: v_i to v_j. Method:

1. k← 1.

≤ i, j ≤ n, d^k(v_i , v_j ) ← d^{k− 1} (v_i , v_j d^{k− 1} (v_i , v_k) + d^{k− 1} (v_k, v_j k= V else k ← k +

The d^0 and d^1

v_1 v_2 v_3

v_4 1.5

− 1.7

2.3 − d^0 v_1 v_2 v_3 v_4 v_1 ∞ v_2 ∞ ∞ v_3 v_4 2.3 0

The d^0 distances.

d^1 d^1 (v_i , v_j ) ← d^0 (v_i , v_j d^0 (v_i , v_1 ) + d^0 (v_1 , v_j

d^1 v_1 v_2 v_3 v_4 v_1 ∞ v_2 ∞ ∞ v_3 v_4

The d^1 distances.

G = (V, E V G vertices u and w x to w x to u u to w.

depth-first search. v_0 v_0 v_1. v_1 v_k

v_k v_{k− 1} v_{k− 1} v_{k− 1} v_{k− 1} v_{k− 2} v_0 v_0 v_0

v_0 v_0

T and B: T called B = E − T B of B_1 x and y v_0 to y v_0 C B v_0 C v integer n(v n(v

Input: G = (V, E x. Output: T n(v Method: m(e Use p(v v

e ∈ E m(e) ← "unused." Set T , i ← 0.

v ∈ V n(v) ← 0. v ← x. i ← i + n(v) ← i. v e = uv m(e) ← T ← T ∪ { e }.

If n(u) ≠

else p(u) ← v, v ← u n(v) = v ← p(v

Input: G = (V, E v. Output: T

i ← F v ∈ V n(v) ← 0.

u, n(u) = u). T.

v) n(v) ← i and i ← i + 1.

u ∈ N(v if n(u) = T ← T ∪ { e = uv } DFS(u)

P_n graph K_n P_n K_n K_n to K_{n − 1}). k(G G K_1 k_1 (G disconnects G G k(G) = 0 = k_1 (G G = K_n k(G) = n − 1 = k_1 (G n − K_n to K_1 n − G is n-connected if k(G) ≥ n and if k_1 (G) ≥ n vertex (or (or (or cut-edge or bridge.

G: v u and w (u, w ≠ v) v u − w G.

e u and w e every u − w G.

Proof. v G u and w G − v u − w G − v G is u − w G v u − w G. u and w in G v u − w in G G − v u − w G − v Thus, v G. e G G − e u and w are G − e u − w G − e since G u − w G e u − w path of G. u and w e u − w G, G − e u − w G − e hence, e

blocks

Let G T vw

≤ i ≤ k G_i = (V_i , E_i G. Then i ≠ j, V_i ∩ V_j x x ∈ V_i ∩ V_j i ≠ j.

Let G T = (V, E_1 G x G

1. x x T 2. x s of x s (including s x. G n(v v T

If v T G v if, v s in Twith LP(s) ≥ n(v).

r v

r v stack

devices.

Input: G = (V, E). Output: G. Method:

T , i ← v ∈ Vset n(v) ← 0.

v_0 ∈ V UDFS(v_0 ) w vw vw w v and LP(w) ≥ n(v vw of G

UDFS(v)

1. i ← 1

2. n(v) ← i, LP(v) ← n(v i ← i + 1.

w∈ N(v If n(w) = add uvto T p(w) ← v UDFS(w) If LP(w) ≥ n(v LP(v) ← LP(v LP(w w ≠ p(v LP(v) ← LP(v n(w

G, k(G) ≤ k_1 (G) (G).

Proof. If G k_1 (G) = G

k_1 (G) (G). G clearly k(G) = k_1 (G) = G k_1 (G) = 1 = k(G G = K_2 or G

k_1 (G) ≥ k_1 (G) − e = uv u or v G k(G) < k_1 (G e u or v k(G) ≤ k_1 (G

G k(G) < k_1 (G) (G)?

G e e G. Proof. Assume G e = uv G e cycle C of G w_1 and w_2 G e a w_1 − w_2 path P P w_1 − w_2 G − e e w_1 − w_2 path P′ e u − v(or v − u C e w_1 − w_2 G − e w_1 − w_2 G − e and hence, e

e = uv G G e is G − e u − v path P in G − e.

Then P e G containing e

u − vpaths P_1 and P_2 if V(P_1 ) ∩ V(P_2 ) = { u, v }.

G p ≥ G Proof. G G G G d(u, v u and v

If d(u, v) = G uv uv d in G u and v d(u, v) = d ≥ P u − v d in G w precedes v on P d(u, w) = d − u and w

C. Since G G − w u − v path P_1.

Let z (possibly z = u P_1 on C u ∈ V(C G C from u to z w P_1 from z to v C from u to w wv u and v.

u and v G, u − v u and v. k

G is k k

u and v G u and v separates u and v.

u − u = v_1 , v_2 v_k = v i = k v_i → v_{i +1} or v_i ← v_{i +1} u − v u − v D is 1. D 2. u and v directed u − v v − u D 3. (or strong u and v u − v v − u

If D D is disconnected.

Let D 1. D D 2. D D 3. D D

u is v − u v R(v V_1 , V_2 V_k (k ≥ u and v D u − v and v − u S_i = < V_i > of D D D 2.3.1.

D S_1 and S_2 S_1 to S_2 S_2 to S_1

component.

S_D = (V_S, E_S superstructure of D = (V, E

V_S = {S_1 , S_2 S_k

E_S = { e = S_i → S_j i ≠ j and x → y ∈ E where x ∈ S_i and y ∈ S_j }.

S_D S_D D S_D S_j

D v S_j to S_j v v S_j n( u u S_j n(v S_j S_j v until v

denoted LP(v n(u u reachable from v u v

D:

S_1:

S_2:

D S_1 and S_2.

Input: D. Output: D. i ← v ∈ V n(v) ← 0 onstack(v) ← false. n(v) = v v).

n(v) ← i, LP(v) ← n(v i ← i + 1.

v v) ← true. u ∈ N(v n(u) = u)

6. LP(v) ← LP(v), LP(u n(u) < n(v u then LP(v) ← LP(v), n(u LP(v) = n(v v, w w) ← false.

•

•

•

• • • •

a b a b

j_1 , j_2 j_2 )

vertex s s

•

•

A heuristic j_1 , j_2 j_1 •

•

•

plateau goal.

• •

• lookahead.

Exercises

x − v x y.

graphs?

G p G p − 1.

d^2, d^3 and d^4.

G p and δ(G) ≥ 2 p k_1 (G) (G).

G p, q k(G) = n and k_1 (G) = m n and m k(G − v), k_1 (G − v), k(G − e), k_1 (G − e).

G n v_1 , v_2 v_n G. x x v_1 , v_2 v_n n-connected.

G n v_1 v_n and v are n + of G v − v_i i = n. G G

D D x − v k v

G δ(G).

G V(G V_1 and V_2 V_1 V_2. δ(G) ≥ 2 p − 1 G vertices. G G G G G x, y, z xyand yz G but xz ∈/ E(G).

G if G v, G − v 2. G if G e, G − e G G (v v G G to which v b(G G b(G) = k(G) +_{v ∈ V(G)}Σ (b(v) −

_____________ start _____________ _____________ _____________ _____________ goal _____________ _____________ _____________

proceed?

References Numerische Math., − 271.

− 119.

Math., − 404. Math.

Manipulation. − 378. − 115.

Th., − 292.

− 160.

− 168.