Graphs

C = { I_1 , I_2 I_k }.

C = − − .

[−

−

them h_1, h_2 and h_3 g w (e

g w e

h_1 h_2 h_3 j_1 , j_2 , j_3 and j_4 a_1 a_5

j_1 and a_2, j_2 and a_1, j_3 and a_4 and j_4 and a_5

j_1 j_2 j_3 j_4

a_1 a_2 a_3 a_4 a_5

graph G = (V, E V vertices, E V called edges.

denote Vor E by V(G E(G G h_1, h_2, h_3, g, w, e { h_1, g h_1, e h_1, w h_2, g } { h_2, e h_2, w h_3, e h_3, g h_3, w

h_1 , g h_1 g or gh_1.

G = (V, E V and E V and E G p q G p, q adjacent, nonadjacent or independent.

independent. v N(v vertices u and v u (or v incident with v u v (also, u dominates v v deg_G v G G δ(G Δ(G r r-regular

Let G p, q V = { v_1 , v_2 v_p }. Then i =1Σ p i = 2q

degree.

Proof. q

graph?

isomorphism

G_1 and G_2 are isomorphic f :V(G_1 ) → V(G_2 xy ∈ E(G_1 f(x) f(y) ∈ E(G_2 f function f f isomorphism.

G_1 and G_2 f : V(G_1 ) → V(G_2

f(a) = x, f(b) = r, f(c) = y, f(d) = s, f(e) = z, f(g) = t.

G_2 to G_1 f^{− 1} f.

a x y z b g c e d r s t

G_1:

G_2:

G_1 to G_2?

A H V(H) ⊆ V(G E(H) ⊆ E(G H G and V(H) = V(G H of G S of V(G denoted <S> S G S.

V(H) = V(G), H G I G G with V(I I J G G J.

1 2 3 4 5 1 2 3 4 5

1 2 4 5 1 2 4 5

G: H:

I: J:

H I J of G.

a multigraph, pseudograph loop

arcs or digraphs. For v outdegree of v (denoted v indegree of v (denoted u to v as u → v degree v = + u → v vis say u is or vis .

graph

Let x and y G x − y walk in G x y b − n b, I c_2 , I a, I b, I c_2 , I n

b, I a, I c_1 , I a, I c_2 , I

I40 I24

I59 I75

I20

I85

H78 c1 c_2

length

x − y closed if x = y and open

x − x − y walk x − x − y

a, b, a, c_2 , b a − b a, b, c_2 , a, c_1 a − c_1 a, c_2 , n, m a − m

G x − y x − ypath.

Proof. Let W x − y G W W is

W i and j be i < j v_i = v_j v_i v_j v_i , v_{i +1} v_{j− 1} from W x − y walk W_1 W W_1 x − y walk W_2 W_2 W x − y

circuit, cycle. C_2 C_2 consider C_1 length w, x, y, z, w t, r, u, t, s, v, t n C_n (or P_n

acyclic.

p as K_p. x y

z w e_3

e_4 e_1 e_5 e_2

e_6

K_4.

a w x

b z y t r s

u v

H. H H H G is connected G G is disconnected otherwise.

a − z H w, x, y z component H has P_2 C_4 K_5.

D (or strong v of D v D D is weakly connected (or weak D

course, D is disconnected E E E from x E D strong.

x D: E:

D E.

tree forest

union G_1 and G_2 (denoted G_1 ∪ G_2 G with V(G) = V(G_1 ) ∪ V(G_2 E(G) = E(G_1 ) ∪ E(G_2 m G mG H = P_2 ∪ C_4 ∪ K_5.

G = (V, E graph G where V(G) = V(G e ∈ E(G e E(G).

G the from G G G G itself.

G: G:

G G.

The join G and H G + H G ∪ H G H. H = K_1 G + x K_1 x graph K_{m,n} K_m + K_n K G is bipartite V V_1 and V_2 G V_1 V_2 G is n-partite G into n G n n order p_1 , p_2 p_n as K_{p1 , p2 pn} K_{p1 , p2 pn}

S G, G S G − S S = { x G − x.

The G_1 and G_2 G_1 × G_2

V(G_1 × G_2 ) = V(G_1 ) × V(G_2 v = (v_1 , v_2 w = (w_1 , w_2 v_1 = w_1 and v_2 is w_2 in G_2 v_2 = w_2 and v_1 w_1 in G_1 P_3 × P_2 P_2 × P_3 G_1 × G_2 isomorphic to G_2 × G_1?

P_2 × P_3.

The composition G_1 and G_2 G_1 [ G_2 V(G_1 ) × V(G_2 v_1 , v_2 w_1 , w_2 v_1 w_1 in G_1 or v_1 = w_1 in G_1 and v_2 w_2 ∈ E(G_2 G_1 [G_2 G_2 [G_1 ]?

P_2[P_3 P_3[P_2].

V, E

Let G = (V, E p, q p × p matrix A = [a A V a = vertex v_i v_j in G and a = a_{ii} = i = p of G G G

1 3

2 4 1 1 1 0

1 0 0 1

0 0 0 1

0 0 1 1

x− y

G v_1 , v_2 v_p i, j A^n v_i − v_j n in G.

Proof. n n = A^{n − 1} = [a^{n − 1} a^{n − 1} v_i − v_j n − G A^n = [ a^n A^n = A^{n − 1} A a^n =_{k=1}Σ^p a_{ik}^{n − 1} a . 1.1

Every v_i − v_j n in G v_i − v_k n − 1 v_k to v_j v_j

p, q) graph G p × q matrix M = [i_{xe} i_{xe} = x is e and i_{xe} = M of G G M M uses. V G

sparse

a b

c d e a: b, c, e b: a, d, e c: a, d d: b, c e: a, b e_1 e_2

e_3 e_4 e_6

e_5 e d c b a

1 0 0 0 1 e_1

1 0 0 1 0 e_2

0 0 0 1 1 e_3

0 0 1 0 1 e_4

0 1 1 0 0 e_5

0 1 0 1 0 e_6

parameters (or instance

A p perform p p − A^2 are p^2 A^2 p^2 × p − = 2p^3 − p^2 p grows

size Here, size

A c_1 c_2 c_3 T(p A p × p

T(p) ≤ (c_1 p + c_2 (p − p^2 + c_3 = (c_1 + c_2 ) p^3 − c_2 p^2 + c_3 p

order p is^3, or O(p^3 p^3 O(p^3 ).

g(n) = O( f(n k and m g(n) k f(n) n ≥ m T(n) = O(p(n p n.

n n^2 n^5 2^{n 48} cent 3^{n 8 70} cent

O(p^5 O(p^{50} n O^n n =

that

G_1 and G_2 G_1 G_2?

I

solutions P NP P = NP

NP NP-complete NP. X is NP X problems Yin NP Xinto Y X Y).

NP-

S S graphical if G S realization of S S G G S? S S has p p − p − S S S

S S S S

S C_6 C_3

C_6 C_3 :

S: d_1 , d_2 d_p (p ≥ 2, d_1 ≥ S_1 : d_2 − d_3 − d_{d1 +1} − d_{d1 +2} d_p

Proof. S_1 G_1 p − 1 S_1 G_1 x_2 , x_3 x_p x_i = d_i − ≤ i ≤ d_1 +_i = d_i if d_1 + 2 ≤ i ≤ p. G S G_1 vertex x_1 x_1 x_j ≤ j ≤ d_1 + x_1 is d_1 S S S S S, let G

1. V x_1 , x_2 x_p x_i = d_i, i = p.

x_1

x_1 d_2 , d_3 d_{d1 +1} is, x_1 d_1 vertices x_i and x_j with d_j > d_i x_i x_1 but x_j x_1 d_j > d_i x_k x_k x_j x_i. x_1 x_i and x_j x_k x_1 x_j and x_i x_k H S H x_1 G G x_1 G d_1 G − x_1 S_1 S_1

: x_1 x_j : x_1 x_j

x_i x_k x_i x_k

x_1 x_i and x_j x_k and x_1 x_j and x_i x_k edge interchange

S to S_1 t t the

Input: S p. Output:

d in S d > p −

d_1 d_1 terms

S is

S contains p p − 1 p − p − k p − k p − 1 − k p −

S is S

S_1 − − sequences: S_1 S_2 S_3 S_4 S S S_4 S_4

G_4 S_4 to S_3,

v_3 G_3 v_2 G_3 G_2. G_1 S of

v_3

v_2 v_1

G_4: G_3:

G_2: G_1:

S.

S: d_1 , d_2 d_p (p ≥_{i =1}Σ^p d_i

integer k ≤ k ≤ p −_{i =1}Σ^k d_i ≤ k (k − +_{i =k+1}Σ^p k, d_i }.

.. S S

k d_1 ≤_{i =2}Σ^7 d_i

k d_1 + d_2 ≤_{i =3}Σ^7 d_i

k_{i =1}Σ^3 d_i ≤_{i =4}Σ^7 d_i

k_{i =1}Σ^4 d_i >_{i =5}Σ^7 d_i

Thus, S k = 4.

k = U

U <U> is <U>

S i_1 , o_1 i_2 , o_2 i_p , o_p digraphical

S i_1 , o_1 i_2 , o_2 i_p , o_p i_1 ≥ i_2 ≥ ≥ i_p i_k ≤ p − 1 and o_k ≤ p − k

k=1Σ^{p i}k^=_{k=1}Σ^{p o}k_{k=1}Σ^{j i}k^≤_{k=1}Σ^{j j − o}k^{} +}_{k=j+1}Σ^{p j, o}k^}

≤ j < p.

x x x x. = = 26. If m k pigeon

pigeons.

Proof. Let x m ≤ kx x ≥ k m x x ≥ .

nonacquaintances.

K_3 K_3

K_3 K_3 as

Proof. Let v v v v v K_3 K_3 v

num(p, G p p (_2^p ) p_k

are N = ( 2 p ) p (_k^N ) k p is: num(p, G) =_{q =0}Σ^N ( q

N )._N .

If N = ( 2

p )^N p vertices.

K_n P_k is n − k n ! .

Proof. P_k k k > n k ≤ n n choices n − n −

n(n − n − (n − (k − .

K_n P_k is 2 n(n − (n − (k − = n − k n ! .

Exercises

G_1 and G_2 of G K_{p1 , p2 pn} G_1 × G_2 G_2 × G_1.

paths.

p_1 , q_1 G_1 p_2 , q_2 G_2 G_1, G_1 ∪ G_2, G_1 × G_2 and G_1 [G_2 ]. G_1 [G_2 G_2 [G_1 ].

G and H

f_1 : V(G) → V(H f_2 : E(G) → E(H) e = uv ∈ E(G f_2 (e) = f_1 (u) f_2 (v).

p, q G q = ( 2

p ).

K_{p1 , p2 pn} , n ≥ 2.

p, q G is if G G G is p ≡ Δ k H of G H G G H and H is kregular.

G V_1 and V_2, then V_1 V_2 .

matrices A(D) = [ a a = v_i → v_j ∈ E(D a = 0 otherwise.

d_1 , d_2 d_p p − d_1 − p − d_2 − p − d_p −

G G.

S a_1 , a_2 a_k k ≥ with a_1 < a_2 < < a_k

u(S S u(S) = a_k + 1. S = n K_n.

G A_{21} A_{12} G G

A^{21} 0 0 A_{12}

G p, q t < t < p − p ≥ G on t G is K_p or K_p.

G p, q δ(G) ≤ p 2q (G).

A^2 G.

d_1 , d_2 d_p i =1Σ p d_i d_1 ≤_{i =2}Σ^p d_i.

(G p, q G V(L(G = E(G L(G G G d_1 , d_2 d_p L(G).

L(K ).

C_{10}

K_3 or K_3.

C_{11} p ≥ K K_n? C_t K_n? C_4 K_{m,n}? P_5 K_{m,n}?

n^2 + n + n + 1 terms. n^2 (n ≥ n + n + n + n G k a. k G G k λ , k.

References

Infinite − 392.

− 274.

− 969. − 177.

− 506. Mat., − 480. Math., − 377. − 457.

32