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1. Introduction and terminology

For any graph G, let V(G) and E(G) € V(G) x V(G) denote the sets of vertices and edges of G respectively. An edge
between two vertices x and y in V(G) shall be denoted xy. Furthermore, let §(G) denote the minimum degree of a vertex in
G. For a given subgraph H of G and vertices x and y in H, we will let disty (x, y) denote the distance from x to y in H. Also, for
convenience, given a path P in G and u, v in V(P), let uPv denote the subpath of P that starts at the vertex u and ends at the
vertex v. Given two disjoint sets of vertices X and Y in V(G), we let Eg(X, Y) denote the set of edges in G with one endpoint
in X and one endpoint in Y. Similarly, we will let § (X, Y) denote the minimum degree between vertices of X and Y. A useful
reference for any undefined terms is [1].

We assume that all cycles have an implicit clockwise orientation and, for convenience, given a vertex v on a cycle C we
will let v+ denote the successor of v along C. Along the same lines, given an x-y path P, we will let v denote the successor
of a vertex v in V(P) as we traverse P from x to y. Analogously, we define v~ to be the predecessor of a vertex v on C or P.
Given a set of vertices S C C (C P), we let ST denote the set {s* | s € S}. The set S~ is defined analogously.

If G is bipartite with bipartition (X, Y) we will write G = (X, Y).If |X| = |Y|, then we will say that G is balanced. A proper
pair in G is a pair of non-adjacent vertices (x,y) withxinX andyinY.

We shall denote a cycle on t vertices by C;. A hamiltonian cycle in a graph G is a cycle that spans V (G) and, if such a cycle
exists, G is said to be hamiltonian. Hamiltonian graphs and their properties have been widely studied. A good reference for
recent developments and open problems is [3].
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In general, we are interested in degree conditions that ensure hamiltonian cycles in a graph. For an arbitrary graph G, we
define 0, (G) to be the minimum degree sum of non-adjacent vertices in G. Of interest for our work here is Ore’s Theorem [5],
which uses this parameter.

Theorem 1.1 ([5]). If Gis a graph of order n > 3 such that o,(G) > n, then G is hamiltonian.

In a bipartite graph G, we are interested instead in the parameter 022 (G), defined to be the minimum degree sum of a
proper pair. Moon and Moser [4] extended Ore’s theorem to bipartite graphs as follows.

Theorem 1.2 (Moon, Moser 1960). If G = (X, Y) is a balanced bipartite graph on 2n vertices such that 022 (G) >n+1,thenG
is hamiltonian.

Faudree, Rousseau and Schelp [2] were able to give Ore-type degree-sum conditions that ensured the existence of many
disjoint hamiltonian cycles in an arbitrary graph.

Theorem 1.3 ([2]). If G is a graph on n vertices such that o,(G) > n + 2k — 2 then for n sufficiently large, G contains k
edge-disjoint hamiltonian cycles.

In this paper we will extend the previous two results by proving the following.

Theorem 1.4. If G = (X, Y) is a balanced bipartite graph of order 2n, with n > 128k? such that (722((;) >n+2k—1,thenG
contains k edge-disjoint hamiltonian cycles.

2. Veneering numbers and k-extendibility

To prove our main theorem, we need some results on path systems in bipartite graphs. Our strategy is to develop k
systems of edge-disjoint paths and show that they can be extended to k edge-disjoint hamiltonian cycles. The following
definitions and theorems can be found in [6].

Let W, (G) be the family of all k-sets {(w1, z1), ..., (wx, zx)} of pairs of vertices of G where wy, ..., wy, z1, ..., z; are all
distinct. Let 4, (G) denote the collection of edge-disjoint path systems in G that have exactly k paths. If W € W, (G) lists the
end-points of a path system & in §;(G), we say that & is a W-linkage. A graph G is said to be k-linked if there is a W-linkage
for every W € Wi (G). A graph G is said to be k-extendible if any W-linkage of maximal order is spanning.

In order to tailor the idea of extendible path systems to bipartite graphs, the notion of a veneering path system was
introduced in [6].

Definition 1. A path system & veneers a bipartite graph G if it covers all the vertices of one of the partite sets.

Let G = (X, Y) be a bipartite graph. Given a W € W;(G), we denote by WX those pairs of W that are in X2, by WY those
that are in Y2, and by W the set of bipartite pairs of W. Also, with a slight abuse of notation, we will let Wy (resp. Wy ) be
the set of vertices of X (resp. Y) that are used in the pairs of W.

Definition 2. Let G be a bipartite graph and W € W, (G). The veneering number 19{{ (W) of W is defined to be

HFW) = (IX| — Y] — ((W¥] — [W")),
Wy | — |W,
= (X |¥]) — M

Note that one consequence of the definition is that 9 = —19)’{ .For a given path system &, let 9 (&) denote the set of pairs

of endpoints of paths in & and let ,7% denote $ — 9(%). We define the veneering number of such a & to be the veneering
number of 9. The veneering number of a given set of endpoints is of interest, because it represents the minimum possible
number of vertices left uncovered by a path system with those endpoints.

As an example, consider G = Kg 7 and let X denote the partite set of order six. Furthermore, let (x, X;) be a pair of distinct
vertices in X. Clearly, any x; —x; path in G has order at most eleven and omits at least two vertices fromY.Let W = {(x1, x>)}.
Then

W) = (X = [Y]) — (IW¥| — W"])
=6-7)—(1-0)=-2.
This indicates that the minimum possible number of uncovered vertices in a path system with endpoints in W is two. The
fact that ¥ (W) < 0 indicates that those vertices would be in Y. Similarly, 9y (W) = 2, yielding the same information.

If #; and &, are two path systems of G, we write ; < $, when every path of &#; is contained in a path of 4. The
following fact will prove most useful.
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Proposition 2.1. Let G = (X U Y, E) be a bipartite graph and 51, P € S(G) be such that P; < P;. Let

G =X UY,E) =G— &4,

Do o

G =X UYy,E)=G6—

NS

25

then

Py (P1) = D32 (Py).

Proof (Sketch). Suppose that &, consists entirely of the paths R, and R, and that &, consists entirely of the path 8 with
R C 4. We consider the case where R, has endpoints y; and y, in Y, R has endpoints y| and y, in Y and that § has
endpoints x in X and y in Y. All of the other cases, both when the systems contain multiple paths or have different endpoints
follow by a nearly identical analysis.

By definition,

Pyl (1) = (IXa] = Vi) — (W5 — (W),

Since both paths in & have their endpoints in Y|W*1| = 0 and |W1| = 2. Additionally, since each path in R has one more

internal vertex in X than in Y, we observe that (|X;| — |Y1]) = —2 and hence we conclude that z?ffll (R) = |X| —|Y].
Similarly,

K2 (8) = (IXa] — |Yal) — (W] — (W),

Since 4 has an endpoint in each partite set, it follows that |W*2| = |W"2| = 0 and for some integer ¢, |X,| = |X| — £ and
|Y5] = |Y| — £. Consequently, 79}),(22(5) =|X|—1Y|]. O

We are now ready to give our definition of a k-extendible bipartite graph.

Definition 3. Let G be a bipartite graph. Then G is said to be k-extendible if for any path system & in $;(G) there exists some
veneering path system &’ in 4, (G) that preserves the endpoints of 5.

We will utilize the following in the proof of our main theorem.

Theorem 2.2 ([6]). If k > 2 and G = (X, Y) is a bipartite graph of order n such that |X|, |Y| > 3k and O‘ZZ(G) > f%y‘l, then
G is k-extendible.

It is important to note that a maximal path system with veneering number zero is spanning. Thus, if a graph G that meets
the 022 bound for k-extendibility has some path system & in 4 (G) such that ¥ (#) = 0, then G must have a spanning path
system.

We give two more results from [6] that will be very useful. The first is relatively straightforward to prove, and the second
is a weaker version of a result in [4].

Theorem 2.3. If G = (X UY, E) is a balanced bipartite graph of order 2n with o5 (G) > n+ 2k — 2 then for any set W in W (G)
comprised entirely of proper pairs of G, there exists a system of k edge-disjoint paths whose endpoints are exactly the pairs in W.

Theorem24. If G = (X U Y,E) is a balanced bipartite graph of order 2n such that for any x € X and anyy € Y,
d(x) + d(y) > n + 2, then for any pair (x, y) of vertices of G, there exists a hamiltonian path between x and y. The degree-
sum condition is the best possible.

3. Proof of Theorem 1.4

Suppose the theorem is not true, and let G be a counterexample of order 2n with a maximum number of edges. The
maximality of G implies that for any proper pair (x, y), G + xy contains k edge-disjoint hamiltonian cycles, one of these
containing the edge xy. Thus, with any proper pair (x, y) we will associate k— 1 edge-disjoint hamiltonian cyclesHy, . . ., Hy_1
and an (x, y)-hamiltonian pathP = (x =z, 23, . .., Zon = ¥).

Let H denote the union of subgraphs Hy, ..., Hy_1, and L = L(x, y) denote the subgraph obtained from G by removing
the edges of H. Before we go on proving our theorem we will state a few facts about L. Throughout these proofs, we must
keep in mind that

n > 128k, (1)
and for any vertex w of G, we have
di(w) = dg(w) — 2(k = 1). (2)
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Thus, the degree-sum condition on any proper pair (x, y) of G is
do(x) +dc(y) = n+2k—1. (3)
This yields the following:

Fact 1. For any proper pair (x, y) of G, we have
di(x) +d(y) > n—2k+ 3. (4)

Fact 2. If there is a proper pair (x,y) of G, with
do(x) +dc(y) = n+ 4k — 3,

or equivalently
di) +d(y) =n+1,

then L contains a hamiltonian cycle.

Proof. If there were a proper pair (x, y) of G such that dg(x) + dg(y) > n + 4k — 3, then by (2), d;(x) + d.(y) > n + 1,
hence if we consider the (x, y)-path P in L, we see that there must be a vertex z € V(P) such that z is in N(y) and z*. Then
xzt U [z, ylp Uyz U[x, z] is a hamiltonian cyclein L. O

Note that the existence of P shows that L is connected. In fact, L must be 2-connected.

Lemma 3.1. If L has a cut-vertex, then there are k edge-disjoint hamiltonian cycles in G.

Proof. Suppose w is a cut-vertex of L; we assume, without loss of generality, that w € X. Since L admits a hamiltonian path,
L — w can only have two components, one of them being balanced. Let B be the subgraph of G induced by the balanced
component of L — w and A = G — B. Note that w € A, and E;(Ax — w,B) = E;(Ay,B) = (. Leta = |Ax| = |Ay| and
b = [Bx| = |By|.

n

Claim 1. a,b > .

Proof. Assumea < %.Then a(k — 2) + a < 2ak < n, implying a(2k — 2) < n —a = b, so |Ey(Ay, Bx)| < |Bx| = b. Thus

there is a vertex u € By such that Ey(u, Ay) = @, so Eg(u, Ay) = (. Take any v € Ay. We have uv ¢ E(G), so

d(u) +d(v) < |Ax|+du(v, Bx) + |By| + dy(u, Ay)
<a+2k-1)+b
<n+2k-—1,

which contradicts the condition of our theorem. Ocjaim 1
The following two claims give lower bounds on the degrees of the vertices in L.

Claim 2. Foranyz € A— w, d;(z) > % —2k+ 3and foranyz € B, d;(z) > 'zﬂ — 2k + 3.

Proof. Assume z € By (the cases z € By, z € Ay, z € Ay are similar). By Claim 1 and the fact that n > 128k?, we have
JAx —w| =a—1> 5 —1 > 2(k—1),s0thereisaz € Ax — w such that zz' ¢ E(H), thus zz’ ¢ E(G), so that
di(2) +di(z') > n— 2k + 3.Thensince d;(z') < |Ay| = a,we getd;(z) >n—2k+3 —a=b—2k+ 3. Ocaim2

Claim 3. d;(w) > & — 2k + 3.

2k

Proof. If w is adjacent, in G, to all the vertices of Ay, then the Claim is obviously true. If not, thereisa v € Ay withwv & E(G),
so that d;(w) + d (v) > n—2k+ 3.Sinced;(v) <a=n—b <n— I, weget

2k’
di(w) > n—2k+3—d;(v)

n
n— 2k 3—(n——)
= + 2k

n
ﬂ — 2k + 3. Ogaim3s

Finally:

Claim 4. |Ec(Ax, By)|, |[Ec(Ay, Bx)| = 2k — 1.
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Proof. If G[(Ax, By)] is complete, the result is obvious. If not, there is a pair of non-adjacent vertices u € Ay and v € By, so
d(u) +d(w) > n+ 2k — 1.Yetd(u,Ay) < aandd(v, By) < b, so

d(u,By) +d(v,Ax) > n+2k—1—a—>b
=2k —1.

The proof is identical for (Ay, Bx). Oclaim 4

By Claims 2 and 3, and the fact that n > 128k? we have, for any pair of vertices (u, v) € Ax x Ay

da(u) + dy(v) > |A|—2k+3+%—2k+3
K

> |A] + 2k
= 2a + 2k > a + 66k.

Thus, A, and by a similar computation B, satisfies the conditions of Theorem 2.4. Hence take k pairs (e;, e;) of edges such that
the e; are distinct edges of Ec(Ax, By) and the e} are distinct edges of E;(Ay, Bx). These edges exist by Claim 4.

Let u; € Ax and v; € By be the end vertices of e;, and u; € Ay and v] € Bx be the end vertices of e]. Since pairs of vertices
from A and B satisfy the conditions of Theorem 2.4 and removing a hamiltonian path reduces the degree sum of any pair of
vertices by at most 4, there are k edge-disjoint hamiltonian paths Uy, .. ., Uy in A such that u; and u] are the end-vertices of
U;, and there are k edge-disjoint hamiltonian paths V1, . .., Vi in Bsuch that v; and v] are the end-vertices of V;. Together with
the e; and e} edges we get k edge-disjoint hamiltonian cycles in G, which contradicts the assumption that no such collection
of cycles exists in G. Hence the lemma is proven. O

Now we show that the 2-connectedness of L ensures that L contains a relatively large cycle.

Lemma 3.2. If Lis 2-connected, then it contains a cycle of order at least 2n — 4k + 4.

Proof. Recall that the maximality of G implies that L is traceable, so let P = x1, y1, ..., Xp, ¥, be a hamiltonian path in L.
The path P induces a natural ordering of the vertices in G, specifically, z < z" if we encounter z before z’ while traversing P
from x; to y,. For convenience, we will say that a vertex w is the minimum (respectively maximum vertex with respect to a
given property if w < w’ (resp. w’ < w) for each other w’ in V(L) satisfying this property.

Since, by assumption, L is 2-connected, each of x; and y, have at least two adjacencies on P. Let x* be the minimum vertex
of N(y,) and let y* be the maximum vertex of N (x;). We consider two cases.

Case 1: Suppose x* < y*. Amongst all x; € N(y,) and y; € N(x;) such that x; < y;, pick the pair, call them x and y such that
distp(x, ¥) is minimum. By this choice of x and y note that there are no neighbors of x; or y, between x and y on P. Note that
the subpath P’ of P that goes from x* to y~ cannot contain more than 4k — 2 vertices since otherwise, as x; and y, are not
adjacent, we would have

di(yn) < (n—1) — 2k — 2) — di(x1),
or
di(*1) +di(yn) <n—2k+ 1.
This contradicts Fact 1.
However, if P’ has at most 4k — 4 vertices then the cycle
X1Y1 - -XYnXn . .. VX1,
which excludes only the vertices in P’ has length at least 2n — 4k + 4, as desired.

Case 2: Suppose y* < x*. Since L is 2-connected, there exists a sequence of £ > 1 adjacent pairs of vertices (u;, v;) with the
following properties. First, u; < y*, y* < vy and x* < vp. Then, foreach 1 <i < € — 1, u; < Uj41, Vi < Vipq and Uijpq < v;.
We will also choose these vertices so that v,_; < x* and y* < u, as this will simplify things going forward.

Next, choose y in N(x;) such that u; < y and distp(u;, y) is minimum. Similarly, select x in N(y,) such that x < v, and
distp (x, v¢) is minimum. Now we consider the cycle

= X]YPU2U2PU4 . U[U(PynXPU(_]ng_lpl)(_g, . U]U]PXl.

In C’, we omit several vertices from P. Specifically, we omit u}LPy*, x*Pv[ and segments of the form ul.Jeri__1 for2 <i<d.
Note that by our choice of x and y, neither x; nor y, have any adjacencies in these subpaths of P. Counting as above, if these
subpaths contain 4k — 3 or more vertices, we violate Fact 1, while if these subpaths total 4k — 4 or fewer vertices, C’ will be
the desired cycle. 0O
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3.1. Path systems

In order to prove an important technical lemma, we must first establish some facts about extending paths and path
systems.

Lemma 3.3. Let G = (X UY, E) be a bipartite graph, and let » be a path system of G. Let X’ be a subset of (3)x, and let Y’
be a subset of Y — (£)y. Suppose that |X'| = s + t, where s is the number of vertices in X’ arising from paths of # consisting of
a single vertex. Furthermore let £ denote the number of vertices of Y’ that are endpoints of some non-trivial path in 2. If

t+ ¢
SKX,Y) > %—{—s

then there exists another path system, #’, of G such that # < #' and (0P )y = @.

Proof. We will first show that s may be assumed to be 0. If s > 0, let Py, P, ..., Ps be the trivial paths of & contained in
X'. Now, for every i € [s], replace P; = {x;} with a path P/ on three vertices such that the endvertices of P/ are new vertices
added to X" and the middle vertex of P{ is a new vertex added to Y. In addition, let the endvertices of P/ be adjacent to the
neighbors of x;. Let &; be the new path system, and let X}, consisting of X" and the vertices added to X', be the new set of
endvertices we wish to eliminate.

The new system 4 now contains no trivial paths, and |X]| = t + 2s. Thus, if our lemma were true for systems with no
trivial paths, then the condition

t+2s t
2
ensures the existence of a path system & such that # < #; and (85’{))(4 = (. By replacing every P{ by P; within the
appropriate paths of #;, we obtain the desired path system of G.

So assume that X’ = {xq, ..., x;}. Note that the result clearly holds if t = 1, so assume that t > 2. Our goal is to find
edges from each x; to vertices in Y’, allowing us to create a new path system in which no x; is an endpoint.

Given some x; in X', let P; be the path in & containing x;, let w; be the other endpoint of P;. Our goal is to select an element
y; in NY’(x;) that will allow us to extend P; to a path with one fewer endpoint in X’. We will extend the P;, 1 < i < t, in order
and at the time we consider ¥x;, let Z; denote the set of internal vertices in the current (updated) path system. It remains to
show that Ny/(x;) — w; — Z; is non-empty.

Initially, no vertex of Y’ was interior to a path in 4. Each vertex in Y’ that was already an endpoint of some non-trivial
path in &£ can be selected once to extend a path and each other vertex in Y’ can be selected twice. If exactly j vertices in
Y’ N Z; were endpoints of some non-trivial path in &, then

i—j-2 ) _t-j-2 . _t+e
2 =" =7

sX,Y) >

+s

+ 1.

|Zi| < max {0,

This implies that

, t+¢
INy' (%) — wi — Zi| = 8(X',Y) —1—1Z| > T_l_|zi| >0. O

The following corollary is obtained from Lemma 3.3 by induction on k:

Corollary 3.4. Let G = (X U Y,E) be a bipartite graph, let %, ..., P, be k edge-disjoint path systems, and let Y' C
Y — U;‘zl int(Py)y. Foralli € [k] let X; C (09)x and |X;| = s; + t;, where s; is the number of vertices of X; arising from
paths of P; consisting of a single vertex. Furthermore let £; denote the number of vertices of Y/ that are endpoints of some non-
trivial path in P;. If for all i € [k],
ti+4;

2
then there exist k edge-disjoint path systems P{, . .., $ such that for alli € [k], ; < &/ and (3P)x, = V.

8(X,‘,Y,) > +s5i+2(k—-1)
3.2. The degree-product lemma

The remainder of the proof of Theorem 1.4 relies on a result pertaining to degree products as opposed to degree sums.
We feel it would be interesting to investigate similar results.

Lemma 3.5. If G has no proper pair (u, v) such that d;(u)d;(v) > 12k(n — 12k) then G has k edge-disjoint hamiltonian cycles.
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Proof. Suppose G has no such vertices. Let A be the subgraph of G generated by the vertices of degree less than 16k, and
B the subgraph generated by the vertices of degree greater or equal to 16k. By (3) and (1) no bipartite pairs (u, v) of A are
proper.

Next we show that no bipartite pairs (u, v) of B can be proper. Suppose that (u, v) was a proper bipartite pair and without
loss of generality, assume that d;(u) > d;(v). Since v has degree at least 16k in G, we have that d;(v) > 14k 4+ 2 and by

Fact 1 we know that d;(u) > =243 If d;(u) > % — 2k + 3 then since n is at least 128k?, dy(u) > %;122") then

d;(u)dL(v) > 12k(n — 12k), a contradiction. If, otherwise, d; (1) < % — 2n + 3 then Fact 1 implies that d; (v) > ; so that

nn—2k+3
dy(wd;(v) > 775

which exceeds 12k(n — 12k) since n is at least 128k?.

Thus A and B induce complete bipartite graphs. Assume without loss of generality, that |Ax| > |Ay|, and set A =
|Ax] — |Ay] = |By| — |Bx|. We can assume A < 4k — 3 since otherwise we could find a proper non-adjacent pair
(x,y) € V(Bx) x V(Ay) with dg(x) + dc(y) > |By| + A + |Ax]| + A = n+ A > n + 4k — 3, and Fact 2 would imply a
hamiltonian cycle in L, hence k edge-disjoint hamiltonian cyclesin G. O

Claim 5. We have §(Ax, By) > A+ 2k — 1and 6(Ay,Bx) > 2k —1— A.
Let x € Ax such that d(x, By) = §(Ax, By). By (3), every vertex y € By — N(x, By) must verify

de(y) > n+ 2k —1— de(x)
n+2k—1— |Ay| — d(x. By)
= |By| + 2k — 1 — §(Ax, By),

A%

SO

dc(y, Ax) > |By| + 2k — 1 — 8(Ax, By) — |By|
= A+ 2k—1—65(Ayx, By).

This implies that
dc(Ax — X, By — N(x, By)) = (|By| — 6(Ax, By))(A + 2k — 1 — (Ax, By)) (5)
yet, since the vertices of Ax can be adjacent to no more than A + 4k — 1 vertices of By (by Fact 2), we see that
dg(Ax — X, By — N(x, By)) = (|Ax| — D(* + 4k —1). (6)
Thusif A + 2k — 1 — 6(Ax, By) > 0,(5) and (6) imply

IBy| < (JAx| = )(A + 4k — 1)
U= ¥ 2k—1— 8(Ay, By)
(16k) (8k — 4) + 2k — 2

+ 8(Ax, By)

IA

which contradicts the fact that n > 128k?, hence §(Ax, By) > A + 2k — 1.
The proof of §(Ay, Bx) > 2k — 1 — Ais similar.  Ocjaimss
We distinguish two cases, according to the size of Ax:

Case 1: Suppose 1 < |Ay| < 2k — 1. Then Claim 5 and the completeness of A imply

5(Ay) > |Ax] +2k—1— A
= |Ay| + 2k — 1
> JAy| +2(k — 1).

Now, we apply Corollary 3.4 with & = X; = Ay for all i, and let Y’ = X. This implies, in the language of the corollary,
that §(X;, Y') = 8(Ay). Thus, we find that there are k edge-disjoint systems &y, ..., $ whose paths have all order three
and whose endvertices are all in X.

Further, since A is a complete bipartite graph, we may choose these path systems so that they cover a subset A} of
min(|Ax|, 2|Ay|) vertices of Ax. That is to say, if |Ax| < 2|Ay|, Ay = A, so these systems each cover A entirely, and if
|Ax| > 2|Ay|, we require that they each cover the same proper subset Aj of Ay having order 2|Ay|.

Foralli € [k] we let $/ = & when |Ax| < 2|Ay|, and »/ = £ U (Ax — A}) when |Ax| > 2|Ay|. In either case, we now
have k edge-disjoint path systems which cover A.

Again we wish to apply Corollary 3.4 to the »/ with X; = (3/)4,, to extend to a family of k edge-disjoint systems
P{, ..., P such that every path in each of these systems has both endvertices in B.
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We may do so since if |[Ax| < 2|Ay| then all t; = |Ax| vertices of X; come from non-trivial paths, and if |Ax| > 2|Ay]|
then t; = 2|Ay| vertices of X; also come from non-trivial paths, and s; = |Ax| — 2|Ay| of them come from paths consisting of
exactly one vertex, so by Claim 5,

d(Ax,By) > A+2k—1
t,
> §l+si+2(k— 1).

Consider some matching .M that contains exactly one edge from each non-empty path in £;. Clearly, l‘i‘{f (M1) =0, and
therefore by Proposition 2.1 we have that
B(@(P)) =0 (7)

o/
in G — #,. Thus, as () C B, and B induces a complete bipartite graph, we can link the endpoints of the paths in £/ to
form a Hamiltonian cycle in G.

Suppose then that we have extended &, ..., /_; (t < k) to the disjoint Hamiltonian cycles Hy, ..., H;_;. As above,
Proposition 2.1 implies that
P(@(P) =0 (8)
o/
in G — #,. Assume that »/ has exactly j paths, and let {x;, y1}, ..., {;, y;} denote the pairs of endpoints of these paths.
Additionally, let the set W = {{y1, X2}, {¥2, x3}, .. ., {j, X1}}. As B induces a complete bipartite graph with each partite set

o/
having size at least n — |Ay| — A > n — 6k, it is simple to see that there is a W-linkage in G; :== G — &, — U,[;]1 E(H;). Note
that there are at most j < |Ay| < 2k paths in &/, so if we are able to show that G; is 2k-extendible we will be done.

By Corollary 2.2, it suffices to show that

V(G —
I (t)|+6k22n Zan_k. ©)
2 2

In G, the minimum degree of a vertex in the subgraph induced by Bis n — (|Ay| + A) > n — 6k. In removing the edges
from the ¢ — 1 other hamiltonian cycles, each vertex loses 2t — 2 < 2k — 2 adjacencies. Thus, it is clear that o7 (G;) certainly
exceeds n — k, completing this case.

Case 2: Suppose |Ay| > 2k. Let A} be a subset of |Ay| vertices of Ax. As A is a complete bipartite graph, there are k edge-
disjoint hamiltonian cycles in (A} x Ay)g, and we let x1y1, . . ., X\ be independent edges of (A} x Ay)¢ such that x;y; is an
edge of the ith hamiltonian cycle.
Using Claim 5 we get that (A}, By) > 2k — 1and §(Ay, Bx) > 2k — 1 — A so
8(Ay, By) > |Ax — Ayl + 8(Ay, Bx)
2k — 1.
Let B = G — Ay — Ay. We have
02(B") > 8(Ax — Ay, By) + |Bx|
> |Bx| +A+2k—1
= |B'|+2k—1.
One may then use the edges of E(A}, By) and E(Ay, X — Ay) along with Theorem 2.3 to find k edge-disjoint hamiltonian

cyclesinG. O
Before we proceed to prove the main theorem, we give one final technical lemma.

03 (Gr) >

=
=

Lemma 3.6. Let G be a graph containing a Hamiltonian cycle C and let S and R be non-empty disjoint subsets of V(G). If
IS| < |E(R,S)| — |R| then there are four distinct vertices cq, Cy, C3, C4, encountered in that order on C, such that one of the
following holds:

(a) ¢c1,c3 €R, Cy,c4 €S, c1¢c; € E(G), and c3c4 € E(G), or
(b) ¢c1,¢c4 €R, o, c3 €S, cic3 € E(G), and cy¢c4 € E(G), or
(c) c1,¢c4 €8S, ¢y, c3 € R, c1c3 € E(G), and co¢4 € E(G).

Proof. First, note thatif R = {r e R: d(r,S) > 0}and S’ = {s € S : d(s, R) > 0}, then
IR+ 1"l <RI+ IS < |[ER, S)| = [E(R, S)]|

so we may assume that every vertex of R is adjacent to at least one vertex of S, and vice versa. Further, observe that the
inequality in the statement of the lemma cannot hold if |R| = 1 or |S| = 1. Thus, both R and S have at least two vertices.

If [R] = |S| = 2, then |E(R, S)| = 4, and one of (a), (b), or (c) must occur. So assume without loss of generality that
|IR| > 3,and letR = {uy, ..., u;}, where the labels on the vertices of R are determined by a chosen orientation of C. Suppose
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the theorem is not true. Then we claim that C can be traversed such that all of the vertices of R are encountered before all
of the vertices of S. Let P and P’ be the two [u;, u,] paths on C, with P being the path containing all of the u; for 1 <i <.

To avoid (a), all of u;’s neighbors in S and all of u,’s neighbors in S must lie either entirely in P or entirely in P’. If
(N(uq) UN(u,)) NS C P’ no vertex of S can lie in P, for then the edge between this vertex and any of its neighbors in
R would cause (a), (b), or (c) to occur. But this means that the claim is proven for this case.

So suppose that (N(uq) UN(u;)) NS C P. Also, define v; to be the vertex with highest index i such that v; € N(u;) NS,
and let v; be the vertex with lowest index j such that v; € N(u,) NS.Theni < j, or else (b) occurs. No vertex of R lies between
v; and vj, or else (a), (b), or (c) would occur. Then uy, .. ., uy lie along the path [uq, v; ], and 41, . . ., u; lie along the path
[vj+, u,] for some k between 1 and r — 1. All vertices of S on the path [uy, v;], must lie on the path [u,f, v;], or else (a), (b) or
(c) will occur. Similarly, all vertices of S on the path [v;, u], must lie on the path [v;, 1 ,]. But this implies that the claim
holds. If necessary, relabel the vertices of R such that P = [uy, u,] contains no elements of S. Since (b) or (c) will be violated
if two chords from R to S cross, a simple count reveals that |S| > |E(R, S)| — (|R| — 1), a contradiction. O

3.3. Proof of Theorem 1.4

Proof. Let C be a cycle of L of maximal order which minimizes d; (T, C), where T = L — C. By Lemma 3.2

Tl
= <2k-2 (10)

Letu € Tx and v € Ty such that d; (u, C) + d; (v, C) is maximal. Let « = d;(u, C) and 8 = d; (v, C). We assume, without
loss of generality, that o < .
We may assume that
o > 2k + 4. (11)

Indeed, by Fact 1, every vertex of Y — Ng(u) has degree greater or equal ton—2k+3 —t —« in L. If ¢ < 2k+ 3, this would
yield that there are atleastn—t —(2k+3)—2(k—1) > n—6k vertices that have degree atleast n—2k+3—t—(2k+3) > n—6k
in L. Let S C Y denote this set of vertices.

Let the vertices x and y, in X and Y respectively, be such that (x, y) is a proper pair in G. Assume first that there is some
vertex s in S such that (x, s) is a proper pair in G. Then since d; (s) > n — 6k, Fact 2 implies that d; (x) < 6k + 1. Therefore
di(x)d;(y) < (6k + )n.

Suppose then that x is adjacent to every vertex in S. Then dg(x) > |S| > n — 6k and hence d; (x) > n — 8k — 1. By Fact 2,
it follows that d; (y) < 8k + 1and hence d; (x)d;(y) < (8k + 1)n. Since n > 128k?, both (6k 4+ 1)n and (8k + 1)n are strictly
less than 12k(n — 12k). Therefore, if « < 2k 4 3, G contains k disjoint hamiltonian cycles by Lemma 3.5 and hence we may
assume that o > 2k 4 4.

Note that

a+B<n—t+1<n-2k+3
or else C could be extended.
We must have [Ny (u, C)™ NNy (v, C)] < 1and [Ny (u, C) NNy (v, C)"| < 1.Let R = N;(v, C)™ — N¢(u, C). Then
IRl = di(v, C) — dy(u, C) — N(u, C) NNy (v, O)F|
>pB—-2k—1)—1
=pB-2k+1. (12)
For everyr € Rru ¢ E(G), so by Fact 1,
di(r) +di(u) =du(r, T) +di(r, O) +dy(u) > n— 2k + 3,
hence

di(r,C) =2 n—2k+3—d(uC) —d@T) —d(rT)
n—2k+3—-—a—-t—t. (13)
Together with the fact that

di(R,C) = > di(r.C)

v

rerdi(r, T) < t — 1(since otherwise, we could extend C), we get

reR
> Y (n—2k+3—d(u,C) — dy(u, T) — dy(r, T)) (14)
reR
= [RI(n—2k+3) — Ri(@+ 1) = Y _di(r,T) (15)
rer

> Rin—2k+3—a—t)—t+1. (16)
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LetS = N.(u, C). We have
di(R,S) = di(R,C) — |Cx — S|
> |Rin—-2k+3—a—-t)—t+1—(n—1t)+|S|
Rin —2k+3—a—t)+|S|+1—n.

\%

If Lemma 3.6 with G = C,R = R,and S = S were to hold, then we could extend C. Therefore, the assumption of
Lemma 3.6 fails, and we have

S| = (dL(R,S) — Rl +1) = 0
IS| = ((IRI(n =2k +3—a—t)+[S|+1—n) — R+ 1) =0

n—2—|Rl(n—2k+2—a—t)=>0. (17)
By (12)and (11), we have |R| > a — 2k + 1 > 3, s0 (17) yields
n—2-3n—2k+2—a—1t)>0 (18)
30 >2n—2k+9 (19)
.2 Zk 3t+3 (20)
o> -n——-k— .
-3 3

Yet,asa < B,t < 2k — 1,and n > 128k* > 46k), this would imply
4 4
a+ B> gn— 5](—6(2/(— 1)+6>n+2k

contradicting (3.3). Orheorem 1.4
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