Math 346, HW4 Solution

3.3.3

Since the problem is already stated in the canonical form with basic variable
x9 and x3, we can start with the initial BFS (0,3,2,0,0). Note that in the
objective function the variables x; and x4 have negative coefficient. We can
pick one of them entering the basis, suppose we pick x4 (using Dantzig’s pivot
rule). The minimum ratio test on the column for z4 gives min{%, % = %‘ So
in the next step, x4 enters the basis and replace x3, meaning that we need to
get the canonical form for the basis {x4, 22}, that is

minimize —%xl + %3?3 + 215 — %
subject to a1 + 2x3 + 34 + 25 = 1
—Tx +ay — Fa3 — w5 =2

L1,T2,T3, T4, Ts5 Z 0.

Now notice that xz; has negative coefficient in the new objective function. It
enters the basis, and replace x4 because it corresponds to the only positive a;;
which is é. Now we could obtain the canonical form for basic variables x1, xo:

minimize x3 4+ 4x4 + 4x5 — 2

subject to 1 + x3 + 624 + 35 = 2
xo + 3x3 + 21xy + 1025 =9
T1,X2,T3,T4,Ts5 > 0.

Now all the coeffcients of non-basic variables in the objective function are non-
negative. So we stop at an optimal solutions (x1, za, 23, x4, 25) = (2,9,0,0,0),
with optimum value —2.

3.4.5

Suppose 7 is the index minimizing -’ over all 7 such that a;s > 0. After we
pivot on a,s, in the new tableau (or new “canonical form), the constant terms b*
becomes b; — a{f = for the basic variables except r, and b} =
a degenerate basic feasible solution, then the constant term b; has to be zero for
some basic variable x;. Since the new basis is {z1, -+, Zr_1,Tr11, " , T, Ts }-
So this pivot operation produces a degenerate BFS iff one of the b computed
above is equal to 0.




3.5.2(b)

We first introduce the slack variables to convert it into the standard form
(also we change the objective function so that it is now a minimization problem).

—T1 72!172+I‘3

To +4xs + x4 = 36

5r1 — 4xo + 223 + x5 = 60
3r1 — 2x9 +x3 +x6 = 24
T1,22,T3,T4,T5,T¢ > 0.

minimize
subject to

Note that x4, x5, x¢ naturally forms a basis that gives a BFS. Now we create
the simplex tableau:

T T T3 X4 IT5 g
x4 | O 1 4 1 0 0136
zs| 5 —4 2 0 1 060
x| 3 -2 1 0 0 1|24
-1 -2 1 0 0 010

In the next step, x5 enters the basis and by the minimum ratio test x4 leaves
the basis (so we pivot on the entry 1)

T1 T2 T3 T4 Ts Te
x| 0 1 4 1 0 0| 36
zs| 5 0 18 4 1 0 |204
x| 3 0 9 2 0 1|96
-1 0 9 2 0 0] 72
Now z; enters the basis and replace xg, since 9—36 < %.
r1 X2 T3 X4 X5 Tg
x| 0 1 4 1 0 0] 36
5[0 0 3 § 1 2| 4
x| 1 0 3 = 0 & |32
0 0 12 5 0 5 [104

Now all the non-basic variables have nonnegative coefficients in the objec-
tive function, so we have obtained an optimal solution (x1,xs, x3, x4, x5, Tg) =
(32,36,0,0,44), with optimum objective value —104. So for the original maxi-
mization problem, the maximum is 104.

3.5.6(b)

Again we first convert the linear program into the standard form and create



the simplex tableau:

r1 T2 T3 T4 Ty Tg
x5 | 2 -1 1 1 1 0|60
2|3 4 2 -2 0 1150
1 -3 -6 0 0 0] 0
x3 enters the basis and the minimum ratio test shows x5 leaves the basis since
0 < 130, )
Ty X2 T3 T4 Tz e
3| 2 -1 1 1 1 0] 60
x| -1 6 0 —4 -2 1] 30
L 3 -9 0 6 6 0 |360
9 enters the basis and x¢ leaves the basis.
[ 1 Ty T3 T4 Ty Tg
T I ) I
x3 | = 0 1 = s =] 65
518 5 3% ¢
r2|—g 1 0 -5 -3 |5
i 2—23 0 0 0 3 % 405

Now we obtain one optimal BFS: (0, 5, 65,0, 0,0), with optimum objective value
—405. Note that in the current objective function z = 22—3:101 + 325 + %mﬁ. The
non-basic variables x1, x5, ¢ all have strictly positive coefficients. So if another
different optimum BFS exists, x4 would be in the basis. Now we do minimum

ratio test for x4. Then it is not hard to see that x3 has to leave the basis.
1

Pivoting on 3, we have:
r1 X2 XT3 T4 X5 Te
T4 % 0 3 1 2 % 195
| 2 1 2 0 1 3 ]135
2 0 0 0 3 3[405

This basis gives us another optimal BFS: (0,135,0,195,0,0).



