
Figure 1. A curve and its dual graph.

3.2. Dual graphs. Let X /OKp be a regular, semistable curve. We define the dual graph Γ
of X to be the graph whose vertices are the irreducible components Xv of Xp and with an

edge between the vertices corresponding to nodes of Xp.

Remark 3.2. Our usage differs from that of Baker [Bak08] for the following reasons: we

do not require the models to be strictly semistable; vertices in the dual graph correspond

to irreducible components of Xp, not to components of the normalization. Consequently,

components Xv of Xp may have nodes.

Because there are multiple edges in our graph, we will treat edges as a multiset in

Sym
2 V (Γ), so there may be many edges e satisfying e = vw for a pair of vertices v, w.

Let M(Γ) be the Abelian group of integer-valued functions on the vertices of Γ. Let

Div(Γ) be the free Abelian group generated by the vertices of Γ. For D =
�

v avv ∈ Div(Γ),
write D(v) for the coefficient av. We say that D is effective and write D ≥ 0 if D(v) ≥ 0 for

all v ∈ V (Γ). The Laplacian on Γ is defined to be the map

∆ : M(Γ) → Div(Γ)

ϕ �→
�

v

�
�

e=wv

(ϕ(w)− ϕ(v))

�
(v) .

Let M(Γ)∼ be the quotient of M(Γ) by constant functions. Note that ∆ is defined on

M(Γ)∼.
We can view ϕ ∈ M(Γ) as a twist (i.e. a vertical divisor on X ) by setting Vϕ =

�
v ϕ(v)Xv.

Since the special fiber of X is linearly equivalent to 0, elements of M(Γ) that differ by a

constant function induce linearly equivalent twists. For a divisor D on X , we define the

twist of OX (D) by ϕ to be OX (D)(ϕ) = OX (D + Vϕ).

Let Div(Xp(Kp)) be the divisors of Xp supported on Kp-points (i.e. each individual point

is defined over Kp). There is a reduction map

ρ : Xp(Kp) → Xp(Fp)

given by P �→ {P} ∩ Xp. By regularity of X , this map is surjective onto X sm
p (Fp) and

therefore induces a surjective map

ρ : Div(Xp(Kp)) → Div(X sm
p (Fp)).
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