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Abstract

We propose and analyze a finite element method for approxigisdlutions to the Navier-
Stokes-alpha model (N&} that utilizes approximate deconvolution and a modifiecHeptv
stabilization and greatly improves accuracy in simulaid®tandard finite element schemes for
NS-« suffer from two major sources of error if their solutions amnsidered approximations
to true fluid flow: 1) the consistency error arising from filtgy, and 2) the dramatic effect
of the large pressure error on the velocity error that arfee® the (necessary) use of the
rotational form nonlinearity. The proposed scheme “fixé&se two numerical issues through
the combined use of a modified grad-div stabilization thas @&t both the momentum and
filter equations, and an adapted approximate deconvoltgicdmique designed to work with
the altered filter. We prove the scheme is stable, optimallyergent, and the effect of the
pressure error on the velocity error is significantly redlc@everal numerical experiments are
given that demonstrate the effectiveness of the method.
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1 Introduction

We study a finite element method (FEM) for the MSnodel that employs both a stabilization of
grad-div type and adapted van Cittert approximate decatienl to produce high accuracy flow
simulations. This new scheme provides accurate compogtidgth NS«, which is widely known
as aphysicallyaccurate model, but whose widespread use has not yet caughedo large error in
its numerical approximations. Motivated by the belief tthegt large errors are a shortcoming of the
FEM implementations and not the model, we identify two majmurces of numerical error arising
in FEM discretizations of N3, and propose a scheme that “fixes” both of them. Analysisisef th
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new scheme shows both unconditional stability and optirmavergence, and several numerical ex-
periments including the Green-Taylor vortex problem, flax@roa step, and the 3d Eithier-Steinman
problem demonstrate its effectiveness.

Originally called the 3d viscous Camassa-Holm equatiortd9&], NS« has attracted significant
attention in recent years due to its many attractive matktieedand physical properties. It admits
unigue regular solutions [FHT02, MS01], is frame invarif@OPO03], conserves energy, helicity,
and 2d enstrophy [FHTO1, Reb08], obeys Kelvin’s circulatibeorem [FHTO1], cascades energy
through the inertial range at the same rate as the NSE up tteaniy radius dependent cut-off
length scale after which it accelerates energy decay [FHTah be fully resolved witt) (Re3/?)
degrees of freedom (compared@QReg/ 4) for the NSE) [FHTO1], and dissipates energy and helic-
ity independent of Reynolds number@$U?3 /L) andO(U?/L?) respectively, as in true fluid flow
[LRSO08].

These properties suggest MSs morephysicallyaccurate than many other models. For example,
the k — ¢, Smagorinsky, Leray, and Bardina models do not consenveitigednd thus will nonphys-
ically inject or dissipate helicity (and thus rotation) fretr solutions. Moreover, the Bardina model
[BFR83, Reb07] does not even conserve energy, the LerayInsdet frame invariant and fails
to satisfy Kelvin’s circulation theorem [GOPO03], and the &yarinksy model has been shown to
dissipate energy too quickly through the inertial range $9%j. However, despite all of N&'s ex-
cellent theoretical properties, and that direct numesgallation (DNS) testing of the model was
successful for flow in a channel and in a cylinder [CHMZ99, CRIi8, CFH"99, LKTTO07], its use
has still remained limited. We believe this has not been dwelack of effort from the CFD (com-
putational fluid dynamics) community or that the model ftseinherently inaccurate, but instead
because of poor accuracy caused by subtle numerical preldésing in FEM implementations of
the model.

NS-« uses the Hemholtz filter (also called thefilter), which for a chosen filtering radius, is
given by
U= Fu:=(—a’A+1)"u (1.1)

The NS« model is then defined to be

w—ux (Vxu)+Vp—vAu = f, 1.2)
Vu=V-u = 0, (1.3)

with v representing the kinematic viscosity. Although the N8&odel is well-posed in the periodic
case, for wall bounded flows these equations are inconsistigincan be suitably altered by adding
a Lagrange multiplier to the filter equation as

T— AU+ VA =u. (1.4)

The scheme proposed herein attempts to reduce signifiddetigumerical error arising from two
sources. First, the rotational form of the nonlinearityde@o a complex Bernoulli-like pressure.
This Bernoulli pressure accounts for the kinematic tég%nand so may share internal and boundary
layers of the velocity field. Thus, if a mesh is not sufficigrfihe a large pressure error arises,
causing a scaling of the velocity erroraocity errora~ Re * pressure erroi(cf. section 4), where
Reis the Reynolds number. Hence for lare, the velocity error can be very large. In [LMN9],

it is shown that a similar problem arises when computing tagi&-Stokes equations (NSE) with
the rotational form of the nonlinearity, and can be fixed wgthd-div stabilization described in the



next section. Similar fixes have been successfully usedhéosame purpose in the Stokes equations
[ORO04] and the steady NSE [OIs02]. An extension of this iddd$-« was proposed by Conners in
[Con09], by adding the usual grad-div stabilization terna &tandard FEM for NS However, his
analysis showed that for unconditional stability, the gdadstabilization parameter needs chosen
smaller thanO(v), which is far from an optimal choice aP(1). We find that, by also adding
grad-div stabilization to the filter equation with a cargfuthosen coefficient, no condition needs
placed on the grad-div stabilization parameter for undiomil stability, allowing for the optimal
reduction of the effect of the pressure error on the veloeitpr. We refer to these two grad-div
stabilizations as a modified grad-div stabilization, ay tteally work together as one stabilization,
and with a single parameter, to reduce error in an uncomdilliyp stable way.

The second major source of error in MSsomputations (and in any-type model) arises from the
model’s consistency error to the NSE. Even for smooth flowis, ¢lear from (1.3)—(1.4) that one
cannot expect accuracy better th@rfa?) from the model itself, even before any computational
error is introduced. In the series of papers [AS01, AS99, 8HKStolz, Adams and Kleiser sug-
gested to reduce the filter-induced consistency error butance models via the van Cittert method
of approximate deconvolution and proved it to be an excelieol for producing reduced order
simulations with high accuracy. The method constructs alyam, of approximate inverses to the
filter F as the truncation of the nonconvergent power seffies: = >"°° (I — F)™

N

Dy=> (I-F)" (1.5)

In the NS«v model with approximate deconvolution of orddt the filtered velocityu in (1.2) is
modified as

u — Dnm.

In [Reb08], it is shown how van Cittert approximate decouatioh can be added to N&+to increase

its consistency error to the NSE @(a?"V*2), whereN is typically choserl < N < 5. Computa-
tions in [RS09] show this can improve accuracy in simulaionhis technique has also been used
successfully to improve accuracy in simulations using othype models, such as Leray-and
NS+ [RS09, LMNRO8, LMNRO9].

The numerical examples presented herein will showttitombination of modified grad-div sta-
bilization with approximate deconvolutidras a tremendous impact in obtaining accurate solutions
with FEM discretizations of NS Although one rarely will knova priori, sometimes the velocity
error will be dominated by the modeling error, and other 8rbg (Re * pressure error). By them-
selves, the proposed “fixes” of the scheme will help signifilyain only one of the two cases, but
likely very little in the other. When used together, howetleey can greatly reduce the error in most
problems, and have an even greater effect than either odendigidually.

This paper is arranged as follows. Section 2 introduceginatand important general properties of
the nonlinear term and finite element spaces. In particitlarfroduces the semidiscrete scheme,
new discrete operators and relevant properties of induceshsm These are rather technical, but
simplify the stability and convergence proofs. Section&spnts a full discretization of the scheme
and its stability analysis, together with some prelimineggults needed in Section 4, in which
the convergence analysis is proven. Section 5 featuresnzahexperiments that corroborate the
convergence analysis of Section 4 and show that the scheai®eigo predict expected physical
behavior accurately.



2 The finite element scheme and preliminaries

Let Q ¢ RY, d = 2,3, be a polyhedral domain ang, be a regular discretization 6t such that
the inverse inequality holds. LéX;, Q) C (X, Q) = (HL(Q)4, L2(2)) be the velocity-pressure
spaces satisfying the discrete inf-sup (or LBB) conditi@uip89]. Denote by-,-) and ||-|| the
L?(Q) inner product and norm, respectively. The spétferepresents the Sobolev spade’ (1)
and||-||x denotes the norm i7*. For functionsv(z,t) defined on the entire time intervéd, T'),
we defing(1 < m < o)

T 1/m
[0lloc := €ss sup [v(t, )k, and [[vlme = (/ [o(t, )17 dt)
0<t<T 0
All other norms and inner products will be labeled with sulygs.
We make use of the following approximation properties:
inf [ju—v| < CA* Yulpyr, ue H Q)
veXy
inf [lu— |y < Ch*ulesr, uwe HH(Q), (2.6)
veXy

inf ||p— 7| < Ch*plsr1, p € HTHQ).
reQy

Moreover, if V - « = 0, then in the first estimates from (2.6), the finite elementep, can be
replaced by its subspace [GSO03]:

Vi i={vn € Xi | (V- vp,qn) =0 Vg, € Qp}-

2.1 The finite element scheme
The spacial discretization of (1.2)—(1.3) reads: Hing(¢), pn(t)} € X xQp, YVt € (0,T] solving

ou
(6—:7%) + v(Vauy, Vop) — (DY Fyup x (V X up),on) — (pr, V- on) + (qn, V - up)

+(V -up, V- vp) = (f, vn), V{vn,qn} € Xp x Qp, YVt e (0,T]. (2.7)

A particular time discretization is not important for us histmoment and will be specified later.
The discrete filterF), is defined below. Ity > 0 then the violation of the divergence constraint
by the finite element solutions is additionally penalized= 0 corresponds to the plain Galerkin
method. Adding such a term is known th& grad-div stabilizatiorand corresponds to adding the
vanishing—~vVdivu term to the momentum equation (1.2). The convergence asatySection 4
recovers the stabilizing effect of theterm with respect to a possible poor pressure resolution.

Besides the stabilizing of the Bernoulli pressures distmgbns and turbulence modelling, penaliz-
ing the divergence constraint is not a new idea. This termpaasof the Petrov-Galerkin method
(SUPG) in [FF92, HS90]. However, in practice this term iofomitted, and until recently it was
not clear if it is needed for technical reasons of the analg6iSUPG type methods only or played
an important role in computations. The role of the grad-dibgization was again emphasized in
the recent studies of the (stabilized) finite element metHodincompressible flow problems, see
[GLOSO05, MLR09, ORO04, Sva08], also in conjunction with tbeation form of nonlinearities in the
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Navier-Stokes equations [LMND9, LMNRO9, Ols02] and variational multiscale turbulencedn
elling [JK09]. Its relation to the variational multiscalp@oach is revealed in [Cod02, GWRO05].

In numerical experiments presented further in the paper g ghat the simple choice = 1
already leads to a dramatic improvement of accuracy cordpgare = 0. Although~ = 1 may

not be an optimal choice, it is not the intention of this pafeefind optimal parameter. In a more
general settings may vary in$2 from element to element and an optimal choice may depend on a
particular flow problem, discretization etc.

It remains to define the discrete filtéf,. We found that it is important in numerical implemen-
tations to force the divergence-free condition for the ridtefunction (similar observations can be
found in [Con09, MR09, RS09]). Therefore, instead of therite Hemholtz type problem we are
considering the following discrete Stokes type problemr &ohosen filtering radius > 0 and a
givenu € L?() defineFj,u = @ from

o2 ((Va", on) + 277V 00)) = s V- 0n) + (@, V - 7)
+ (ﬂh,’l)h) = (u,vh), v {vh,qh} S Xh X Qh- (28)
It is important for the analysis and accurate numerics tmatiscrete filter (2.8) is also stabilized
with the grad-div term and the parameterand~ are taken the same as in (2.7). The Lagrange
multiplier \;, is never used further in calculations.

Finally, given the discrete filtef, the discrete van Cittert approximate deconvolutiof) is defined
through (1.5) withf” replaced byFj,. As an example, the first few operators of the family are

Di¢ = ¢,

Dlp = 20-39",

h —h —_hh
Db = 3¢p-36" +¢ .

Further in this paper we prove stability and error estimatetfiis stabilized discrete N&-model
with the approximate deconvolution. For this purpose wedrsssme technical results formulated
further in this section.

2.2 Grad-div modified Laplacian and filtering

For both readability and a smooth analysis, we believe ifulse develop notation for a grad-div
modified Laplacian and the modified filter defined in terms & trew Laplacian.

We begin by defining the grad-div modified discrete Lapladgerator acting on the space of
discretely solenoidal functiorig, .

Definition 2.1 (Modified Laplacian) Given parameters,» > 0, define the grad-div modified
discrete Laplacian\;, : H'(2) — V}, as the unique solution i, to

(Bid.v) = ~(V9. Vo) = L(V -6,V ), Vv e Vi (2.9)

Forg € L?(Q), Fp¢ = 4" from (2.8) can equivalently defined as the unique solutioW,iho

—?(A4 " 0) + (@",0) = (¢,v), Vv eV (2.10)
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Thus, restricted oV}, the filter F, has a well-defined inverse and can be written in the following
compact wayF), := (—a?A, + 1)~

The following lemma provides some simple identities andjuadities that arise from the filter
definitions. They will be of great importance in the later [siges.

Lemma 2.2. For ¢ € L?(12), we have that

TR+ VT + TP = (6.7 @.1)
IV8" 12+ LIV - 8"2 + 208" = (V6.VE")+L(V-9, V3",  (212)
18" < llel, (2.13)

"I —Fn|| < 1, (2.14)

IV6" 12+ 119 - 312 + 0?1 Bag" |2 < VoI + 21V - o) (2.15)

Proof. The first identity follows immediately from choosing = $h in (2.10). For the second
identity, chooses = —A, ¢ in (2.10) to get

Q2R 12— @A) = (¢, Ard).

Sinceﬁhah € V,, the result now follows the definition of the modified diserétaplacian (2.9).
The inequalities (2.13) and (2.15) are immediate consempsenf (2.11) and (2.12) respectively,
by applying Cauchy-Schwarz and Young’s inequalities. Teguality (2.14) follows from (2.13),
noting thatFj, also denotes the modified Hemholtz filtmr.

2.3 Natural energy and energy dissipation norms

The numerical scheme studied herein can be more easilyzauhig the following natural energy
and energy dissipation norms.

Definition 2.3. We define the natural energy and energy dissipation normsSat-deconvolution
to be

813 = (6, Dkd"), (2.16)
1812y = —(Bno, Did"). (2.17)

Remark 2.4. In their continuous forms, for general these norms (and the natural norms of contin-
uous NSe-deconvolution [FHTO1, Reb08]) are equivalent to fiie' and L2 norms, respectively,
which is one degree less than is common for fluid flow schemeasveder, provided the inverse
inequality holds and the filtering radius is chosemas O(h) (as it should be for optimal accuracy
with sufficient regularization [LMNRO8, LMNRO09]) oW}, these discrete norms are equivalent to
the L2 and H'! norms, respectively, cf. [MR09].

For the ease of analysis, it will be very helpful to have egl@xce between the natural norms for
varying orders of deconvolutiofv.



Lemma 2.5. For ¢ € V}, and for each natural numbel, the energy norm defined by (2.16) is
equivalent to the zeroth order energy norm defined by (2Tt is,

19llz0 < I8lle;n < VN + 1@ g0 (2.18)

For ¢ € V; and for each natural numbeN, the energy dissipation norm defined by (2.17) is
equivalent to the zeroth order energy dissipation norm éefioy (2.17). That is,

[6llco < [[dlley < VN + 1¢]co- (2.19)

Proof. Consider the expansion QfﬁH%E;N:

N
lolZn = (6, D% 6") =Y (6, (I — Fy)"Fi6).

n=0

From (2.13), we have thaitFy,¢|| = ||$h|] < |l¢||, and thus thali F},|| < 1, and(I — Fj) and F},
are positive and self adjoint or},. Then sincef}, and (I — F})" commute, for each term in the
expansion we get

(6.(I — Fy)"Fad) = (I — Fn)3Ff 6, (I — F)3FL) = |(I — Fn)SFL o

Thus|]¢H%;N is a sum of nonnegative terms, the first of whiclids F,¢) = HqﬁHQE;O, and therefore
we getl|¢| z0 < [l ;-

Also, since||I — Fy|| < 1, we have

(6, (I — FW)"Fuo) = (I — B)EF26|2 < | FZ 6|2 = (6, Fug) = |9l

Thus,[|[|%. v < (N+1)]|¢1%.o, which completes the proof of the equivalence of the namatgy
norms.

2
E;0-

For the second equivalence result, consider the expan‘siH)ﬂH@N:

N

N
2= (B, DhG) =3~ (B, (I~ Fp)"Fod) = 3 —(Fubno, (I — F)"9). (2.20)

n=0 n=0

6

Using the definition off},,

FyApg = ;—;Fh ((1 — a?Ay) — 1) ¢ = ;—;Fh (Fl=1)¢= ;—21(1 — Fp)o. (2.21)

Combining (2.21) and (2.20) gives

N N 1

1
o112 n = Z g((f =)o, (I — Fy)"¢) = Z @H(I — Fp)m 2412,

n=0 n=0

Since L |[(I — Fy,)z¢||> = [|6]1%, using (2.9) and (2.10), we have proven thaf2 ; is a sum of
positive terms, includinggbnao. Thus we have thdis||.o < ||¢||~. To complete the proof, since
III — Fy|| < 1, we note that each term in the expansion|ofl..x is less than or equal tdp||..o.
Summing these terms completes the praof.



The following technical lemmas lead to simpler stabilitamnvergence analysis.
Lemma 2.6. Let¢ € V},. Then the following inequalities hold.

—h

IDES" | < (N + 1ol s0,
—h

IVDYG'|| < (N +1)[8lco-

Proof. We prove the second (harder) inequality first. The first irdigguwill follow in an analogous
way. This proof uses the definitions of the natural energgipiédion norms and modified discrete
Laplacian, and manipulates using commutation and positefenite properties of the filter and
deconvolution operator. From (2.9) we obtain

—h —h —h ~ —h —h
IVDR¢" | = (VDX¢", VDY) < —(ADY ", D $).
Since the filter and deconvolution operators commute antdatepositive definite and self-adjoint,

and also using the norm equivalence lemma, we get

— F h
~ —h —h ~ L1 11 L1
—(AyDY G, DYG') = —(A DN FZ ¢, Dy DI 2F2 ¢ ) = | D FZ |2
— F h
11 ~ 11 1 1
< (N+1D)|DY2F2 0|20 = —(N + 1) (A, DY F2 ¢, D2 F2 ¢ )
1 T h 1
= —(N+1)(AF2¢, DN F2o ) = (N +1)||F2 o2 n

< (N +1?)|FZ )1 Zo-
Expanding out the last term and using the norm equivalersdtras well as (2.12) yields
1 ~ —h —h —h —h —hy Y —h
1726120 = —(Bnd",8") = (IV6"I2 + 2V - 8"?) < (V6. V8") + (V- 6,V -3"))
= ¢l

which completes the prooi

2
€0

Lemma 2.7. For ¢ € V},, the following inequalities hold:

—h
WV-67[17 < vllglZo, (2.22)
—h
H¢ HE;O < ”¢H6;07 (223)
—h
YWV -DRGIP < CIN)|glZy- (2.24)

Proof. The first inequality is a direct consequence of (2.12). Fergiacond inequality, expanding
the difference of squares of the terms gives

h h

- Lqv @vdh.

6120 = 18" 20 = (V6,98") + 2((v -6, - 3") - (v3", V5"

Equations (2.12) and (2.15) now imply the difference is fpgesi For the last inequality, expand the
deconvolution operator as a sum with coefficiefi{sand use (2.22), as

N N N
—h nTh = h n
VIV - DRGNP <D BV - FRE 1P <D BV -Frd 12 <> Bavl FrollZe.
n=0
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Applying (2.23) now gives

N N
D B FRolZe <D BavlléllZe < CNI¢lZe < CN)V@]2 N
n=0 n=0

The lemmas below provide necessary estimates involvingéhegrad-div modified Laplacian and
the van Cittert operatab?,.

Lemma 2.8. The operatorsDy : L?(Q2) — L?(Q) and D% : V}, — V}, are bounded, self-adjoint
positive operators. Fop € L%(Q),

¢ _ DN& + (—1)(N+1)052N+2AN+1FN+1¢,
and for¢ € V3,
¢ _ D]hvah + (_1)(N+1)042N+2£hN+1F}JLV+1¢

Proof. The proof is based on an algebraic identity, following [B&L.Om

The following lemma is the key to reducing the error arisiranf the consistency of the model.

Lemma 2.9. For divergence free € H3N"2 (or ¢ € H*N*? is zero mean periodic), the discrete
approximate deconvolution operator defined on the inf-daple spaces of continuous piecewise
polynomial( Py, Py._1) satisfies

W —h . 12 N a1/ N _
l¢=Dxo'll = CONRT oy s + O (@t h+ )(;!F ¢ lk+1)

—|—CO¢2N+2HAN+1FN+1¢H.

Remark 2.10. Wheng lacks the smoothness required for Lemma 2.9, the error chlogapplying
discrete deconvolution is of the same order as the filterimgrelf ¢ is divergence free but only
satisfiesp € X andA¢ € L?(Q), then it can be shown that

2 1
l6-D}3"|| < C(N) (!I¢—vh!|2+062HV(¢—vh)H2+a—j\IV'(qﬁ—vh)l\2)5+C(N)042HA<Z>H-

inf
vheVh
Proof. We start the proof by splitting the error

—h - - — - —h
l¢ = D" |l < || — Dnoll + | Dné — D)l + DX é — Dy |- (2.25)
For the first term, Lemma 2.8 gives

l¢ — Dol < Ca?M 2| AN N gl (2.26)

Analysis of the second and third terms relies on an estinatéd — $h||, and so we derive this
first. From the definitions of the discrete and continuousr8ltwe have for;, € V},
— 2 — azfy —
(¢, ) + a*(V, Vuy) + T(V Vo) — (AN Vi) = (é,un),
2
—h —h Q@ —h
(8" vn) + (Vo ', Vup) + TV(V ¢, Veup) = (o,vn).



Subtracting these equations, defining= ¢ — Eh, decomposing into its parts in and out oV},
bye= (¢ — @)+ (® — Eh) =: 5+ r3,, where® is the L? projection of¢ into V},, gives for every
UV € Vh,

2
(rp,vn) + az(Vrh, Vop) + %(V rp, Veup) = (N Vo) + (s,0p)
2 0427

a”(Vs,Vuy,) + T(V -5,V -uy). (2.27)

Sincev, € Vi, (A, V -vp) = (A —qp, V - vp). Using this, choosing;, = r,, and applying
Cauchy-Schwarz and Young's inequalities yields

2
«
H""hHQ+O‘2||V7“h”2+77||v'7"h”2 inf A= anlllIV-rall +ls I +a?|Vs]? + HV s||”.

We bound the pressure term using Young'’s inequality as

2
. v . ary 2
£ — V- < fN=qnll> + =—L||V - . 2.28
ththH anllllV -l < 502 ththH anll” + 25 |V | (2.28)

Inserting the bound (2.28) into (2.28), using the trianglequality and dropping positive terms on
the left hand side, then taking square roots implies

/2
6~ ¢r\<c< R A + B3] BB, 1 wkﬂ)

: /2 . ayl/?
<CP M —73 ay1/? +Ch ‘¢|k+1 hta+t = 1/2 :

For the third term in (2.25), we use the fact th24, is a polynomial in the bounded operat®y,
and so

ID%6— Did"| < C(N+1%6—3"|

. 1/2 . ayl/?
< CIN) [P Moy —73 ay1/? +h ’¢’k+1 (h+a+ 1/2) :

It is left to bound the second term from (2.25); we do so for gemeral N** case. From the
definitions of Dy and D%, it is clear that bothD% ¢ and D% ¢ can be written as polynomials in
their respective filters, with matching coefficients. NdtattsinceN is typically chosen less than 5
or 6, the coefficients ar@(1). Thus we have that

N N
IDNG = DXl = 1D Bn (F"6 = (Fi)"8) | <D Bull "6 — (Fn)" 4l

and we will consider this sum starting at= 1, the first non zero term. Thus we now desire a
bound on the difference in the filters applied multiple times we add and subtract terms with
mixed continuous and discrete filtering. Hence,

N
> BullF"6 — (F)"d = Zﬁnn (F"¢ — FpF""'9)
n=1

+ (FF" 6 — FEF"720) + ... + (F) ' Fg — F9)|. (2.29)
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Applying the triangle inequality to (2.29) yields

N N
S Bl F3 — (B3 < 3 BulllF"G — FuF™13)
n=1 n=1

HEWE" 6 — FRF" 26| + .. + [|Fy ™ Fé — Fygll). (2.30)

Using the bound F},|| < 1, and factoringt™™~%¢ in each norm, (2.30) can be further reduced to

N
> BallF"é — (Fn) 9
n=1

N

<Y Ball(F = B )(FE" Q)| + (F = Fu)(F"29)|| + .. + [|(F — Fu)(FO9)|
n=1
N . /2 _ ayl/? -

< 7267\[2 (h +1 |)\|5+1 W + hk ‘¢|k+1 (h + o+ W)) (‘F ¢’k+1

HF" et + oo+ [Flisa),
and now summing from = 1 to N finishes the proofm
Remark 2.11. There remains the question of uniformdnbound of the last term,F"" |1, in
(2.25). This is a question about uniform-regularity of dipat-elliptic singular perturbation prob-
lem and some results are proven in [Lay07]. To summarizeharperiodic case it is very easy to

show by Fourier series that for &l

|F" |41 < C|o|kt - (2.31)

The non-periodic case can be more delicate. Suppése C*™3 and¢ = 0 on 99 (i.e. ¢ €
H}(Q) N H*(Q)). Then itis known thaty € H*+3(Q) N H(2), andAd = 0 on 9. Further,

16l; <Clloll;  j=0,1,2

So, (2.31) holds foik = —1,0,+1. It also holds for higher values df provided additionally
Alg=00n9Qfor0o < j < [EH] —1.

Now consider the second term = 2 i.e. F?¢ = 2 We know from elliptic theory forp €
HM1(Q) N HE(Q), thatg € H*3(Q) (N HE (), (as noted above)g = 0 on 9 and

—2Ad+=4inQ, andé = Ag = 00ndN.
Theorem 1.1 in [Lay07] then implies, uniformly un,
lol; < Cligll;, j=0,1,2,34.
This extends directly té" ¢.

The next results and definitions will be important in the cagence analysis, see Section 4.
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Lemma 2.12. Assumeu € CO(t" "1 L2(Q)). If u is twice differentiable in time and,; <
L2((t",t"1) x Q) then
tn+1

1 1 1
ot =P < a0 [ ful?ar

tn

If up € CO(t", ¢ L2(Q)) anduyy € L2((¢", 1" 1) x Q) then
tn+1

et < L (an? / g |2 dt
—_— — U _— U .
At t = 1280 i e

If Vu € CO(t", "1 L2(Q2)) and Vuy, € L2((#",t" 1) x Q) then

AtyE
It —a@ e < G [ P,
48 t’n.
In the discrete case we use the analogous norms:
_1
oo = max Jlv” [l Hogllloo s := max [lv™==,

M 1/m M 1/m
_1
Hvlllme = (ZHU”HZ”N) : o fllme = (Z 0" QHZ”N> :
n=0 n=1

Further in analysis we use the following properties of thelinear term.

Lemma 2.13. For u,v,w € X andV x v € L*(Q),
CllulllV x vlloo [[wl],
ClIVullllV x vl[[Vwl,
1 1
Cull2 [[Vul[2 [V < [ Vwl],
1 1
ClIVulllV x o flwl[>|[Vwl|>.

<

<

3 Atime-stepping scheme for NSx and its stability

To discretize (2.7) in time we apply the Crank-Nicolson tgpheme. We assume that initial velocity
u% forcing term f, a filtering radiusae > 0, kinematic viscosityy > 0, stabilization parameter
~ > 0, approximate deconvolution ordéf > 0, timestepAt > 0, and the endtim@ > At are
given. Leto(t"2) = v((t"™+! + t7)/2) for the continuous variables, and™z = (v"+! 4 v™) /2
for both the continuous and discrete variables. With thatimt given in the previous section one
may write down the scheme in the compact form of Algorithmi&lbw.

Algorithm 3.1. SetM = L and forn = 0,2, ..., M — 1, findu}! € V, satisfyingvv, € Vj,,

—
1 5 2 Ryt
(@ = o) — (DR T )V oy 2 vy) — v(Bpuy 2

Al Jup) = (F(ET2),0p). (3.32)

12



Remark 3.2. In some situations, it may be advantageous to linearizedhense via the method of
—h

Baker [Bak76], usmg)Nuh P XV x uj, in the second term of (3.32) with = 3u? — Su} ™.
This linear problem will have identical stability and conyence results as that of the nonlinear
scheme (3.32)

Lemma 3.3. Algorithm 3.1 is unconditionally stable. Its solutionsist

M-1 M-1

[y At 22, < W17 5 £+2))2

lup | En +v Z Huh HEN ”Uh”EN + » Z 1fE"72) |-
n=0 n=0

—h
Proof. Choosev, = Dﬁl\]thr2 in (3.32). The nonlinear term vanishes, and switching totteral

energy and energy dissipation norms yields

h
n n n n+
2At (% — | Zn) + vl : Py = (F(t"+2), Diuy 2 ). (3.33)

We majorize the right hand side term first by using using Cat®thwarz, Young'’s inequality and
Lemma 2.6 with (2.19) to get

h h
n "+ n ”+2
(f(t"2), Dy ) < IF (" 2) || g1 |V Dy 2 |

n+l n+z N+ n nti
< (N 4 DIFE D)l 2 e < (2—)# )G+ Sy e (3.34)
Combining (3.33) and (3.34), and multiplying both side2iy gives
n n n+1 (N—|— 1)2At ol
(b ™ s = k) + v Aty 2 ey < —————IIF(t""2) [}
Summing fromn = 0 to M — 1 provides the estimate
M—1
n+3 (N+ ) n
i N+ vAE Y g, 212 < llupllEy + ———At Z )]
n=0 n=0

4  Analysis of full Crank-Nicolson Scheme

In this section, we show that solutions of the scheme (3&82)unconditionally stable, well defined
and optimally convergent to solutions of the NSE. Our maimveogence estimates are given next.

Theorem 4.1. Let (u(t), p(t)) be a smooth strong solution of the NSE (see, e.g. [Lay08]) that

the norms ofu(t), p(t)) on the right hand side of (4.35)-(4.37) are finite. Assy£16)with some
k > 1, s > 0 and supposéu?, ¢) are approximations ofu(0), p(0)) to the accuracy of (2.6),
respectively. Then fof\t small enoughq = O(h), and~y chosen to satisfys- < 0O(1), there is a
constantC' = C'(u, p) such that forA¢ small enough,

llu = unllloso < F(AL R @) + CHHYlfullloo gt (4.35)

- 3
nal
(thnwwé —uh“)n?) < F(Atha) + CviiM|ullogsn,  (436)
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where

“ 1 1 _1
F(At, h,a) == C*(v,N) {(v2 +92) B [[ull2 k1 +v72 WP ([ullld e + 1Vulll3)

1 1
+y 2R [lpy lll2,ser + v 2PN AN [0

N
1 11 _ .
+ v 2 (ah + I a2 ) (Y F ) + v R 2
1=0

_1 11
+ (At)? (IIUtttHzo + 772 lIpsell2.0 + [ fitll2.0 + (7 +72) [ Ve

2,0
_1 _1 _1
73 [Vl + v 2 VUl + v 3 IVl IRo) b 43D)

Remark 4.2. The theorem shows that the addition of grad-div stabilimatioes affect (improve)
convergence of the new scheme. The velocity error is noedcad Re * pressure error, as would
be the case without stabilization. 4f = 0, the treatment of the pressure term in the convergence
proof would need handled in the usual way, which leads to thieesirable scaling: with~3 in all
instances where*% appears in (4.37).

Corollary 4.3. Suppose that in addition to the assumptions made in Theorgnth finite element
spacesX” and Q" are composed ofP;, P,_,) polynomial elements with orddr > 1. Suppose
that the indicated norms on the right hand side of (4.353%.are finite. Then the error in the
Crank-Nicolson finite element scheme for d&4th approximate deconvolution is of the order

1
M 1 2
e — uplloo,0 + (VAtZ IV (u"tz — uZ+§)\|2> = O(hF + A? + p2N+2), (4.38)

n=1

Remark 4.4. The restriction ofy to satisfyr < O(vya?) is very weak since it is only when is
small that a model would be used. Hence although it is nege$saoptimal convergence, for
practical computations the choice of= O(1) is sufficient. We note further that by scaling the
Lagrange multiplier\ by o2, this restriction ony could be dropped. However, this leads to poorly
scaled systems of equations which are difficult to solveiefiity.

1

Proof of Theorem 4.1At time t"* 2, v from the NSE solution satisfies
unJrl — "
( At

—F-h
— (Dhu™tz x YV x w2 ) — (02, V - vp) = (fF2,0") + Intp(u”, pson),  (4.39)

,vp) + u(Vu"J“%, Vop) +~(V - u”+%,v - vp)

for all vy, € Vj,, wherelntp(u™, p™; vy,), representing the interpolating error, denotes

un+1 —um

Intp(a o) = (Mg wle ) (T ), V)
(Va2 — V- u(t772),V - up)

—h
—(Df{;un‘% x V x un+%,uh) - (u(tm’%) x V x u(t"+%),vh)

— (T — p(t"3), V - up) + (F(ETE) — fHE ) | (4.40)

since(V - u,q) = 0Vq € Q.

14



Subtracting (4.39) from (3.32) and letting = v" — u}}, we have

1
R (€ = ) + (VTR Vo) 4 4(V -2, V- ap)

—h —in 1
= (D]}{,u"+% x V x u”+%,vh) - (D]}{,uz+2 x V x uZ+2,vh)
+ ("2, V vp) + Intp(u”p"svn), Yoy € Vi (441)
Decompose the error a8 = (u" — U") — (uyp — U") := 0" — ¢} where¢; € V;, andU is the

1" 1"
L? projection ofu in V},. Settingv;, = D]}{,¢h+2 in (4.41), using(q, V - D% ¢, *3 ) = 0 for all
q € Qp, equations (2.9) and (2.17), we obtain

h h
+3 +3 n +3
(entt — op, Doy, 2 ) +vAt|gy, 2|12n = (0" — 0", Doy 2 )

h h
+ VALV 2, VDNgZ)h ) — Y ALY -T2,V - DNqSh )

lh 1 —7h - Th
AR x Vol TE Dl ) - At (DRt x V x a3, Dl TR )

h h
F AP — g,V - DN¢"+2 s ),

) + At Intp(u”™, p"; DN¢> (4.42)

h

h
.. . ) +1
or rewriting the nonlinear terms and usitg%, ¢, > x V x u™2, Dl

n+2 )201

2,

1
5(”%“”%,1\7 ) + vAt| ¢,

h
n+2

—h
n n n+3
= (" =", Doy 2 ) — vAL(Vy™E, VDR g, )

Th Th

h
I AL (DY ™R x Vot E, Dl )

— YAV - n”+2 V- Dh

Th
n+2

—h Th
—At(D?Vu”Jrz XV x T Dl ) £ AL (DR x V x g+, Dlygl T E )

—h — —h
—At(D]}(m”sz XV x 6! Dl ) AL(DR R x ¥ x utE, Dl R )

Th
n+2

h
+ At(p"tE — g,V - Dl s ),

)+ At Intp(u™, p" DN¢ (4.43)
We now bound the terms in the RHS of (4.43) individually, gsihat, according to the choice of
h

1
U, it holds (5"+1 — i, Dl 2 ) = 0,

Cauchy-Schwarz and Young's inequalities, together witmire 2.6 for the first term and Lemma
2.7 for the last two terms, give

h h
VAL VDGR ) il

IN

I/AtHVn"Jrz I HVDN¢h
At
£ ”¢h+2” ~N T Cv(N+ 1)2AtHV77”+%H2_ (4.44)

IN

1
VALY -2,V - Dl 2 )

IN

CYAL|V -3 || |V - Dy : H
VAt

IN

n—+ n4+
5 I4n 2||2,N+C<N>7Atuv?7 T3 (4.45)
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—h
n2)

At(p™t2 —q,V - Do < Atpttz —q||V- DN¢h : H
n+— n+Li
< At\[ 162 oo™ —
I/At ntl - ntl
< H¢h 225+ C(N)Aty Hp™ 2 — q|*. (4.46)

Lemmas 2.13, 2.5, 2.6, equivalence of norms (Remark 2.4ytmdlard inequalities give

— h
At (D™ x V x "+, Dl T )

<0At||VDz’W"+2 11V 2 ||VDN¢h : H
I/At _ el L
H<Z>h 2” N CIN) v A2 |V |2 (4.47)

- 1 ___Ih
At (Dhu™s XV x ¢ 2, Doy 2 )

< CAVDR ™3V x 65| HDN¢h : H‘HVDNqﬁh : H2
n nt n+x n+=
< C(N)AH 3|0 [Vey 2| 1y QHENII% 2H

VAt nt _ n
H<z5h 22y + CN) v 3 AL 3|2 (|6, 2HEN (4.48)

h h
At (D3 x V x "t 5, Dlygl 2 )

+
< CAHV DR 3, | IV x ™ 2| [V Dy 2 |

VAt _ 1 1
H¢>h 2” N CV) U AL 2 |20 [V 2 2L (4.49)

- 1 ___Ih
At(Dltz x V x ) 2, D?qu;j*? )

= 1 +i 1
< CAl|VD}7 m | |!V¢h 2||HDN¢h hH?IIVDJ’WZ Mk

VAt _ L n+i
H¢h P+ CONAL 5 o 2 - (4.50)

. ——h
At (D2 x V x w2, Dlgr 2 )
<CA75||HVD7V77"+2 IV x w2 IIVDN¢>h : ||
I/At n+ _ ol el
H<Z>h 2”2N+C( Y AL R |2 Va2 (4.51)
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Combining (4.44) to (4.51) and summing fram= 0 to M — 1 (assuming thal¢? || = 0) reduces
(4.43) to

M—1
n+l
H¢24”12E,N + vAt Z oy, ° H?,N

n=0

1 1 nti
< At Z CIN) v 3 ([ 2 |20 + 1" 2 [10) 1 213w
1 1
+ At Z C(N)(w + + v Y [u* 3|2 + v g+ 2|2 0) [V 3|2
FALY CN) v e |2 (|t E |2
M-—1

M-—1 —1h
+ ALY CIN) Aty p T — gl + At S [Intp(u”,p"; Dlyey, * ). (4.52)
n=0

Now, we continue to bound the terms on the RHS of (4.52). We Itizat

At Z C(N)v=3(|[u"*

1 n+i
")t ey v

M-1

1
<O 3AL S (IVa 2|4+ h* 3 (L) oy 2|3y - (4.53)
n=0
Mil 1 1 1
ST O w4y + v |2 4+ v 22 0) [V 2|2
n=0

M-1

< AC(N)(w +7) Y IVr"|?
M-1
I
0

(
— ~ n 1 n 1 n n
+ Oy A > (w520 + I 2 120) (19012 + 1IVo™)2)

n—=

M-—1
< AC(N)(v+7) > Wy, (4.54)
n=0
M M M
+ C(N)w~tn% <At S e A ”wnu‘l) +CN) ALY "y
n=0 n=0 n=0

< C(N) W + Nl gy + COP R (3 gr + IIVul[) + CO2 B ullf g
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and similarly,

M-—1
AL ST O Y22 |Vt 2|2

M—1
_ 1
<O ALY (I 120 + I 120) Va2
n=0
M— L M—1 .
—1 12k n|2 =112 12 =12
SCN)v—h ( Z U R IV 2|2+ ALY T R [V )
n=0 n=0

M M
< C(N)w~t*F [ At Z Wi T ALY ||Vun||4>

= n=0
4

=C(N)w ' n? ( Y, (4.55)

From Lemma 2.12,

M—-1

M—-1
> O HIppys —al> S CINY ALY p(ty 1) = all® + Py s — Pt )l
n=0

n=0

1 [ p2s5+2 - 2 =1 5 [ 2
<O (1200 3 plty s+ At 3 ola0® [ Il a
n=0 n

n=0

< ) (W2 *2lp, (A [palo) - (456)

—h
We now bound the terms imtp(u™, p"; D% d)h ). Using Cauchy-Schwarz and Young's inequal-
ities, Lemma 2.12, Lemma 2.7, and Lemma 2.9,

un—i—l —un h
CEEm

At
1 (N—|—1)2 unJrl_un a1
§Il¢h 2||EN+ 5 Iy —wlt tz)|1?
1 nyl (Ap)3 [ )
[P +CN)—/ wi|2dt, (4.57)
S (28 (N) 1550 » (x|
n++ n+3 ”+2h n+ti n+i +2h
YV - ("2 —u(t™T2), V- D, 2 ) < OyAH|V - (u"F2 —u(t™T2)|| |V - Dy 2 ||
ntl At)3 tn+2
<ol HEn+C S [ Vw459
tTL
n+l nti h n+2h n+3 2 Ayt 4Ly 2
(P"72 —=p(t"T2),V-Dyo, * ) <eavle, *lleny + C(N)y "2 —p(t""2)]
n—&—l _ At?’ ¢t
< el Bty + e S [ i ar, 59
tTL
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1 h nal N 2 1 |
T3 = 3, D) < Loy + T rh) - e
1 A 3 tnt1
< gl it + eS8 [T Il @s0)

h 1
(Vu™s = Tu(E™+3), VDL er 2 ) < e gy 2 2y + C(N+1)2 ]| Vurth — Va2
il Ap)3 12
<o 2 + oS [ vua, @
t’rL
+1 n+ h ”+2h n+i n+ +2
(U2 x V x a2, Dlg, 2 ) —u(t™T2) x V x u(t"T2), Di¢, 2h)

h
1
= ("2 —u(t™2)) x V x "2, Digr 2 )+ (u(t"tE) x V x (u"tE — u(t"t2)), Doy 2

n+i n+1 n+§ n+1i n+i
CITE — e vert | (1a+ ] + [Vue)))

1 2 ( )3 . 2 nts
<O (Va2 P+ [Vu(+)]?) 2= / IVunl? dt + evg |2

(At)3 tn+1 tn+1
<cy X ([ 20vw bt v der [ [T
tm t
nat L
+eavldy 2y
<o) (v AOH(IVuTTE | 4 [ Tu(E )+
tn+1 n+l
00 [ Il dt vl ). (4.62)
tn

. ——h
((u”+% — D}]i;u"+% ) x V x u"t2 D]'Q,¢Z+2 )
+
< [lumt? - D N |V % o ||DN¢h : H<C( ) lu"+% - Dy e Hdn 2 llen

< el 2y £ C(N )Y unt Dt |

_1V

1
< €4V||¢Z+2 ||3,N + C(N)V—1a4N+4||AN+1FN+1un+%||2 + C(N) h25+2| A |s+1

9 N
+ CO(N)v~ Y (a?h2E + h2F+2 4 O‘—jh%)( SO Fute ). (4.63)
=0

19




Combine (4.57)-(4.63) to obtain

M-—1 + h
n
At > [ Intp(u”,p"; Dy, 2 )
n=0
M—1 L1 M—1
n
SALY gy Cllan+At(eo e + 62 + €3+ €ea) Y u||¢h
n=0 n=0

+ C(N){l/_loz4N+4”|AN+1FN+1U% |||%70

2 N
—1(,272k 2%+2 | XV 2k I— 2 -1 v
h h —h F
T @R S (U T ) 7 o
+ (A0 (uaallBo + v~ lpuldo + Iful3o + v IVunllio
+ v ) Vuallo + v IValllie +v M IVuyllido) }- (4.64)

Leteg = € = e = €3 = ¢4 = 1/10 and with (4.53)-(4.56), (4.64), from (4.52), and using the
assumption ory, we obtain

1oy |15, + vAt Z ([2

< At Z C(N)(v™3 \Vu”+2 %+ h4kfun+2 ’k+1) +1) ||¢h

+ C<N){(V+7) TRl [+ 1197003.0)

+7‘1h23+2!Hp%H!§,5+1 +V‘la"‘N”\HAN“FN“u;|||§o

S Co e R h% ZHI Flay (|3 psn) + v 022G o4
=0

+ (At)4(”Uttt”§,o + V_1||ptt||§,0 + ||ftt||§,o + (v + V_172)||Vutt”§,o

v 1o+ v HIIValld, +v*1|||Vu;|||io)}. (4.65)

Hence, withA¢ sufficiently small, i.e At < C(N (v ([[Vull[% + 2% |[|ull[2, z1q) + 1), from
the discrete Gronwall's Lemma we have

M—-1
M2 A ntg 2
loA 12 +vae 3 96,
n=0
< O, N) { (v + D [ull s + v R

22 g (13,00 + v VAN PN L B

20)

2 N
(6%
v (@2 4 W2 LR (T P (B ) + v R AR s
1=0
+ (AL (w30 + v 50+ I fullso + (v + v 1) Vugll3

7 Vsl + v IVullite + v IVusllido) } - (4.66)
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whereC*(v, N) = C(N) exp(Cv—1T).
Estimates (4.35) and (4.36) then follow from the triangleguality and (4.66). [ |

5 Numerical Experiments

In this section, we provide several examples to demondtiateffectiveness of the proposed scheme
for computing accurate approximations to a variety of fludsvfproblems. We study three problems:
Green-Taylor vortices, flow over a step, and the 3d Eithteiftnan problem. We find that the
modified grad-div stabilized scheme with deconvolution 8-« shows remarkable accuracy in
each of these problems. Moreover, we find it is the combinatidhese two numerical “fixes”, and
not either one individually, that provides for such highwrecy.

5.1 Numerical Experiment 1: Green-Taylor vortices withy = 0.1

Our first numerical experiment is to test the theoreticatigdicted convergence rates. For that, we
choose the Green-Taylor vortex decay problem [GT37, TayR3$ an interesting test problem in
which the true solution is known, and was used as a numesstirt Chorin [Cho68], Tafti [Taf96]
and John and Layton [JLO2].

The prescribed NSE solution id = (0,1) x (0,1) has the form
(75} (l', Z/, t) - — COS(’fLﬂ'x) Sin(nﬂy)e_2n2ﬂ'2t/7—

us(z,y,t) = sin(nmx) COS(nﬂy)e—Qn%Qt/T

p(z,y,t) = —i(cos(met) + cos(2n7ry))e‘2n27r2t/7

The pressure is given here in its usual form. To recover the Bernoulli ptgs, compute® =

p+ %\u|2. Note it is the Bernoulli pressure that gets computed in ttieesie proposed herein.
When the relaxation timé' = Re := % this is a solution

of the NSE withf = 0, consisting of am x n array of
oppositely signed vortices that decaytas oco. Figure 1
shows the velocity field and pressure contours for the test
problem, withn = 2.

For this experiment, we choos& = 10, h =
1L & &) At ~ h¥/? using (P, P,) elements.
We consider approximations for four cases of parameter
choices: usual N% (y = 0, N = 0), with modified
grad-div stabilization onlyy = 1, N = 0), with or-
der 1 deconvolution onlyy = 0, N = 1), and NSe
with both the modified grad-div stabilization and order 1
van Cittert approximate deconvolutighy = 1, N = 1).
Figure 1. The velocity field and presThe L?(0,0.5; H!(£2)) errors and convergence rates are
sure contours of the Taylor-Green vorgiven in Table 1. These results verify our predicted con-
tex decay problem at= 0. vergence rates fdiP;, P») elements wher\t < h%/2: the
L%(0,0.5; H'(Q)) convergence will bed(h2N+2 + p3).
That is, provided a smooth solution, thé = 1 schemes
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=0

fy:l =

=0 = ol =0 7=0 =1 =1

= N=0 N=0 N=0 N=] N=1 = N=1

h | lu—utaq | rate | [u—ulf21 | rate | [[u —u|a; | rate | [Ju —u”[2; | rate
1/4 0.2065 0.3682 0.1928 0.3612

1/8 0.0593 1.80 0.0535 2.78 0.0357 2.56 0.0411 3.14

1/12 0.0222 2.42 0.0227 2.11 0.0061 4.36 0.0076 4.16

1/16 0.0129 1.89 0.0130 1.94 0.0030 2.47 0.0035 2.70

1/24 0.0055 2.10 0.0055 2.12 0.0010 2.71 0.0011 2.85

Table 1: L2(0,0.5, H'(2)) errors and convergence rates for approximating solutidmsnie =
10, for the grad-div modified scheme for NSwith approximate deconvolution.

N=N=0 [7y=LN=0|7=0,N=1] v=N=1
R | T ="Moo | I = @0 | % = @Ml | T — a0
1/4 0.4564 0.3145 0.3848 0.2449
1/8 0.3389 0.1801 0.2689 2.05
1/12 0.1852 0.0847 0.1546 0.0110
1/16 0.0885 0.0489 0.0583 0.0038
1/24 0.0276 0.0192 0.0123 0.0026

Table 2: 1°°(0, 0.5, L*(Q2)) errors for approximations wheRe = 10,000, for the grad-div modi-
fied scheme for NS with approximate deconvolution.

will converge to the NSE solution faster than tNe= 0 scheme, and thus th€ = 1 scheme can
be expected to be more accurate in smooth flow regions. Mergihiis means that even for smooth
flows, one cannot expect error from thé = 0 schemes to be any better th@h?). At such a
small Reynolds number, we see grad-div stabilization cae lhaslight negative effect on error on
very coarse meshes, from introducing consistency errorth®riiner (although still quite coarse)
meshes, this effect is negligible.

5.2 Numerical Experiment 2: Green-Taylor vortices withr = 0.0001

We now test the errors if we change numerical experiment i erie modification: set = 0.0001
(i.e. set the Reynolds number to 10,000). Results are showatiles 2 and 3, a&>(0, 0.5; L?(12))

y=N=0 |y=1,N=0|~v=0,N=1| y=N=1

T T e e P [ [ M v
1/4 6.8575 4.0065 6.2504 3.2493
1/8 10.3975 3.3753 9.1907 1.2740
1/12 7.8530 2.2385 7.1056 0.3691
1/16 4.9461 1.5756 3.8409 0.1912
1/24 2.1009 0.7727 1.3455 0.1246

Table 3: L2(0,0.5, H'(2)) errors and convergence rates for approximating solutidmsne =
10, 000, for the grad-div modified scheme for Nbwith approximate deconvolution.

22



Figure 2: The velocity solution to the Eithier-Steinmanigem witha = 1.25,d = 1 att = 0 on
the (—1,1)% domain. The complex flow structure is seen in the streamrniglio the box and the
velocity streamlines and speed contours on the sides.

and L2(0,0.5; H(£2)) errors. In both tables, it is clear that the addition of thedified grad-div

stabilization and deconvolution each individually impecerror versus the usual Ngscheme, but
it is the combination of modified grad-div stabilization askeconvolution(y = 1, N = 1) that

gives the best results.

5.3 Experiment 3: The Eithier-Steinman Problem

The next numerical experiment we consider is for computp@ximations to the Eithier-Steinman
exact Navier-Stokes solution from [ES94] bnl, 1]3. For chosen parametessd and viscosity,
their exact NSE solution is given by

up = —a(e"sin(ay + dz) + € cos(ax + dy)) e vt (5.67)
U —a (e™sin(az + dx) + e cos(ay + dz)) e vt (5.68)
ug = —a(e”sin(ax + dy) + e cos(az + dx)) e Vit (5.69)
2
p = —%(62“ + &2 4 %% 4 2sin(ax + dy) cos(az + da)e? V)

+2 Sin(ay + dz) COS(a:c + dy)ea(erz)
+2sin(az + dz) cos(ay + dz)ea(“y))e_"d% (5.70)

Again we give the pressure in its usual form, although oues@hindeed approximates instead the
Bernoulli pressure® = p + 1 [ul*.

This problem was developed as a 3d analogue to the Tayloexvgroblem, for the purpose of
benchmarking. Although unlikely to be physically realizéds a good test problem because it is
not only an exact NSE solution, but also it has non-trividldity which implies the existence of
turbulent structure [MT92] in the velocity field. The= 0 solution fora = 1.25 andd = 1 is
illustrated in figure 2.

23



= y=0, N=0 ----y=1, N=0

y=0, N=1 o 3 vy=1, N=1
0.2 y=1, N=0
***** y=1, N=1

I lue
o
o

n
h

0.1

o)~y

0.05

Figure 3: Relative.? error vs time in the numerical scheme for NSstudied herein, for the Eithier-
Steinman problem with = 1.25, d = 1, Re = 10,000, At = 0.01, with varyingy and N. The

left plot shows the error from four schemes, but since thereviheny = 0 is so large, comparing
the(y = 1,N = 0) and(y = 1, N = 1) schemes was impossible due to scaling. The plot on the
right is thus the same plot, but without the error fromthe 0 schemes.

We compute approximations to (5.67)-(5.70) witk= 1.25, d = 1, viscosityr = 0.0001, timestep
At = 0.01, endtimeT = 1, and initial velocityu® = (u1(0),u2(0),u3(0))7, using Algorithm
3.1 with 3,072( P, P ) tetrahedral elements, enforcing dirichlet boundary cior from (5.67)-
(5.69) on the sides of the box. We compute four cases, to cameaults with and without the
modified grad-div stabilization and approximate deconotu(y, N = 0, 1).

The results of this experiment are displayed in Figure 3 irloa @f the approximated solutions’
relative L2 (€2) error versus time. The superiority of the approximatedtsmis computed with the
modified grad-div stabilization is evident from the figure,vae see from the plot on the left that
when~ = 0, relative L? error grows exponentially fast with time, while by comparisrelative
errors in the(y = 1, N = 0) and(y = 1, N = 1) schemes are very small in comparison. The
plot on the right is the same as the left plot, except thatthe 0 plots are removed, allowing a
comparison of they = 1 schemes. From this we see how deconvolution adds accurtsayffdct
appears more pronounced with later times, and it appeatrs tlia continued the simulations, its
effect would be even greater.

5.4 Numerical Experiment 4. Flow over a Step

This numerical experiment shows the effectiveness of adthie modified grad-div stabilization
and deconvolution to N&- by testing it on the benchmark problem of flow over a forward an
backward facing step. The domdihis a 40x10 rectangle with a 1x1 step 5 units into the channel
at the bottom. The top and bottom of the channel as well astdeae prescribed with no-slip
boundary conditions, and the sides are given the parabaidep(y (10 — 7)/25,0)”. We use the
initial condition ofup = (y(10 — y)/25,0)7 inside 2, and run the test t& = 40 using timesteps
At = 0.01. For a chosen viscosity = 1/600, it is known that the correct behavior is for an eddy to
form behind the step, grow, detach from the step to move daewchannel, and a new eddy forms.
For a more detailed description of the problem, see [GunBRIL®?2].
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The eddy formation and separation present in this test @nolié part of a complex flow structure,
and its capture is critical for an effective fluid model. Mover, a useful fluid model will correctly
predict this behavior on a coarser mesh than a NSE direct meshsimulation could. We compute
using Algorithm 3.1 with( Ps, ) triangular elements on two meshes, a coarse mesh yieldd§g. 5,
degrees of freedom and a finer mesh with 8,927 degrees obireed

Figure 4: The above figure shows the velocity streamlinesspeed contours for the coarse mesh
solution of the NSE with the skew-symmetic form of the noeéinty. Shown is the solution at
T=10,20,30 and 40, which is under-resolved, as evidencehegscillations in the speed contours.

Figures 4 and 5 show the solution of the NSE computed dirextlyhe coarse and finer meshes
respectively, each using the skew-symmetric form of thdinearity (thus avoiding the larger error
associated with Bernoulli pressures in the rotational fofrthe nonlinearity, [LMN09]). Figure

4 shows that the direct computation of the NSE on the coarsh msaunder-resolved; although an
eddy forms and detaches, oscillations become present isothéon by7T = 10, and byT = 40
have accumulated enough to destroy the solution. From &i§umwe observe that the NSE is
fully resolved on fine mesh, and captures eddy generationsapdration behind the step while
maintaining a smooth flow structure. These plots match thatiso found in [Gun89],[JL02],
[LMNROS8], and thus we take it as the “truth” solution.

Figures 6 and 7 show the coarse mesh solution fooN$e: = 0.25 (for the coarse mesh, ~ .25)
anda = 0.60, respectively, and without any stabilization or decontiolu (y = N = 0). The

« = 0.25 solution does predict eddy detachment and reformationhastoscillations that have
grown to create a very bad solution; this computation waarljleunder-resolved. By increasing
the regularization tex = 0.60, we see in Figure 7 that the regularization was enough toeptev
oscillations from destroying the solution, but was too mircthat it prevented the detachment of
the eddy from the step. Increasing showed only slight improvement over tié = 0 solution,
and so we omit showing these results. We note this is consisfiéh our hypothesis about the base
model: since the pressure in this flow will have boundary d&ffects, it will be complex and thus
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Figure 5: The above figure shows the velocity streamlinessprdd contours for the NSE at T=10,
20, 30 and 40 on the finer mesh. This is the “truth” solutiontlertest problem.

will be the dominant source of error. Increasing the ordetexfonvolution reduces the consistency
error created by the regularization in the nonlinearityg &mus will have a negligible effect on
reducing velocity error when the pressure error’s effedoisiinant. Hence the N&-scheme, even
with deconvolution, does not give an accurate approximatitben computed on the coarser mesh
wheny = 0.

Figure 8 and 9 show the coarse mesh solutions to thexS8ieme again withh = 0.25, N = 0
andN = 1 respectively, butvith the modified grad-div stabilization added= 1 in Algorithm 3.1.
The stabilization completely eliminates the oscillatigmesent in Figure 6, correctly predicts eddy
formation and detachment, and gives streamlines and sperducs that agree well with those of
the truth solution in both th&” = 0 and/N = 1 cases. However, th¥ = 1 is visibly a better match
to the true solution at botth' = 30 and7T" = 40.

6 Conclusions

We have proposed and analyzed a FEM scheme foultt&t combines the model with the carefully
derived combination of a stabilization of grad-div type amdadapted approximate deconvolution
of the (modified) filtering. The scheme “fixes” two major sescof error, consistency error of
the model and the negative influence of the Bernoulli typeregure on the velocity error, that
arise in FEM computations of N&; and thus provides for accurate and reliable computatiatis w
NS-. Through a delicate analysis, we prove the scheme is bdblestad optimally convergent,

and that the grad-div type stabilization reduces the efietite pressure error on the velocity error.
Finally numerical experiments were given that demonsaatematic improvement of the proposed
scheme over the standard scheme, with only approximatendelation and grad-div stabilization
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Figure 6: The above figure shows the velocity streamlinessgeed contours for the coarse mesh
solution of NSex with o = 0.25, v = N = 0. Shown is the solution at T=10,20,30 and 40, which
shows eddy formation and detachment, but reveals the floerisunder-resolved, as evidenced by
the oscillations in the speed contours.

individually and with both of them.
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