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Abstract. In this paper we address a second-order class of methods for solving ordinary differ-
ential systems coming from some problems in electro-physiology. The set of methods generalizes to
the second order a previous proposal by Rush and Larsen (1978). We prove that the methods are
second-order convergent and are in general more stable than the corresponding multi-step methods.
Moreover, they feature better positivity properties. We present their time-adaptive formulation,
which is well suited for our electro-physiology problems. In particular, numerical results are pre-
sented on the Monodomain model coupled to Luo-Rudy I ionic models for the propagation of the
cardiac potential.
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1. Introduction. In this paper we propose a numerical method designed to
solve systems of Ordinary Differential Equations (ODESs) coming form cell-membrane
models for ionic currents and voltages. Starting from the Hodgkin-Huxley model [9],
developed in 1952 to describe the action potential in giant squid axons, several cell-
membrane models have been developed, in particular for cardiac cells. We mention,
for instance, the Beeler-Reuter model [1], the Luo-Rudy phase I model [14] and the
Winslow model [12] developed for the ventricular cells and the Courtemanche model
[3] for the atrial cells. All these models can be written in terms of the transmem-
brane potential u, the vector of the gating variables w and the vector of the ionic
concentrations X, as described in the following system:

du

5 =I(t,u, X, w)

aa? =a;(u)w; + bi(u) i=1,...,m, (1.1)
0X

W - g(U,X,W)

for t € (0,T], with initial conditions u(0) = u°, w(0) = w’ and X(0) = X°.
1
I(t,u, X, w) is the source term defined as I(¢,u, X, w) = o (Zapp(t) = Lion(u, X, W)),

being C,, the membrane capacity, I,p, an applied current n;timulus and I;,, the ionic

current. Lion, g, @, b, up, wo and X, depend on the specific ionic model (in the case

of Luo-Rudy phase I model see Appendix for functions and parameters definitions

and Figure 1.1 for the graphs of the variables). Parameters a and b and variable w
b

fulfill the following inequalities: a; < 0, and ( —— | € [0, 1], and w9 € [0, 1] for
%)

i =1,...,m. This implies (see Sect. 3.4) that w; € [0, 1]. Typically, system (1.1) is

stiff and the gating variables feature high gradients. The most popular method for
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solving this system is the simple first order scheme proposed by Rush and Larsen [18]
which guarantees that the numerical solutions for gating variables are in the range
[0, 1]. In the same paper Rush and Larsen proposed a very simple time adaptive al-

gorithm, based only on the values of —u. Another popular way to solve system (1.1)

is to use the more complex Runge-Kutta (RK) schemes.In this paper we propose a
second order extension of Rush-Larsen scheme and a time adaptive strategy based on
predictor-corrector error estimates.

In electro-cardiology, in order to simulate the action potential propagation in
the myocardium, ionic models are coupled with the so called Monodomain or Bido-
main systems of Partial Differential Equations (PDEs). For an introduction to Elec-
trocardiology models see [16]. Monodomain and Bidomain systems are commonly
discretized using an IMplicit-EXplicit (IMEX) approach for the PDEs and the Rush-
Larsen scheme for the ionic model (see [5]). In [19] a second order method based on
an operator-splitting technique was proposed for the time discretization of the PDEs,
while a RK scheme was used for discretizing the ionic model. More complex time and
space adaptive methods are presented in [4], [22] and [2]. In this paper we introduce
a simple second order IMEX scheme combined with our extension of Rush-Larsen
scheme for the ionic model. Also, we extend the adaptive strategy presented for the
ionic model to the electro-cardiology problem. One dimensional simulations, using
Finite Element discretization, are reported for the solution of Monodomain system,
illustrating the effectiveness of our method.

Te-

41.7]

0

u Ca

-84
0 50 100 150 200 250 300 350 400 450 % 50 100 150 200 250 300 350 400 450
1f—= 1

h i

o . ; ; : ; ; ; . E| o . : ; ; ; ; ; . E|
0 50 100 150 200 250 300 350 400 450 0 50 100 150 200 250 300 350 400 450
1 T 1

m d

0~J . . , . . . , : o . . , . . . , h
0 50 100 150 200 250 300 350 400 450 0 50 100 150 200 250 300 350 400 450
i T T T T T T T T 3 1
f\/ .

o , , , , , , | 4 o///—\

0 50 100 150 200 250 300 350 400 450 0 50 100 150 200 250 300 350 400 450

F1G. 1.1. Variables of Luo-Rudy model as functions of time (in ms): transmembrane potential
u (mV') and intracellular calcium Ca (M) in the first row, the gating variables h, j, m, d, f and
in the last three rows.

The outline of the paper is as follows. In Sect. 2 we recall the Rush-Larsen
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method and present our extension. Sect. 3 is devoted to the theoretical analysis of the
new method; we derive convergence results, absolute stability regions and positivity
properties. Our scheme can be addressed as a generalization of first and second order
multistep methods. We prove that our generalization guarantees better properties of
stability and positivity. Sect. 4 presents some practical details in using the new scheme
for the electro-physiology equations. Sect. 5 presents the time-adaptive formulation
of our method. Numerical results for the Monodomain problem in electro-cardiology.
Throughout the paper, bold characters will denote vectors.

2. The scheme. Let us start considering the following initial value problem:

Ay; ‘
51 = f(t,y) = ai(t,y)yi +bi(t,y), n=0,...,N, i=1,....,m te(0,T]
y? =y(0).

(2.1)

Given a generic non-linear ordinary differential system, there are clearly many
different ways for recasting it in the form (2.1). In the applications, the identification
of a and b is driven by the problem at hand (see (1.1)). In general, there is no trivial
way for writing f in the form f; = a;y; + b;, so that it makes sense to distinguish the
two vectors a and b. A particular class of problems, for which a specific choice of the
coefficients a and b leads to good positivity properties, is analyzed in Sect. 3.4.

Rush and Larsen [18] proposed the following numerical scheme for the solution of
the previous system:

n bl bl
y?“—eaih(y?—i-l) ——, n=0,...,N, i=1,...,m

v a
¥y’ =y(0),

a; 7
where y” is the approximation of the solution y ("), being t* =nh, T = Nh and h >
0 the time step. Vectors with entries a; and b; are denoted by a and b. More precisely,
a" and b"™ are defined as a™ = a(t",y™) and b™ = a(t",y") respectively. This method
stems from considering functions a and b constant on the interval (¢, t"*!] and equal
to a” and b”; y"*! is the exact solution at time t"*! of the linearized differential
system

(2.2)

09Y; _
8:? = a?yi + b?a te (tnvthrl] (2 3)
y(") =y",

fori=1,...,mand n = 0,...N. This is an explicit scheme and however it allows

us to take a time-step significantly greater than the one of the Forward Euler (FE)
scheme in order to avoid numerical instability. For instance, when solving the Luo-
Rudy model in the cases presented in Sect. 4, we found that FE is stable with
time-steps < 0.01 ms , while Rush-Larsen is stable for h < 0.1 ms. Moreover the
computed values of the gating variables belong to the range [0, 1] in the Rush-Larsen
case, while do not in the FE case, for large values of h. We will give an explanation
of these evidences in Sections 3.3 and 3.4. Unfortunately, the original Rush-Larsen
scheme is only first order accurate. Our goal is to devise a second order extension to
this scheme. We start rewriting scheme (2.2) in the following form,

{ yp T = eyl h(ah)b} = it + h(aph)(af'y} +b7), (2.4)

y' =y(0);
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fori=1,...,mand n=0,... N, with

e’ —1
b(z) = x z#0,

1 xz =0.

For a = 0 the scheme reduces to the Forward Euler (FE) scheme.
In order to increase the accuracy of the Rush-Larsen scheme we evaluate the
coefficients a and b at t”*é, namely
Yt =y + h@(a:H_%h)(azH_% yr —i—b?—s_%)7 n=0,....N, i=1...,m
y’ =y(0);
(2.5)

where a"*2 and b"2 are approximations of a(t"*2) and b(t"*2). In particular, we
select forn=1,..., N,

1 1
a"tz = c_1a"+1 + cpa” + cla"_l ,bn+§ = C_lbn+l + ¢ob™ + Clbn_l7

2.6
az =c_jal + (co+c1)a’ b2z =c_1b' + (¢g + ¢1)bO. (26)

Constants c_1,c9 and ¢; can be selected by forcing that these approximations are
exact for both constant and linear functions (yielding a second order approximation).
This gives the constraints

C_1 —|— Co + C% = 1 (27)

cC_1 —C = 5-

For the sake of notation, in the sequel we set w = c_1 —¢; and 0§ = ¢c_1 4+ ¢1. Note
that we can force (2.6) to be exact also for quadratic functions (yielding a third order
accuracy of the approximation (2.6) with ¢ = 3/4, ¢4 = 3/8 and ¢_; = —1/8),
however this does not improve the overall accuracy of the scheme, as we prove in the
next subsection. Therefore, 6 will be selected on the basis of stability or efficiency
constraints.

3. Analysis of the methods.

3.1. Consistency. If a and b are sufficiently regular functions, the following
local truncation error can be straightforwardly derived from standard Taylor expan-
sions:

(LTEy); = %(yi(t”"rl) ) = (; - w) (4(t")ya(t") — B (E") R+ o(h),  (3.1)

fori=1,...,m. In particular, for w = % we have:
1 ¢ 1"(n n (4 2 1 /(4NN N/ (41 2 2
(LTE,); = 6 2 (& (t")ya(t") — By (t")) h* + ﬁ(ai(t )b} — ab(t")) h* + o(h?),
(3.2)
for i = 1,...,m. This implies that the methods are consistent and the LTE features
a second order dependence on h independently on 6.
If (2.7) are fulfilled, we have
0 1 0 1
c,l—i—l—l co=1—0 and a=g-7 (3.3)
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Cc_q Co c1
FE* 0 1 0
AB2* 0 3 -3
CN* z z 0
AM3* | & 2 -+
M@) | §+1|1-0]5%-1
TABLE 3.1

Coefficients of the numerical schemes

In the sequel, we adopt this notation that put in evidence the parameter 6.
Notice that the proposed schemes reduce to classical two-steps Adams schemes
when a = 0. As a matter of fact, in this case the scheme reduces to

0 1 0 1
n+1 n n+1 n n—1 —
ntl —gn g — 4+ )P (1—-60) ™ + b’ =0,...,N
Yi T h(<2 4> -0y (2 4) i ) n= 0

for i = 1,...,m,. We denote these schemes M(#) and their generalization to the
case a # 0 M*(6). Observe, in particular, that M(—1), M(3) and M(3) correponds
to the classical Adams-Bashforth two steps scheme (hereafter denoted by AB2), the
Crank-Nicolson scheme (CN) and the Adams Moulton two steps scheme (AM3). By
extension, we will denote AB2*, CN* and AM3* methods M*(—1), M*(3), M*(3)
respectively. We also use the short notation FE* for the Rush-Larsen scheme (¢_; = 0,
¢o =1 and ¢; = 0). In Table 3.1 we report the coefficients for the numerical schemes
used in this paper.

3.2. Stability and Convergence. The numerical method at hand is not a stan-
dard multistep or Runge-Kutta method, so we cannot advocate available convergence
results and the analysis of the method needs to be explicitly addressed. We give first
a definition of zero-stability suitable for our scheme.

DEFINITION 3.1. A numerical method in the form (2.5) is zero-stable when

Jho >0, 3C >0: Vhe (0,ho], ||z"—y"||<Ce 0<n<N

with y™ being the solution of problem (2.5) and z" being the solution of the perturbed
problem

K2

ntd nt L .
A =2 h®(ah) [a] 7 P 0] ] RO i=1,. . ,m (3.4)

z0 = y0 + 69

for 0 <n < N — 1, under the assumption that ||0%|| <e, 0 <k < N — 1.
PROPOSITION 3.1. The scheme (2.5) is zero-stable provided that:
i) a and b are Lipschitz-continuous functions with respect to the first argument
and uniformly in time, with constants L, and Ly respectively.
i1) there exists a non-negative constant ap; such that a;(y,t) < ap, Vy € R™,
tel0,T),i=1,....,m;
Typically, in gating variable models, a; < 0, hence condition # holds. This is
true, in particular, in the case of Luo Rudy model.
Before proving the Proposition 3.1 we state the following Lemma:



6 M. Perego and A. Veneziani
LEMMA 3.1. Let z" satisfies:
0<a™ <& 14z + (E+n—1)0, (3.5)
being n, 5, 2° and ' > 0 and € > 1. Then,

2" < x0+5+§(w1+5) E+n)".

Proof: We consider the problem:

=" A"+ (E+n — 1), (3.6)

with 2° = 20 and #' = z!. First of all, observe that the right hand side is non-

negative, so that assumption (3.5) makes sense. We have obviously that =™ < ™.
Solution to difference equation (3.6) reads

" = o1py +o2p5 — 0,
with
pa=t (2 VETD), o= EELelD) g gy - nEoe )
We notice that |p12| <&+ %n < &+mnand |p1 — p2| > &; then we can write:

2" < I < oupt 4 |oallpe]™ < (o1 + |o2]) (E+ )",

where we have exploited the fact that o1 > 0. The thesis follows.

Proof of Proposition 3.1 . We refer to || - ||s (still denoted by || - ||). We define
(E(x));; = €"d;; where d;; is the Kronecker symbol, and (®(x)),; = ®(z;)d;;, then,
we can rewrite (2.5) as

y"t'=E@"2h)y" + ®(@""2h)b, n=0,...N. (3.7)

We observe that for all a, a such that a; < aps, and &; < apy for i = 1,...m, and
h € (0, hg] we have:

|@(an)|| < @ur,  ||P(ah) — @(ah)|| < hlg|la—al,

|E(ah)|| < e¥h,  [E(ah) — E(ah)|| < hL,|la - ], (38)

where ®); = ®(anrho), Le = ® (aprho) and L, = e, For the sake of clarity we
write aj; and by for a(y”, ") and b(y",¢"), and a” and b’ for a(z",t") and b(z",t").
Firstly, we prove that y" and by are bounded for all n = 1,..., N. From equation
(3.7) we have

nol
Iyl < ey + Ry, n =2 . (39)

Notice that ||b(y,)|| < Bo+ Ly|ly| for all ¢ € [0, T, being By = max;c[o, 77 [|b(0,1)]|.
Hence, we can write:

1 1 1
n—1l ek n—k—
by~ 21 < D llewby ™ M < Y lewBol+ Ly Y el ly™ ™M n=2,...,N.
k=—1 k=—1 k=—1
(3.10)
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Substituting (3.10) in (3.9) we have:
ally™[| < Blly" I +~lly" 2| + he®rBo, n=2,...,N, (3.11)
where o = 1 — hlc_1|Ly® s, B = €™ + hlco| Ly®@nr, v = hlei|Ly®ys and ¢ = |c_1| +

|co| + |e1|. Taking hg such that « > 0 Vh € (0, ho], we can apply Lemma 3.1 and
obtain, for n =2,..., N, the following inequality:

B e 4 h(|eo| + |er ) Ly®as\ "
nl< (01 + 22 1yt 1422) 20 .

Exploiting the well known inequality (1 + z)™ < e™® for x > 0, we have:

h|C,1|Lb(PM
n < Ky (14 Me-tte®a
Iy < ( + el

K eaJMTe(‘C—l|(l_h0|c—1|qu>lVf)71+|CO|+|cl|)qu>MT

) ermnh (1 + h(|00| + |C1|)Lb(I)M)n <
=Ywm,

with K1 = ([1g°ll+ 25 Iyl + (1+25) 22 ). Since ally*|| < (8+)Ily°ll + ¢ ho®s Bo

we can conclude that y™ is bounded.

Also by is bounded Vn € [0, N] since ||by || < By + Lyyam = b

Setting now w" = z™ — y™ and subtracting (3.4) from (2.5) we obtain:
—1 n—1i n—1.. n-1 n—s= n

w" = hd" + E(ha, 2)z" ' —E(ha, ?)y" ! +h®(ha, 2)b. 2> —h®(ha, )b, 2,

forn=1,...,N. Let us analyze separately the terms of the previous equation.

|E(hat™)amt — B(hay)ym|| =

_1
2

el || w1 + hyas Le a, 2 — aZ <

ehart w4 hyar Lo Lo (1 leal w1

n_1l

HfI)(haZ_%)bf_% ~ &(hal )b
|@nal )2 by )+ (@(hal"F) - B(hal )by
Dy ‘ bl TE bzié + by Lo ) g
(@a1Ly + hbyrLoLa) (S lesl [wr 1))

N

<

n—1l n—
a;, > —ay <

From equation (3.12), using previous inequalities, we obtain:
alw|| < BlIlw" T + w3 + ke,

where a = 1 — hlc_1|Ka, B = e + hlco| K2, v = hlei| Ko with Ko = (yarLeLg +
DLy + hobm Lo Lg). If we take hg such that a > OVh € (0, hg], we can apply Lemma
3.1 and obtain:

haM n
+ h(|co| + [e1]) K2
o< (w0 + 28wt 4+ (122 ) =) (€
i< (Il 25+ (1425) il D)
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for n = ,N. Noticing that [|w?| < e, a|w1| < (B4 7)|w°| + hoe and that
(14+x)" < em for x > 0 we obtain, for n = 1,.

W < e (3+27 " ﬂ+2a> (1 N hlc_1| K> ) eanrnh g(leol+ler)) Kanh <

ﬁﬁ BeKo 1 = hle_1|K2

+ 2« _ -1

3_|_2 + eam T o(le—1](1=hole_1|C) +\00\+|01|)CT’
( B Beks

which proves the thesis.

Should a(t,y) and b(¢,y) be sufficiently regular functions, zero-stability and con-
sistency allow to conclude that the method is convergent with order 2 if w = 1/2 and
order 1 otherwise.

Imh )
Im(hA)
ImhA)

T s 5 e

Fia. 3.1. Absolute stability regions for the FE* (left), the AB2* (center) and AMS3* methods on
the model problem y' = Ay with A = Ag +X\p a = g, b= A\py and \q = pAp with p a real parameter.

3.3. Absolute stability. The stability over long time intervals for the model
linear problem y = Ay, with Re(\) < 0 strongly depends on the implementation of
the method, i.e. on the definition on a and b with respect to the model problem.
In particular, since the part driven by a is solved exactly for the model problem, if
we set a = A (b = 0) we get an unconditionally stable method, whilst for a = 0
and b = Ay stability of the method is the one of the correspondent multistep method.
These preliminary observations match with the experimental results mentioned above,
concerning the FE* method which is more stable than the corresponding FE scheme.
In order to be more quantitative, we split A = A\, + A, and consider the (scalar)
scheme (2.5) with a = A\, and b = \;. In particular, we write A\, = pA, where p is
a non-negative parameter, and investigate the time asymptotic solution dynamics for
different values of p and different schemes.

By standard arguments on finite difference equations, we obtain that the solution
computed by our scheme asymptotically vanishes if the roots of the polynomial

2N 1 2N 1
p+1 — Ah p+1 —
I Y (e () (102)) T
P p P

belong to the unit circle in the complex plane. We stress that for p — 0 we recover
the characteristic polynomial of the method M(6). In Fig. 3.1 we report the region
of absolute stability of FE2*, AB2* and AM3* respectively. The shaded region is
the region of absolute stability of the corresponding traditional multistep method. As
expected, when p gets larger, the region of absolute stability increases and the method
at hand tends to become unconditionally stable (and exact for the model problem).
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This analysis gives an interesting perspective to the methods addressed here, that
can be considered a sort of “stabilization” of traditional schemes, which is however
obtained by limiting the accuracy to the second order.

Observe that for p < —1 we have A\, < 0 and Ay > 0 that is the situation we have
from the linearization of problems coming from electro-physiology. In this case, the
region of absolute stability covers the entire half plane.

3.4. Positivity properties. As pointed out previously, one of the interesting
features of the Rush-Larsen scheme, solving the gating equations, is that the numerical
solution belongs to the interval [0, 1]. Here, we investigate the positivity properties
of our schemes, giving a rigorous proof that holds also for the Rush-Larsen scheme
itself. Let us start with some assumptions on the continuous problems, that are in
particular verified for the applications of interest here.

Let us suppose that there exist a function a(t,y) < 0 and constants K7, Ks such
that:

a(t,y)(y — K1) < f(t,y) < a(t,y)y — K2) VyeR, te(0,T] (3.13)

then the solution y € [K7i, K»] provided that y° € [Kj, Ks] (in the case of gating
variables K1 = 0 and Ky = 1). This can be proved considering the subsolution y and
the supersolution 7 fulfilling the equations:

) )
Y sty - K1) { W a9 K2) (3.14)
y(0) = yo 7(0) = yo-

We have that y<y<7y We claim that y > K;. In fact, multiplying the first
equation in (3.14) by (y — K1), we get

%%(g— K)? = a(y — K1)2 <0.
Hence, since (y — K7)? is decreasing in time, if there exists 7 € [0,T] such that
y(1) = K1, then y(t) = K for all t € [r, T]. With same arguments we conclude that
7(t) < Ky. Hence K} <y <y <7< Ko.

Setting b(t,y) = f(t,y) — a(t, y)y, the problem can be solved using the proposed
schemes that, for the sake of clarity, we write as

1 1 bt
n+l _ a"t2h n 1 _ a"Ta2h _
y =€ y + < € an""% .

We start assuming that a”*z and b™t2 are exactly a(t"*2) and b(t"+2). If y" €

[K1, K3], under the assumption (3.13), y"*! is the convex combination (with coeffi-
anta

ntl il
cients e2” *" and 1—e2"" 2 ") of terms (y™ and ) belonging to the range [K7, K.

nJr%
Hence y"*! belongs to the same range. With i};lduction arguments, we conclude that
y" belongs to [K1, K»] when y° does.

Now, we have to investigate the impact of the approximations ants ~ a(t”*é)
and b"*2 ~ b(t"T2) on this statement. If the three coefficients c_1, co, ¢1 are non
negative, then the combination still features positive coefficients and —;’:% is in the
range [K1, Ks]. Therefore, we have proved the following proposition:
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PROPOSITION 3.2. Under the assumption (3.13), the schemes (2.5) with non-
negative coefficients c_1, ¢y and c1, have numerical solution y" € [K1, Ks|, provided
that yO S [Kl, KQ]

Notice that the latter proposition includes the schemes FE*, CN* and M(0)* with
0 > 0.

A special consideration deserves the explicit second order scheme AB2*.

PROPOSITION 3.3. Let f(t,y) fulfills inequalities (3.13) with a constant, y° €
[K!, K?] and define b := f —ay. Then the scheme AB2* is such that the numerical
solution y™ belongs to [K', K?] when

h< lo|ga(|2). (3.15)

Moreover, if the initial conditions are such that
3., 1 ho1 1., 3., 1
e — — | K; <y —hd=b’ < | =e* — = | K. 1
<2€ 2) 1<y —h 50 < | 5e 5 | K2 (3.16)

we can relax the restriction on h and ask that

log(3)

h <
2l

(3.17)

The restrictions on h (3. 15) and (3.17) are to be compared with the ones of AB2 [10],
namely h < ‘ and h < ‘ i respectively. Hence, AB2* allows us to take significantly

higher values than what AB2 does.
Proof Firstly, we notice that y™ fulfills the scheme (2), then u" := y" — K*

satisfies the scheme u"*! = u" + h®(ah)(au™ + f)nJr%), being BT R g
and b" :=b" 4+ aK'. In fact:
untt =yt — K1 =y + hd(ah) (ay” + b”‘%) - K!'=
— K+ hd(ah) (a(y" —KY)+ (bt 4 aKl)) - (3.18)
u™ + h®(ah) (au” + BnJr%) .

We notice that (3.13) implies b* > 0 . Analogously, u” := K2 — y" satisfies the

same scheme, with b" := —b” — aK? and b" > 0; hence, by proving that u™ > 0
we prove that y" € [Kl K?]. We prove that u™ > 0 by induction. Let us define
5" = edhyn h<I>(ah) ! , we have

1. st >0. In fact
1-
st = eyt — h@(ah)ibo

which is non negative when (3.16) holds; otherwise, since u! = e*hu? +
h@(ah) , s can be written as

1) -
st =220 4+ hd(ah) ( - ) bO7

1
which is non negative when <eah - 2) >0, i.e. when (3.15) holds.
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2. 8" >0 = "t >0,n=1,.

In fact, u"*! = e2y™ + hd(ah) ( >, hence
n+1 n+1 1 _
sl = ealy h@(ah)§ =
3-n  lon- 1-n
e |eahun + hd(ah) [ 26" — 26" )| — hd(ah)=b" =
2 2 2
Ton s 3 N - (3.19)
el |eahym — h@(ah)gb +h®(ah) (Qeah— 2) b >
1\ =n 3 1\ -n
e2hs™ + hd(ah) (2eah ~3 b > h®(ah) <2eah - 2)
. . 3. 1 .
The last term is non negative when iea ~3 > 0, i.e. when (3.17) holds
n 1

(notice that s > 0 = u™ > 0, since €* hyn > —l—h(I)(ah) > 0; for this

reason b" > 0).
Hence, by induction, s™ > 0,n =1,..., N. This implies ™ > 0.
4. The scheme at work. In this section we show how to use the proposed

scheme for the solution of system (1.1). In scheme (2.5) we take a = [0,a”,07]7 and
b =1, bT, gT]" hence, the scheme reads as follows:

hun+1 — ’un +e_q In+1 + ¢ m +c Infl
n+1 _ n+g n+g n+3
Fwitt = twl + ®(a; 2h) (a; cwl+b;

FXMH = X" e g™ g +e1g" !

1=1,....,m
(4.1)

u(0) = ug, w(0) =wo, X(0)= X,

forn=0,...,N. Wetake I"! = I° and g~ = g°. The following results are obtained
using the Luo-Rudy phase I model with the following current stimulus:

1_ 1
Iapp _ Imam (2 COS (271' )) t < tp Imam — GOLLA, tp — ]_ms, (42)
0 t>t,

and C,, = 1u F. We refer to the discrete L? norm of the components of solution y",
defined as

N-1

1 2
lwill = | 5 D [@m? + )] et = e,
n=0
() —
The relative error is computed as max W In the following simulations
v Yi

we will take T = 450 ms. In Table 4.1 we compare the relative errors for different
time steps using our explicit method AB2*, FE*, and their corresponding multistep
methods, AB2 and FE. The reference solution is obtained solving the system with
the Matlab function ode45 with parameters RelTol and AbsTol set respectively to
le — 9 and le — 12. Results confirm that AB2* method is second order accurate and
hence more accurate than the Rush-Larsen method. Observe that for tiny time-steps
multistep methods feature slightly better than the correspondent starred methods,
and however, their stability constraints are strong, requiring h < 0.1 ms.
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h errre; AB2* | errp FE* | err,e AB2 | erry; FE
2e-1 1.03-1 1.02e-1 NaN NaN

le-1 8.73e-3 6.72e-2 NaN NaN

He-2 3.64e-3 3.98e-2 NaN NaN
2.5e-2 1.28e-3 2.16e-2 NaN NaN
1.25e-2 | 3.63e-4 1.12e-2 NaN 6.65e-3
6.25e-3 | 9.71e-5 5.65e-3 5.65e-5 3.33e-3

TABLE 4.1

Relative error using different time-steps and the methods AB2*, FE*, AB2 and FE.

4.1. Predictor-corrector strategy. Now we want to use our schemes with a
predictor-corrector (PC) strategy (for an introduction on predictor-corrector scheme,
see [13, 17]). Let y™ be the solution obtained with the (explicit) predictor scheme,
and y" the one obtained with the (implicit) corrector scheme; let ¢y and ¢; be the

coefficients of predictor scheme (¢_; = 0) and c_1, ¢g, ¢1 the coefficients of the
corrector scheme. The PC time discretization of system (1.1), for n = 1,..., N,
reads:
%an—i—l — %un + 7 I +7 In—l
1 1 el
Pid it = b o@ ) (@ Fep +87F) i=1,m
X=Xt g pe g (43)
Furtl = Ly 4 e I+ oI™ + o I

, nt3 +3 cn+tg .

C:q Ewpth =Ll +&((a; " ?h) (a? 2wl + by 2) i=1,...,m
FXMHL = X" e 18" 4 cog™ + g

where 1"+ and g"t! are computed using the predictor solutions 4"+t wn+l, Xn+!

and:

@t —gpa +am!, BT =gbn b,

a"tz = c_1a(a™h) + cpa™ + cra™ Y bnts = c_1b(a"*1) 4+ cob™ 4 ¢;b™ L.
@t = (@ +e)a’, b’ = (g +e)b,

az = c_1a(@) + (co + c1)a®, b2 = c_1b(a') + (co + ¢1)b.

(4.4)
In Tables 4.2 and 4.3 we show relative errors for different predictor-corrector schemes.
We note that the best performances are obtained using a second order predictor
scheme with a PECE approach (for definition of PECE and PEC approach see [13] or
[17]). Also the CN* corrector scheme performs slightly better than the AM3* one. As
expected, the differences between PECE approach and PEC are more evident when
large time-steps are used.

5. Time adaptive strategy. Using an error estimate based on the PC strategy,
we can devise a time-adaptive strategy.

5.1. A posteriori error estimation. We are looking for an estimate of error
between y(t"*1) and y"*! depending on the computed solutions y"*! and ymt!
(for multistep methods this estimate is called Milne’s estimate, see [13]). We start
considering a predictor-corrector couple of second order schemes, with parameters 0,
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h AB2*-CN* | FE*-CN* | AB2*-CN} o | FE*-CN%
2e-1 3.41-2 5.65e-2 NaN 4.26e-2
le-1 9.02e-3 2.33e-2 1.50e-2 3.04e-2
5e-2 2.97e-3 7.72¢-3 4.15e-3 1.26e-2
2.5e-2 6.95-4 2.23e-3 9.00e-4 3.95e-3
1.25e-2 | 1.57e-4 6.03e-4 1.85e-4 1.09e-3
6.25e-3 | 3.77e-5 1.58e-4 4.16e-5 2.88e-4
TABLE 4.2

Relative errors using different time-steps and the predictor-corrector methods AB2*-CN*, FE*-
CN*. The results in the first two columns refer to the PECE approach, the ones in last two columns
to the PEC approach.

h AB2*-AM3* | FE*-AM3* | AB2*-AM3% . | FE-AM3%
2e-1 6.44-2 4.07e-2 NaN 3.94e-2
le-1 7.84e-3 2.02e-2 1.19e-2 2.91e-2
5e-2 2.67e-3 7.03e-3 3.75e-3 1.26e-2
2.5e-2 6.76e-4 2.07e-3 8.73e-4 4.02e-3
1.25e-2 | 1.62e-4 5.60e-4 1.91e-4 1.13e-3
6.25e-3 | 4.13e-5 1.47e-4 4.51e-5 2.98e-4
TABLE 4.3

Relative errors using different time-steps and the predictor-corrector methods AB2*-ABS*,
FE*-ABS3*. The results in the first two columns refer to the PECE approach, while in the last
two columns to the PEC approach.

and 6. respectively. From (3.2) we have, fori=1,...,m,
yi(tn ) — gt =

(3= %) (7w = DY) b + 5 (i (¢)b} — arv (") b + o(h?);

(5.1)
yi(t" ) =yt =
(&= %) (@ (0)0i(t7) — B (E)* + L (2 (1) — 2B} (7))h* + (7).
Subtracting equation (5.1); from (5.1)3 we have:
2 n AT
(& (M) 7) — BLM)H = o2 (i ) o). (52
c—bp

Substituting the latter equation into (5.1)9, we have:

t"+1) n+1l __

1
P = DT () (Y — abl(m)) B oA,

— Ye
(5.3)
In view of an a posteriori error estimator, the first derivatives of a and b can be
approximated by forward differences,

0. —
yi(
P

K3

1
()b} — (") = 3 (a7 b — al' bl ) + O(h);
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h AB2*-CN} | AB2"-AM3} | AB2*-CN?_ppe | AB2"-AM3?_ ppe
2e-1 NaN NaN NaN NaN

le-1 8.16e-3 8.06e-3 4.46e-3 4.59e-3

oe-2 3.84e-4 3.91e-4 1.91e-3 1.92e-3

2.5e-2 4.88e-5 4.91e-5 3.48e-4 3.49e-4

1.25e-2 | 7.03e-6 7.03e-6 4.97e-5 4.97e-5

6.25e-3 | 4.35e-6 4.35e-6 9.48e-6 9.48e-5

TABLE 5.1

Relative error using different time-steps and the predictor-corrector methods AB2*-AB3*, FE*-
ABS8* corrected with local extrapolation. The results in the first two columns refer to the PECE
approach, while in the last two columns to the PEC approach.

then, we obtain the following error estimate:

0. — 2 1

Ge17Y) =y = S () (@l al b ) B ofh?).
V4 c

(5.4)

For first order predictor-corrector couples, with parameters w, and w, respectively

(and # 1/2), we get the following error estimate:

1
We — 5 n ~mn
YT Sy = S 9 o) ©5)
D c

In principle, these estimates can be used to improve the solution so to get a third order
method (local extrapolation). As a matter of fact, once computed the error estimate
E™*t1 we compute 7! = y*+1 4 E"*! raising by one the order of the method. In
Table 5.1 we show relative errors of predictor-corrector schemes corrected with this a
posteriori error estimation. We observe very slight differences between the schemes,
the PECE approach performing better than the PEC approach. These schemes are
more accurate than the second order one (compare Table 5.1 with Tables 4.2 and
4.3), however we notice that for large time-steps they become unstable. Moreover,
using this local extrapolation, we loose the favourable positivity properties of the non
corrected schemes.

5.2. Time adaptive schemes. Given a vector of tolerances T (possibly a dif-
ferent tolerance for each variable), we look for the largest time-step such that EI* < 7,

i =1,...,m. Using a first order method E" ~ K,h?, being K a constant vector, if
b
we can obtain an error E such that E}* ~ 7; for some ¢. Using a second order method

E" is the error obtained with a time-step h, then using a time-step h= min h
7

~ |E" .
the optimal time-step is given by h = minh{/ —-, (see [13]). Sometimes the vector
k3 Ti

of tolerances is defined as 7 = max(Taps + Trely), being Taps and 7., respectively a
vector of absolute tolerances and a relative tolerance. This is, for example, the choice
of Matlab for odexx suite. In our simulations, however, we weighted the tolerances
based on the infinity norm of the components of the solution, hence, for the Luo-Rudy
model from Figure 1.1 we get 7 =784, 1, 1, 1, 1, 1, 1, 7e — 3]7. The time adapting
algorithm reads therefore While t” < T

1. Compute y"*! and y™*! with time-step h

2. Compute the error Ent!
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AB2*-AM3* AB2*-CN* AB2*-M(0.6)"
T h r err h r err h T err

2.5e-2 1.25 3% 4.18e-2 1.23 4% | 3.65e-2 1.24 3% | 3.91e-2
5e-3 7.29e-1 3% 3.21e-3 7.23e-1 | 3% | 2.94e-3 7.25e-1 | 3% | 3.44e-2
le-3 4.27e-1 | 2% | 2.18e-3 || 4.25e-1 | 3% | 9.09¢-4 || 4.24e-1 | 2% | 4.90e-3
le-4 1.99e-1 1% 5.58e-4 1.98e-1 1% | 2.31e-4 1.97e-1 | 1% | 5.58e-4
le-5 9.25e-1 8%o 1.14e-4 9.19e-2 | 6%0 | 7.31e-5 9.17e-2 | %0 | 1.42e-4
le-6 4.30e-1 | 6 %o | 2.43e-5 || 4.27e-2 | 3% | 1.96e-5 || 4.26e-2 | 2%0 | 3.64e-5
TABLE 5.2

Average time-step h, recomputed percentage r and relative error of the solution computed using
different predictor-corrector methods with time adaptive strategy for different values of tolerance 7.

3. EPYt < 7 then t"t =" b, n=n+1

4. Compute h, set h = 0.95h (0.95 is a cautelative parameter).
We define the recomputed percentage r as the percentage of the number of times the
conditional expression 3 is false over the total number of steps n.
In order to deal with variable time-steps we have to change the schemes coefficients.
In particular, if v = ﬁ is the ratio between the time-step at the current iteration
and the time-step at the previous iteration, we take ¢_1 = c¢_1, ¢co = co+¢1(1—v) and
¢1 = vcy as the coefficient of the variable step scheme. Writing the Taylor expansions
of a"*2 and b"*2 and taking in account that "1 — ¢® = h and ¢" — t"~1 = b we
obtain:

ants — gt +&a’(tn)h + éau(tn)% ( ), (5 6)
b = b 4GB (t,)h + Ob” (£,) 2 + o(h?); '
with @ = é_q — ‘o wand § = ¢4 + 0—12 The local truncation error expressions
v

); (3.

v

(3.1 2) and error estimates (5.4) and (5.5) still hold by replacing 6 with 6.
REMARK 5.1. From now on we will consider only second order time-adaptive
predictors and correctors method. First order methods are used only in the first step,
whose errors are estimated with (5.5). If we use CN* as a corrector, we have, for the
first iteration, a first order predictor (FE*) and a second order corrector (CN*). In
this case we cannot use the error estimates (5.4) nor (5.5). In order to adapt the first
time-step, in the following simulations, we use for the first step the corrector scheme
defined by coefficients (c—1 = 1, co = 0 and ¢; = 0) (Backward Euler) in place of of
the Crank-Nicolson one.

We solved Luo-Rudy system with the time-adaptive algorithm, using different
predictor-corrector methods fixed the predictor scheme to be the AB2* scheme. The
corrector schemes are AM3*, CN* and M(0.6)* schemes. Results are shown in Table
5.2. M(0.6)* is more stable than CN* but results show that performs slightly worst.

In Figure 5.1 we compare the error curves as a function of the average step h, using
the Rush-Larsen scheme, the AB2* scheme and the time adaptive algorithm with the
AB2*-CN* scheme with PEC approach.

6. Monodomain and Bidomain systems. The Bidomain model is one of the
most popular and accurate model to describe the propagation of action potential in
the myocardium. A mathematical derivation of the Bidomain model is stressed in [7].
Well-posedness analysis results on Bidomain system coupled with different ionic model
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AB2*-CNpge AB2*"-CN} AB2*-CN}_pgc
4 T h r err h r err h T err
2.5e-2 1.19 10% | 3.10e-2 1.18 8% | 2.51e-2 1.20 9% 2.22e-2
5e-3 7.22e-1 4% 3.54e-3 7.22e-1 | 4% | 4.73e-3 7.22e-1 3% 7.28e-3
le-3 4.25¢-1 | 2% | 1.38¢e-3 || 4.25e-1 | 2% | 9.30e-4 || 4.25e-1 | 2% | 2.75e-3
le-4 1.98e-1 1% 2.25e-4 1.98e-1 1% | 1.19e-4 1.98¢-2 | 1e% | 4.13e-4
le-5 9.19¢-2 7% 5.50e-5 9.19e-2 | 7%o0 | 1.48e-5 9.19¢-2 | 7% | 4.79e-5
le-6 4.27¢-2 | 3% | 1.75e-5 || 4.27e-2 | 3%0 | 1.66e-6 || 4.27e-2 | 3% | 5.13e-6
TABLE 5.3

Average time-step h, recomputed percentage r and relative error of the solution computed using
the predictor-corrector method AB2*-CN* with time adaptive strategy for different values tolerance
7. From left to right, the solution is computed respectively with a PEC approach, with a PECE
approach and local extrapolation, with PEC approach and local extrapolation.

10°

107k

107k

10"

10

Fic. 5.1. Relative error curves as a function of the average step h, using FE* scheme, AB2*

scheme and the time adaptive algorithm with the AB2*-CN* scheme with PEC approach.

are presented in [20, 21], while several simulations of the action potential propagation
using Monodomain and Bidomain systems can be found in [5] or [6]. Here we report
the Bidomain system in a non-symmetric form:

du
ot

ot

1v-<

XCm

n’D;(Vu + Vue) =0

n’D, Vu® = [P

Joutdx =0

0X

e g(u, X, w)
8’[02'

= a;(u)w; + b;(u)

AD;
1+A

Vu) -
X

—V - [D;Vu + (D; + D.)Vue] = 0.

AD; - D,

1V~<

C

1+ A

u(x,0) = ug, u¢(x,0) =0, X(x,0) = Xg, w(x,0) = wy

Vue>

in Q x (0, 7]

in Q x (0, 7]

on 99 x (0,77,

on 90 x (0,7,

in (0,77,

in Q x (0,7]

in Q x (0, 7]

in £,

(6.1)
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where € is the spatial domain, u¢ is the extracellular potential, D? and D¢ are the
intracellular and extracellular conductivity tensors and x the membrane area per unit

tissue. The source terms I,,, and I are defined respectively as I}wp =1, +15,
1 )‘I;pp — Lapp e il
and I = o G e Lion |, being Iapp and I7,,, the applied intracellular and

the extracellular current stimuli. The current stimuli must satisfy the compatibility
condition [, (1%, + Igpp) dx = 0. In the sequel we take I}, = —I¢, = IP?. Coef-
ficient A is a chosen in such a way that A\D; ~ D, in order to weaken the coupling
between the first and the second equation. In the unrealistic case in which the con-
ductivity tensors D; and D, are proportional, the Bidomain system can be reduced to
the Monodomain system, and u¢ has not to be computed. The Monodomain system

reads

ou

i xC —— V- (DMVu) =T in Q x (0,7

n"DMVy =0 on 9 x (0,77,

aai)t( = g(u’ X, W) in O x (0, T] (62)
8107; .

B = a;(u)w; + b;(u) in Q x (0,7

U(Xa 0) = Uo, X(X7 O) = XOa W(X, O) =Wwp in Qa

1
Ci(lapp_jion)-
m
6.1. Monodomain model discretization. In the time discretization of (6.2)
we treat implicitly the diffusion term in order to avoid small time-steps. Usually,
Monodomain system is discretized as follows :

where DM = ;\ is the conductivity tensor and I is defined as: I =

Futtt =V (DMVu) = funt 4 1

Fupth = fwl 4 @(arh) (afwf +b7) i=1...m (6:3)

FXnHL = 1X"n 4 gny

forn=0,...,N. The PDE is solved with an IMEX [11] method that combines Back-
ward Euler (BE) with FE. The gate variables are solved with Rush-Larsen model,
and concentration variables with FE. We call this method IMEX-FE*. A slight im-
provement of IMEX-FE* method consists in replacing, in the first equation, I"™ with
I(u™, w™tl X"+ Since this is similar to a Gauss-Seidel substitution approach, we
call this method IMEX-FE*-GS. A second order scheme can be achieved using the
AB2* scheme for the gate equations, AB2 for the concentration equations and a sec-
ond order IMEX scheme for the PDEs. We choose as IMEX scheme the combination
of CN scheme for the diffusion term and AB2 for the forcing term. In this case the
discrete system reads

+ 3V - (DMVur) + 31 — St

futtt = 3V (DMt
"+b"+"‘) i=1,...,m (6.4)

+
hw”*'lf,llw +<I> 2h) (
lynt+l — 1lyn 71 n—
1x 1x
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forn=1,..., N, where we set I"~! = [, g"~! = g" and @™*+%, b""2 are chosen as
in (2.6) with c_1 =0, o = 2 and ¢; = —1.

This scheme becomes unstable for time-steps greater than 1 ms and oscillations persist
for time-steps greater than 0.5 ms. In order to overcame these problems and reduce at
the same time computational efforts we apply our time adaptive scheme. We still treat
implicitly the diffusion term also in the predictor-corrector scheme. This procedure
does not affect the error estimate, since (3.1), (3.2), (5.4), (5.5) still hold. The entire
time discretized Monodomain problem reads

%d““ = %u" —c V- (DMVu") —¢ V- (DMVur =) 4G I" +¢, 17!
1 1 el
P Laptt = Lyn oy a(atin) (a?“wf +b?+2) i=1,...,m
%Xn+1 — %Xn +7% gn +7 gnfl
Furtl — e V- (DMVynth) =
o tum + ¢V - (DMVu") + 1V - (DMVu"=1) + e I + coI™ + e 1!
: 1 1 gl
) ket = der e i) (@ e+ 5T) =1 m
FXHL = X" e 18" 4 cog™ + g
(6.5)
for n = 1,..., N, where I"*! and g"t! are computed using the predictor solutions

N . 5 gl gnti a1 1 .
antt wrtl Xt and @2, b2, @"t2 and @2 are defined as in (4.4). We

solve system (4.3) for the 1D Luo-Rudy model. Space discretization is carried out
with a Galerkin linear finite element method. This choice is motivated in view of
extending these computations to the 3D case. We consider © = (0, [) and introduce
the grid points {xk}é\k given by xp = kdx, being dr = NL the grid spacing. We
approximate y' with (y'); = ZkNio i'wk being {¢r}d’ the Lagrangian base for the
space of piecewise linear continuous functions on 2. We define the 1D L?(£2) norm
with a trapezoidal rule, namely

M—-1

1 N2 . 2
[(yr)ill = By Z [(yznk) + (y2k+1) ]595’
k=0
We refer then to the space-time norm |[(y)illst = |[||(¥7):llll. The relative error is

1R )i = yilwr, )]st

. [y (@, )|t
lations we take T' = 500, [ = 5¢m, N, = 500 and

1 _1 t
Tupp(t,2) = Lax (2 5 COos (27rtp)) t <tp, x < xp (6.6)
0 otherwise,

given by max . Unless stated otherwise, in the following simu-
K2

where Ip,q, = 60puA, t, = 1ms and x, = 1.5mm. We consider, as the reference
solution, the one obtained using the predictor-corrector scheme AB2*-CN*, adapted
in time, with 7 = 1le — 9 and N, = 500. We are interested only in time discretization
errors, hence, the reference solution is computed on the same grid used for the other
numerical solutions. In Table 6.1 we report results obtained for different time-steps,
using IMEX-FE*, IMEX-FE*-GS and IMEX-AB2* schemes. In Table 6.2 we report
results obtained with the AB2*-CN* scheme and the predictor-corrector scheme AB2*-
M(0.6)*. In Figure 6.1 we report relative error curves as a function of the average
time-step h, using IMEX-FE* scheme, IMEX-AB2* scheme and the time adaptive
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h IMEX-FE* | IMEX-FE*-GS | IMEX-AB2*
2e-1 4.47e-1 5.14e-2 NaN
le-1 3.09e-1 6.85e-2 4.67e-2
He-2 2.12e-1 5.71le-2 4.24e-2

2.5e-2 1.48e-1 3.71e-2 1.86e-2

1.25e-2 1.02e-1 2.17e-2 95.52e-3

6.25e-3 6.59e-2 1.18e-2 1.46e-3
TABLE 6.1

Relative errors using different time-steps and the methods IMEX-FE*, IMEX-FE*-GS and
IMEX-AB2*. The results in the first two columns refer to the PECE approach, while in the last two
columns to the PEC approach.

AB2*-CN* AB2*-CNpge AB2*-M(0.6)prc

T h r err h r err h r err
le-1 5.92e-1 1% | 2.57e-1 || 4.78¢e-1 | 7% | 1.71e-1 || 4.87e-1 | 28% | 9.53e-2
2.5e-2 || 3.63e-1 | 6%0 | 3.96e-2 || 3.43e-1 | 9%0 | 4.04e-2 || 3.42e-1 | 15% | 3.19e-2
5e-3 2.14e-1 | 6% | 2.90e-2 || 2.11e-1 | 8% | 2.70e-2 || 2.14e-1 | 7%o 2.13-2
le-3 1.26e-1 | 6% | 1.34e-2 || 1.26e-1 | 5% | 1.30e-2 || 1.24e-1 | 13% | 1.10e-2
le-4 5.70e-2 | 11% | 3.14e-3 || 5.77¢-2 | 7% | 3.06e-3 || 5.53e-2 | 17% | 2.67e-3

le-5 2.62e-2 | 11% | 6.21e-4 || 2.62e-2 | 10% | 6.20e-4 || 2.55e-2 | 17% | 6.13e-4
TABLE 6.2
Average time-step h, recomputed percentage r and relative error of the solution of Monodomain
model, computed using different predictor-corrector methods with time adaptive strategy.

algorithm with the AB2*-CN* scheme. Second order methods with 6 < % used as
correctors and methods corrected with local extrapolation present instabilities.

The numerical methods is robust with respect to the spatial resolution as shown in
Table 6.3 where we compare the average time-step h, the recomputed percentage r
and the relative error for different mesh sizes. The reference solutions are computed
using the different grids and taking a tolerance defined as 7 = 1le—9. The recomputed

percentage increases on coarse grids, while A and the errors are fairly insensitive.

REMARK 6.1. The 3D Bidomain problem.

A complete analysis of the results of our solver coupled with the (2D-8D) Bido-
main complete model is beyond the scope of the present work. However, we want to
address briefly a possible strategy for an efficient coupling of the PDE solver and our
method. Usually, the Bidomain system is written in a symmetric form featuring the
two variables u' and u®, where u* = u + u® is the intracellular potential. However,
if we resort to the non-symmetric form, in the predictor step we avoid to solve the
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—*— IMEX-FE -GS
—6—IMEX-AB2"
AB2'-CN;,_

107° 10” 10 10

F1G. 6.1. Relative error curves as a function of the average step h, using IMEX-FE* scheme,
IMEX-AB2* scheme and the time adaptive algorithm with the AB2*-CN* scheme with PEC ap-
proach.

AB2"-CN}ppe, 62 = 23 || AB2"-CNppe, 52 = 55 || AB2*-CNppe, 67 = 235

T h r err h T err h T err
le-1 5.18e-1 | 30% | 1.57e-1 4.80e-1 | 18% | 2.11e-1 4.78e-1 7% 1.71e-1
2.5e-2 || 3.58e-1 | 27% | 5.97e-2 || 3.55e-1 | 16% | 3.11e-2 || 3.43e-1 | 9%0 | 4.04e-2
5e-3 2.21e-1 | 22% | 5.32e-2 2.15e-1 9% 3.56e-2 2.11e-1 8% 2.70e-2
le-3 1.31e-1 | 10% | 2.30e-2 1.27e-1 8%o 1.65e-2 1.26e-1 5% 1.30e-2
le-4 6.10e-2 | 8% | 3.69e-3 || 5.89e-2 | 3% | 3.56e-3 || 5.77e-2 | 7% | 3.06e-3
le-5 2.82e-2 4% 5.33e-4 2.71e-2 5% 6.77e-4 2.62e-2 | 10% | 6.20e-4
TABLE 6.3

Average time-step h, recomputed percentage r and relative error of the solution of Monodomain
model, computed on different grids, using AB2*-CNp .~ scheme with time adaptive strategy.

second equation of the system. The time discretized problem reads, forn=1,... N

= Lyt 46 V- (DMVu") 42, V- (DM Vur—1)+
S V- (DAV(u)") +¢, V- (DAV(u 6)"*1)+6OI"+61]"*1

WP+t = Lun 4 (@ ”+2h)( AERT NN )

Xt = IX" gt e gt

utl —c V- (DMVut) —c V- (DAV(uf)"t!) =
Fu" + ¢V - (DMVum) + V- (DMVun=1) 4+ ¢oV - (DAV(u®)™)+
V- DAV Y + e 1 I 4 eoI™ 4 ¢ 171

-V [DiVu"H + (Di + De)v(ue)n+1} =0

(w1 =0

hwn+1 hw —‘,—(I)( n+2h) (An—i-2 n+bn+2)

%X"J’_l — %X” + C,1g7l+1 + Cog + e gn 17

Ballen
=33

T|= = T

(6.7)
where DM = % and DA = %. The terms "1, g"+! @", b", a", b are
defined as in the system (6.5).
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Most of the computational effort is required by the solution of the PDEs system
in the corrector step. An efficient way to solve this system is presented in [8]. A
detailed analysis of 3D Bidomain results with our method will be presented elsewhere

(see [15]).

7. Conclusions. We presented the generalization to the popular Rush-Larsen
method used for solving nonlinear ordinary differential systems for the ionic dynamics
in electro-physiology, in particular for the cardiac potential propagation. We extended
the method to a class of second order schemes. These can be regarded also a gen-
eralization of classical multistep methods whenever the problem at hand is naturally
split into a part where it is worth to put in evidence a linear dependence on the un-
known and the remainder of the nonlinear terms. We have carried out the analysis of
the schemes, including the Rush-Larsen one which at the best of our knowledge was
never analyzed so far. One of the relevant properties of these methods is that they
can preserve bounds on the solution that guarantee that the physical significance of
the unknown is preserved. Moreover, analysis shows that the approach pursued here
introduces an improvement of the absolute stability properties of the corresponding
multistep scheme, as numerical results confirm. This goes beyond the specific appli-
cations that have originated this work, suggesting that an appropriate splitting of any
problem at hand can be faced with a method of our class M*(#) with larger time steps
respect to the multistep M(#). The major limitation of this approach is the accuracy,
that at the moment is limited to the second order.

We presented an extensive discussion on the predictor corrector formulation of
our method for the problems in electro-physiology and the consequent time-adaptive
implementation, which is of paramount relevance in cardiac applications. Prelimi-
nary results carried out on a simplified 1D model for cardiac potential confirm the
effectiveness of our approach in view of more realistic simulations over 3D domains.

Appendix. We report Luo-Rudy model phase I [14]. Variables w, X and func-
tions I, a, b and g of system (1.1) are specified as follows. We made slightly mod-
ifications on the original model in functions oy, Bn, «;, §; and X; in order to make
them continuous. Modifications regards only the inequalities on wu.

w=[hjmdfX],

a=—[(an+Bn), (j+6;), (@m+Bm), (@a+Ba), (ay +By), (ax + Bx)]",
b= lay aj ay, ag ay ax]?,

X = [Ca], g=—10"4I,; + 0.07(10~* — Ca),

Lion = Ix1 + Ik, + Ip + Ix + Ing + Lsi,

up = —84mV, Xg=2e—4mM, wo=[110010]7,
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where the gating functions are defined as follows:

]Na =23m3hj(u—ENa), ENa =54.4mV

ap, = 0.135¢~ 555"
0.13 (1455 u> —38.7381
h =
3.56e0079% 4 3.1 10935 4 < —38.7381
(u+37.78) (—1.2714 - 10° 02444 — 3,474 . 1077 ¢~ 0-04391w)
aj = 1+ e0311(u+79.23) u < —37.78
0 u > —37.78
0.3¢2-535:10 "u
i = ~0.01052u
0.1212¢
1+ e 01378(ura01d) < —39.826
u—+47.13 _a
Qm = 0'321 — o—0.1(ut47.13) Bm = 0.08e7 11
o~ 0.01(u—5) 0017 (u-+44)
@a = 0.09 =35m0 B = 0.077 T ¢0.05(ut4d)
0008 (u-+28) o —0.02(u+30)
ar= 0‘0121 T e0-15(ut28) Br = 0'00651 T e 0.2(ut30)
£0-083(u+50) ¢ —0.06(u-+20)

ax = 00005 T - 0.0i(ut20)"

1+ ¢0.057(u+50) Bx = 0.0013 "

Tonic currents are defined as follows:
I; =0.09d f(u— Ey),
Es; =7.7—-13.02871n(Ca),

Ix = G XX;(u— Eg), Eg=-77.01mV, Gk =0282/%e K,=54mM,
60.04(u+77) -1

x, =) 2887 (o F T U —100.05,
1 u < —100.05,
I = G125 —(u— Ex1), Exi=-87.26mV,  Gr1=0.282/£%,
1
K1 = 1.02

1+ 60.2385(u—EK1—594215) ’
0 4912460.08032(u—EK1+5.476) + eO.OGl?S(u—EK1—594A31)

Pr1 = 1 + ¢ 0.5143(u—Ex1+4.753) J
I, = 0.0183K,(u — Exp),  Exp = Exi,
1
KP = 7.488—u )
1+ e 598

I, = 0.03921(u + 59.87),
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