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Abstract. A nonlinear inverse scattering problem arising in microwave imaging is analyzed and
numerically solved. In particular, the dielectric properties of an inhomogeneous object (i.e., the image
to restore) are retrieved by means of its scattered microwave electromagneticfield (i.e., the input data)
in a tomographic arrangement. From a theoretical point of view, the model gives rise to a nonlinear
integral equation, which is solved by a deterministic and regularizing inexact Gauss-Newton method.
At any step of the method, matrix strategies of numerical linear algebra are considered in order
to reduce the computational (time and memory) load for solving the obtained large and structured
linear systems. These strategiesinvolve block decompositions, splitting and regularization, and super-
resolution techniques. Some numerical results are given, where the proposed algorithm is applied to
recover high resolution images of the scatterers.
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1. Introduction. Nonlinear inverse problems, which arise in many important
applications, present significant mathematical and computational challenges [10]. For
example, it is often difficult to determine existence and uniqueness of an analytical
solution in a theoretical setting. But even in cases where these properties are known,
and a particular solution is sought, solving the problem in a discrete setting may still
be very difficult. Indeed, numerically solving a nonlinear inverse problem generally
requires solving a computationally expensive optimization problem involving very
large-scale linear systems. In addition, because the underlying continuous problem is
ill-posed, solutions are typically very sensitive to noise in the measured data. Thus
special considerations are needed in developing and implementing algorithms to solve
these problems.

In this paper we develop an efficient approach to compute approximate solutions
of a nonlinear image reconstruction problem from inverse scattering [7],[20]. Specif-
ically, we consider the problem of reconstructing the internal dielectric properties of
an object based on knowledge of the external scattered electric field, which are gen-
erated by the interaction between the object and a known incident electromagnetic
microwave. Applications that use this imaging technique range from civil and indus-
trial engineering (nondestructive testing and material characterization), to detection
of buried objects and medical diagnostics.

In order to restore the unknown object, the external scattered electric field must
be evaluated from known incident electromagnetic waves. The relationship between
the scattered electric field and the incident electromagnetic waves is modeled by an
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integral equation. Because the problem is highly underdetermined, a single incident
electromagnetic wave is insufficient to reconstruct an accurate approximation of the
object. It is therefore necessary to increase information by using several different
incident electromagnetic waves. Another complication is that the scattered electric
field inside the object also needs to be approximated since it is required to invert
the above integral operator. In some basic cases a simplified approximation of the
internal scattered field can be used; see the Born approximations for weak scatterers
in [7]. We, however, do not use this assumption, but instead consider the internal
scattered field as an additional unknown to recover. Our proposed scheme is therefore
very general, and can be used, for example, in applications when strong scatterers are
introduced.

The approach we use to solve the resulting nonlinear image reconstruction prob-
lem is based on Newton linearization techniques to deal with the nonlinearity, and
regularization techniques to deal with the ill-posedness [9]. The focus of this paper
is on the use of numerical linear algebra tools to exploit structure and sparsity of the
large-scale linear systems that need to be solved in the optimization algorithm. To
further reduce the complexity of the problem, we propose to recover first a number
of low resolution approximations of the output object using a coarse discretization
and, after that, to reconstruct a single output image with higher resolution. The low
resolution images will be obtained in such a way that they represent reconstructions
of the object after it has been shifted by subpixel displacements. Super-resolution
methods [3, 6, 8, 11, 17, 21, 19] will then be used to fuse the different information
available in the low resolution images to obtain the high resolution image.

To reconstruct each of the low resolution images, we propose to use a regularizing
three-level iterative algorithm, where a Gauss-Newton linearizing scheme (the first
level, or outer most iterative method) is inexactly solved at each iteration by an
iterative block splitting method (this is the second level, or the first inner iteration).
The block iteration involves a sequence of smaller linear systems, which are then
solved by a basic (e.g., Landweber) iterative regularization method (this is the third
level, or the inner most iteration).

The paper is outlined as follows. In Section 2 we describe the mathematical model
of the inverse scattering problem from microwave imaging, and the structure of the
block matrix arising in our linearization approach. The three-level iterative algorithm
and appropriate numerical linear algebra tools to solve the resulting nonlinear opti-
mization problem, and to do the super-resolution post processing, are developed in
Section 3. Numerical results are reported in Section 4.

2. Mathematical formulation. Although the mathematical model for the in-
verse scattering problem can be introduced in a general three dimensional setting, to
simplify notation we focus on the two dimensional case. From a theoretical point of
view, the mathematical model is related to the tomographic configuration for retriev-
ing the cross section of an “infinite” cylindrical object.

2.1. The mathematical model. Let us consider a cylindrical scatterer embed-
ded in a linear and homogeneous medium (the background), whose cross section is
strictly contained in a known, bounded and simply connected plane of investigation
Q) C R2. The dielectric properties of { are described by the inhomogeneous contrast
function x : @ — C, x(r) = €(r)/ep — 1, where the relative refractive index €(r)/ep
is the ratio between the dielectric permittivity e(r) at the point r € Q (the position
coordinate), and the constant dielectric permittivity €, of the background. Since the
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cross section of the scatterer is contained in €2, the contrast function x has compact
support, which we assume is endowed with Lipschitz continuous smooth boundary.

A known incident field ! interacts with the scatterer, leading to a total field u
on R? which is the sum of the incident field u* and the scattered field «®; that is,
u = u’ + u®. The direct (or forward) scattering problem is to compute the total field
u from the dielectric properties of the domain 2. The inverse scattering problem is
to retrieve the contrast function y, from measurements of the total field v in a region
of observation Q) (usually disjoint from Q). In addition, the total electric field u
in the region € is unknown, since that region is inaccessible to measurements.

Assuming no magnetic media are involved, the classical differential model for the
direct scattering problem with Sommerfeld radiation condition at infinity [7] has the
following equivalent Lippmann-Schwinger integral formulation

u(r) — /Q G(r,™)u(r) x(7) dr = ui(r) , Vr e R? (2.1)

where G(r,7) = —k? %HSQ)(kb||T —7||) is the Green’s function for the two dimensional

Helmholtz equation, H(SZ) is a zero-th order, second kind Hankel function, j2 = —1
and ky = w,/eppo is the background wave number for the magnetic permeability of
the vacuum po, with angular frequency w. We remark that the integral operator on
the left side is nonlinear with respect to yx, since the total field u, generated by the
interaction between the scatterer and the incident field, depends on Y.

Concerning the direct problem with fixed scattering potential x, if the incident
field u® is a plane electromagnetic wave u®(z) = exp(—jkyz - d) on Q, where d € S? =
{x € R? : ||z|| = 1} is the incident direction, then a solution u € L?(R?) satisfying
(2.1) exists and is unique for all wavenumbers k, > 0 and all incident directions d € S?
[7, 18].

For the inverse scattering problem, a solution x is unique whenever it exists,
but the problem is severely ill-posed; see [7] for a comprehensive discussion of the
topic. However, the integral formulation (2.1) cannot be used straightforwardly to
retrieve the scattering potential y, since the total field v can only be measured in the
observation domain Q™). We therefore must consider its restriction on (M)

/Q G, 7) u(F) x(7) dF = u*(r), vr € QU (2.2)

where the scattered field u® = u — u* on QM) represents the data we collect for the
inverse problem.

Recall that, in the above integrand, the total electric field u in the region € is
unknown. For this reason, together with (2.2), we consider in our scheme the following
integral Fredholm operator of the second type

u(r) — /Q G (r, 7)u(7) x(F) dF = u'(r), VreQ, (2.3)

which represents the implicit relationship between the unknown total and the known
incident electric fields. The idea is then to use the coupled integral equations (2.2)
and (2.3) to simultaneously compute y and u on 2, by means of a fixed point iterative
scheme.

Unfortunately the pair of nonlinear integral equations (2.2)-(2.3) is not enough to
solve the inverse problem. Indeed, the classical theory of inverse scattering requires
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that the scattered data be known for all wavenumbers k;, > 0 and all incident direc-
tions d € S? in order to solve the inverse problem. In a real setting we can use a
finite set of P different configurations of the source (incident field), which allows us
to collect more information about the scattered field in different radiation conditions,
and, in the end, more information about the scatter. Each different source is attained
by changing

(i) the position of the whole apparatus, including both the emitting antenna and

the co-moving receiving detectors, and

(ii) the frequency of the incident microwaves.

Let u; denote the incident electric field produced by the p-th source, and let
u, be the resulting total electric field measured in a region Q]()M), which is disjoint
from Q. The aim of the inverse scattering problem is thus to retrieve a good ap-
proximation of the contrast function y on €2, given knowledge of all the electric fields
uy, € Lz(Q(M)), p=1,...,P.

The integral equations (2.2) and (2.3) can be regarded as a system where the
unknowns are x and {up}p=1,. p in £, while the known terms are {u;}pzl’“"P in Q
(recall that the incident fields are known everywhere) and the scattered electric fields
{uptp=1,...p, with uy in Q(M) forp=1,...,P.

By introducing the nonlinear operator A : HPH L2(Q) — ([15_, £2(™))) x

(1, L2(9) .
fﬂ r, ) up (7) x(7) dF
Joy G, 7) up (7) X (7) dF

Au, ..., up, x)(r) = , (2.4)
— Jo G(r,7) ur (7) x(7) dF

G ) up(F) X () dF

and the known vector b € (1—[5:1 £2(M)) x (Hp L LA(Q))

bz(ui,...,uf:,ui,...,u})T, (2.5)

then the inverse scattering problem can be formally stated as the following functional
equation: find y € L*(Q) and u, € L*(Q), p=1,..., P, such that

A(ug,...,up, X) =b. (2.6)

As is well known, the nonlinear inverse scattering problem is ill-posed, and a
regularization strategy is needed to stabilize the inversion process. In this paper we
use a suitably regularized inexact-Newton iterative algorithm.

2.2. The Fréchet Derivative for the Newton schemes. Let the Hilbert
spaces X = HP+1 L?(Q) and Y = (H;::l LQ(QISM))) X (H§:1 L?(2)) denote the do-
main and codomaln of the operator A defined in (2.4). The Newton methods require
the computation of the Fréchet derivative of the involved operator. We recall that
the Fréchet derivative of the operator A at the point © = (uq,...,up, x) € X is the
linear operator A/, : X — Y such that

Az +h) = A(z) + AL+ O(||h]|?) . (2.7)
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Concerning the existence of such a derivative, since the integral formulation (2.1) is
Fréchet differentiable [16], both (2.2) and (2.3) are Fréchet differentiable; therefore
the operator A is Fréchet differentiable too.

By using this notation, the classical Newton scheme for the nonlinear equation
A(z) = b is formally the following: let 90 € X be an appropriate initial guess,
and compute, for k = 0,1,2,..., the iterative steps zp41 = ap — (A, )" (A(zy) —
b), where the Fréchet derivative A is required to be invertible. Since in inverse
problems the Fréchet derivative is usually a non-invertible and ill-posed operator, the
previous simple classical scheme cannot be used in real applications. In practice,
some regularization techniques must be introduced in order to regularize the solution
of any Newton step. This way, the iterative scheme becomes the following, namely
the inexact Gauss-Newton method,

Thi1 = zk — Ok, Ay Ay, ) ALy (A(zr) — b), (2.8)

where * denotes the adjoint operator, ¢(k,\) : N x [0,400) — R is a piecewise
continuous function, and the evaluation of ¢ on the operator in (2.8) has the classical
meaning in the context of spectral theory [9]. Formally, the role of ¢ consists of
regularizing the computation of the least squares solution (A} * A} )=t AL*(A(zy) —b)
of the Newton step.

The simplest method belonging to the general scheme (2.8) is the Landweber
algorithm for nonlinear problems, where the regularizing scheme ¢ is a constant
function. In particular ¢(k,\) = 7 > 0, where 7 depends on the spectral norm
of Al* Al in a neighborhood of the solution, leading to ¢(k, A,* A} ) = TA* A} [14].
The widely used Levenberg-Marquardt method belongs to the class (2.8) too, since
here ¢(k,\) = (X + pux) L, where py > 0 is a regularization parameter, leading to
Pk, Al AL ) = (AL AL, + )™ (notice that the method is Gauss-Newton with
Tikhonov regularization on the linearization). Another instance of (2.8) is the Gauss-
Newton method with truncated singular value decomposition, where ¢(k, \) = A7!
for A > Ty, and ¢(k,\) = 0 otherwise; in this case the regularization parameter is
the truncation threshold, Tj.

An important set of methods of type (2.8) is the class of Gauss-Newton methods
with iterative inner regularization [23], where the function ¢ is evaluated by means of
an iterative formula. This is the case of the inexact Gauss-Newton method when the
inner regularization is performed by means of d Landweber iterations. In this case
the regularizing scheme ¢ is a polynomial approximation of the inverse function. In
particular, ¢(k,\) = Py(\) , where d = d(k) € N and P; is the d-degree polynomial
Pa(\) = 7 X1 = ) = U g,

The purpose of the parameter 7 > 0 is to control and to accelerate the convergence
of the iterates along the different components. In particular, consider the eigenspace
related to a fixed eigenvalue A of A,*A : after the application of the regularizing
operator ¢(k, A7; Al ), the vector A*(A(zxx)—b) is multiplied along that component
by P4(\). Thus, in the computation of the (generalized) solution 0 of A,*A} § =
Al (A(zr) — b), the relative error on the same component is

I— (=7 1\ 1 a4
(=5 )4 =y

(for a detailed discussion, see [5, eq. (2.10) and (2.11)]). This means that the conver-
gence of the iterations toward the solution § is slow along the components for which
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the value of X is close to 0 or 271, whereas it is the fastest one when X is close to
771, Therefore, the convergence is always slow in the space where A is small, which
is the space usually corrupted by noise in inverse problems, but an appropriate choice
of 7 enables us to “select” the most important subspace of components to be first re-
solved in the Landweber iterative resolution process. For instance, the simple choice
T=||ALFAL |y ! provides the fast convergence of the solution in the subspace related
to the largest eigenvalues of A" A} , which usually contains much information and is
less sensitive to the noise on the data.

From a computational point of view, since Py(A) = Py_1(A) + 7(1 — APg—1(N\)),
the evaluation of ¢(k, AL * A7, ) AL (A(zr) —b) in the second term of (2.8) is efficiently
computed by the following iterative procedure:

f0:07 fj+1:fj +TA;:((A(mk)_b)_A;:kf])7 ]:Ovlaad

For nonlinear inverse problems it is very important that solutions of the inner
linear system not be corrupted by noise; it is better to compute a solution that is
over regularized than one that is under regularized. Iterative methods that converge
slowly, such as Landweber, have better noise filtering properties and do not require
as precise a stopping criteria as iterative methods that converge very quickly, such
as conjugate gradients [13]. It is for this reason that Landwebber is often chosen to
solve the inner linear systems that arise from nonlinear inverse problems. We remark
that a higher degree d of the polynomial Py(\) results in a better approximation of
the inverse function A~!, and thus reduces the regularization effects of the Landweber
inner iteration. In this respect, it is interesting to notice that if d = 0 this method
corresponds to the classical Landweber algorithm for nonlinear problems. In this
case the regularizing scheme ¢ is a constant function, which can be considered as the
slowest and most regularizing algorithm among all the Gauss-Newton methods with
Landweber inner regularization.

By means of simple algebraic computations based on its definition (2.7), the com-
putation of the Fréchet derivative of the operator A at the point x = (u1,...,up, X)
gives rise to the following sparse and structured matrix

AL 0 ... 0 AL
M . : M
0 At : ALY
0 :
- . (M) (M)
AL = 0 ' - Ap Aup (2.9)
I—AX 0 —Au71
0 I-A, . : — Ao
: . 0 :
0 .0 IT—-A, —A.p

where {A&%)}pzl,,wp, {A%)}p:17,,,7p, {Aup}tp=1,...p, and A, are the following linear
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operators:

ALDG) = [ Gl ) () dF e Qi
Q
ARDRG) = [ GG dr e o
Q
Auph(r) = A G(r, 7) uy(7) h(F) dF reQ
Axh(r) = i G(r, 7) h(7) x(7) dF ren

The notation of the blocks of the Fréchet derivative A/ recalls the dependence on the
parameters in the associated integral kernels.

As an example of computation, for the partial derivatives in the first row of A’,
we have to linearize the first component of the operator A in (2.4), by considering an
argument « + h, where = (u1,...,up, x) and h = (hy, ha, ..., hp, hy):

/G(r,f) (u1 + h1)(7) (XJth)(f)df—/G(T,F)ul(f)x(F)df

Q Q

:/G(r,f)hl(F)X(F)der/G(r,f”)ul(F)hX(F)der/G(r,f")hl(f)hx(ﬁ)df,
Q Q Q

for r € QgM) . Since [, G(r,7) h1(F) hy(7) d7 = O(||h[|?), the first two integral oper-
ators on the right-hand side represent the Fréchet derivative of the mentioned com-
ponent, applied to the variables contained in h. Therefore there is no dependence on
ha, ..., hp whereas these two terms are respectively the matrix blocks Agﬁ) (deriva-
tive with respect to u1) and Ai%) (derivative with respect to x) in the first row of
(2.9) [4].

2.3. Computation of the operators. It is important to notice that in our
iterative solving scheme, which is based on the inexact-Newton method (2.8) and
on the linearization (2.9), it is required to compute many integrals involving the

Green’s function G. These integrals arise in the forward operator A and in the Fréchet
derivative A’ , and all belong to the following general scheme

10) = [ GO () ()
Q
where both the functions g; and gs are known. In the computation of electromagnetic
fields for applications in many areas as well as in our algorithm, these integrals are well
approximated by using the so-called moment method [15]. In particular, any integral

I(r) is approximated by considering a partitioning {Q}s=1,.. s of the integration
domain € (i.e., @ = US_;Q, and Q,, N, = 0 if s; # s2) so that

s
10)= [ GoNa@) w@dr = [ G0 e dr.
Q2 s=1"s
If any integration domain €, is sufficiently small, we can write

S
10~ 3 000207 /Q Gl dr,
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where r; is the barycenter of 5. As a result, the computation of the integral I(r) is
reduced to the computation of all the integrals ng G(r,7)dF, which are independent
on both the functions u and y, and then can be computed once and for all the
iterations. In scattering imaging applications, a very useful analytical expression for
these integrals is obtained by approximating any subdomain €24 by a circle Cs of
equivalent area. Indeed, in this case the integral of the Green’s function on a circle
Cs is given by the following explicit formula [22]:

/ G(r,7) di ~ / G(r,7) dF = kK Zmd o Jy (kod ) HE? (ko | = 7. ])
QS Cs

(see the notation of (2.1)) where J; is the first order Bessel function of first kind,
ds = \/AQg /7 is the radius of the equivalent circle, and A, the area of Q5. In our
scheme, any domain ) corresponds to a single (rectangular) discretization region.
Thus, if r = r,,, where r,, is again the barycenter of the region §2,,, we approximate
in our algorithm any integral by the moment method as follows

S

I(rm) ~ Z am,sgl(rs) 92(7"5) )

s=1

where the coefficients a,, s = k‘f%ﬂdsjl(kde)H(()2)(kb|\rm — r4||) can be considered
as the elements of a fixed matrix for the computation of any integral I(r,,), for
m=1,...,5. Notice that the above matrix has a scaled Toeplitz structure.

3. Numerical linear algebra tools for the Newton schemes. Newton meth-
ods require the computation of (a regularized approximation of) several linear equa-
tions involving the derivatives A, for x € X. In a real setting, the discretization
of the inverse scattering model leads to matrices A/, whose dimensions are extremely
large in general. Indeed, the discretization of the model consists of

e n X n pixels for the investigation domain 2,

e m pointwise receiving detectors on any observation domain Q;M) for any
source p=1,..., P,

e P = R - F different sources of the incident field, where R is the number
of rotations of the apparatus (the so-called views), and F' is the number of
frequencies of the incident microwave (the so-called illuminations), for any
view.

Having introduced these constants, it is simple to check that any block A&%) is an
m x n? matrix, 4, is n? x n?, any A%) is m x n?, and any 4, , is n? x n?, so that
the total size of the matrix A/ is

(Pm + Pn?) x (Pn? +n?) = P(m+n?%) x (P +1)n?.

For instance, real data collected by the database of the Institut Fresnel of Marseille
[1] use a device with m = 241 detectors (on circular shaped observation domain
Q,()M) with a radius of about 1.5 meters), with R = 18 views and F = 9 different
illuminations. In this setup, an n X n = 64 x 64 discretization of 2 gives rise to a
matrix A’ of about 7.0 - 105 x 6.7 - 10 elements. The same setting, with the larger
discretization n x n = 1024 x 1024, gives a size for A/, of about 1.7 - 108 x 1.7- 108
elements!

It is essential to use advanced numerical linear algebra tools to reduce the com-
putational complexity of reconstruction algorithms involving these large-scale linear
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systems. This goal can be reached by exploiting two peculiarities of the problem: (i)
the sparsity and the block structure arising at the first level; (ii) the structure arising
in the individual blocks. In this paper we focus on the first approach.

3.1. Exploiting sparsity. Any inexact Newton step (2.8) involves the compu-
tation of the normal system matrix £ = A/*A/.. Tt is simple to show that the normal
system matrix E has the following block-arrow structure

M, Wi
M Vo
E=A*A = o (3.1)
Mp Vp
Ve Vo Vi C

2

where any block has size n? x n? and is the sum of products of structured matrix

blocks of A’ | since

My, = AQXDTAQD + (1= A )" (I - Ay),

V, = AMDTAQMD 4 (A% — 1Ay,

P P
M)Y* A(M *
C=> APDTAM) 13" A% Auy.
p=1

p=1

The simple block-arrow structure of the normal system matrix F can be exploited
in order to obtain solving schemes with low computational complexity. In the following
subsection we describe two approaches, the first describes a direct solver, and the
second a splitting iterative solver.

3.1.1. Block Cholesky Factorization. As already mentioned, the inexact
Newton schemes (2.8) for nonlinear functional equations arising in inverse prob-
lems usually require regularization tools at any linearized step. As a basic example,
we consider the Tikhonov regularization method, where ¢(k,A) = 1/(\ + p), and
= p(k) > 0 is the regularization parameter that depends on the iteration index
k. By considering the residual r = b — A(x), any iteration of (2.8) with Tikhonov
regularization can be written as £ = = + h, where h is the solution of the block-arrow
linear system

Eh=b, (3.2)

where B = E + pul = A A + pul and b= Alrr.

In the case of symmetric positive definite block-arrow matrices, the Cholesky
variant of the LU factorization is very convenient. Indeed, since the Cholesky factor-
ization can be carried through without any need for pivoting or scaling, it does not
give rise to any fill-in and it is numerically stable [12]. The result is that any Cholesky
factor inherits the same arrow structure in its lower triangular part. By exploiting
the block-arrow structure of E, the Cholesky decomposition at the block level gives

E=1LL",
9



with

Lp
Li Ly ... Lp Ly

Here the blocks of L are defined as follows:

e [, is the Cholesky factor of the symmetric positive definite diagonal block
Mp = M, + pl; that is M, = L, Ly, forp=1,..., P.
o L, =V,L,” is a full matrix for p=1,..., P. i
e Ly is the Cholesky factor of the symmetric positive definite matrix C' —
S LpLs;thatis C — Y2, | L,L = LoLj;, where C = C' + pul .
Summarizing, thanks to the block-arrow structure of A}, the Cholesky decom-
position of the normal system matrix E is computed efficiently by means of P + 1
simple Cholesky decompositions at the inner block level only and P triangular inver-
sions and matrix multiplications for computing each L,. The solution h of the system
(3.2) is then computed by forward and backward block substitutions, according to
the following scheme:

° vp:Lglbp forp=1,..., P,
P PR
Ux = l:o 1(bx - szl Lpvy),
hy = Ly vy, .
hp = L;*(vp — Lyhy) forp=1,..., P,
where b = (b1,bs,...,bp,by)" and b = (hy, ha,...,hp,hy)". The overall cost of
computing h in this way is (8P + 1)n3/6 + O(Pn?) multiplicative operations.

3.1.2. Block Iterative Splitting Methods. In the previous subsection, any
linear system of the inexact Newton steps (2.8) with Tikhonov regularization is solved
by a direct method based on the Cholesky block decomposition (3.3). In this sub-
section we analyze a different approach based on iterative methods, which are often
preferred in inverse problems thanks to their good regularization capabilities.

By considering again the linear system Eh = b of (3.2), a block splitting decom-
position of E gives rise to an effective iterative method, whose numerical complexity
per iteration is linear with the number of blocks. In particular, starting from an initial
guess R due again to the block-arrow structure, any iteration of the simple Jacobi
(3.4) and the Gauss-Seidel (3.5) block methods [12] can be respectively written as
follows

M Vi
M, Va

R = — C (A (3.4)

Mp Vp
é Ve Vy . VR0
10
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and

My Vi

M, Va
D = — : [r® . (3.5)

Mp Vp

Vi Vs ... VE O 0

Let b = (bl,bg,...,bp,bX)T and h = (hl,hg, . ..,hp,hX)T respectively, denote
again the block form of the right-hand side and of the solution of (3.2), and partition
the iterates h(*) accordingly. Exploiting the simple inverse of triangular arrow (block)
matrices, we can summarize the two splitting methods as follows:

P = N1, (b, = V) (3.6)

forp=1,...,P,and

P
P =t <bX - Z %*q;”) (3.7)
p=1

where q}(,t) = hg) for the Jacobi iteration (3.4) and q](gt) = h,(fﬂ) for the Gauss-Seidel
iteration (3.5).

Provided that V,, # 0 for any p (otherwise we would obtain a further simplifica-
tion by uncoupling some equations), it is straightforward to check that block-arrow
matrices are 2-cyclic and consistently ordered according to the classical definitions of
Varga [27]; as an interesting consequence, the convergence rate of the block Gauss-
Seidel method is twice the convergence rate of the block Jacobi one. Indeed, it can
be proved that

p(Bc) = (p(B.))?,
where p(Bg) is the spectral radius of the Gauss-Seidel iteration matrix

. -1
My 1%

M, Vs
Bg =
Mp ~ Vp

é |7/ 7 S S

and p(By) is the spectral radius of the Jacobi iteration matrix

~ —1

My Wi
M, Vs
BJ = )
MP _ VP
i vy ... vy C 0

On the other hand, the Jacobi method, although slower, can be fully implemented
on a parallel computer, where any one of the P 4 1 block systems given by (3.6)
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and (3.7) can be solved independently on a different processor. The same trick for
the Gauss-Seidel method would require about double the computation time, since the
computation of (3.7) must follow the computation of the P independent block systems
(3.6),forp=1,...,P.

Any iteration of such iterative methods involves the solution of the inner linear
systems (3.6) and (3.7) at the block level only (notice that the matrix inverses are
]\Zl'p’l7 forp=1,...,P, and C1, all of them n? x n? matrices), which can be solved
either by inner direct or by inner iterative methods. In the latter case, the regulariza-
tion capabilities of iterative methods can be very favorable, since early termination
of the iterations leads to a regularized solution of the system. With this choice, it is
possible to solve the (unregularized) system with coefficient matrix (3.1) instead of
the Tikhonov regularized one (3.2), since now regularization is enforced in the inner-
most iterative method. In particular, as we will see in the next subsection, this is the
choice we adopt in the proposed solving method and use for the numerical tests.

3.2. A three-level Inexact-Newton Method. The Inexact-Newton algorithm
we propose is an iterative regularizing method for nonlinear equations, where any lin-
earized step is regularized by means of an iterative regularization scheme based on a
block splitting. The method is useful for all the nonlinear functional equations whose
linearization leads to block matrices, as the case of our model (2.6) with linearization
(2.9).

The method can be introduced as follows, where, for the sake of simplicity, we
explicitly refer to the model (2.6).

1. Set k = 0. Choose the initial guess xg = (u1,0, - - ., up,0, X0) Where:
Xo is an approximation of the target distribution x. If no information is
available, set xo = 0.
Up,0 = u; for p=1,..., P (notice that the initial guess of the unknown total
fields are simply initialized to be the known incident field; this is the basic
choice of the widely used first order Born approximation scheme for inverse
scattering [7]).

2. Linearize equation (2.6) at the point zx = (u1k,...,upk, Xx) by means of
the Fréchet derivative A, of the operator A, as shown in (2.9), obtaining the
Gauss-Newton linear equation

Ay Ay b = AL (b — Azy) (3.8)

where hk = (hk,la ey hk,P, hk,x) and A;: (b - A(xk)) = (bkﬂ, .. .,kaJ7 bk,x) .
3. Counsider the block splitting methods (3.4) or (3.5) without Tikhonov regu-
larization (i.e., with g = 0) for the solution of equation (3.8).
Set B, = 0 and b’y =0.. Fort =0,1,2,....T(k):
(i) Compute a regularized solution hff:l), p=1,...,P, of the first P
diagonal system blocks 7

1 * 7
Mph,(f; V= by V) h,@x (3.9)

by means of a fixed number K7 = K;(k, t, p) of iterations of the Landwe-
ber regularization iterative method for linear systems (or another itera-
tive regularization method). For the Landweber method applied to the
p-th equation, setting fy = 0, we have

forr = fo +TM; (b — VD, — My fy) (3.10)
12



4.

5.

where 7 = 1/||M,||2 is a fixed convergence parameter, chosen according
to the discussion of Section 2.2, and M, is the system matrix. Hence,
the regularized solution is h,(:ZI) = [k, -

7 (t+1)
hlmx

(i4) Compute a regularized solution of the last row system block

P
ChiTY = by =Y Vial,, (3.11)

p=1

where q,(:; = E,(f)p for the Jacobi iteration (3.4) and q,(i; = E,(f’:l) for the
Gauss-Seidel iteration (3.5), by means of a fixed number Ky = Ks(k,t, X)
of iterations of the Landweber iterative regularization method for linear
systems (or another iterative regularization method). For the Landweber
method, setting fo = 0, we have

P
fs+1 :ferTC*(bk,X*ZV;*q,(f;fos) (3.12)

p=1

where 7 = 1/||C||2 is a fixed convergence parameter, chosen again ac-
cording to the discussion of Section 2.2, being C the system matrix.

Hence, the regularized solution is 715511) = fKk, .
Setting hy = (ﬁgfz@m)’ . -,ﬁ,ﬁﬂgk>+1>,%§f>§k>+l>) . update the solution by
Tpy1 = Tk + ffVLk . (313)

Check a stopping rule for xpy;i: if it is satisfied, terminate; otherwise set
k «— k+1 and go to step 2.

The proposed algorithm can be summarized as a three-level iterative method:

Level 1.

Level II.

Level III.

The outer level of iterations is related to the Gauss-Newton method (3.8),
and the iterations are related to the index k. The stopping rule can be the
discrepancy principle [23], based on the knowledge of the amount of noise in
the data.

The first inner level of iterations is related to the block splitting, either (3.4)
or (3.5), and the iterations are related to the index ¢ as shown by (3.9) and
(3.11). A good number of iterations T'(k) can be estimated by means of
preliminary numerical tests and then fixed.

The second and nested inner level of iterations is related to the computation
of (small) numbers K7 and K of steps of an iterative regularization method,
such as Landweber, for any system block (3.9) and (3.11) of (i) and (i7).
These iterations are related to the index k as shown by (3.10) and (3.12), and
the values K71 and K3 can be estimated by numerical tests. We notice that,
usually, these numbers are small since, due to the severe ill-posedness of the
problem, the regularization effects of the inner iterative method have to be
high.

The overall cost of any outer iteration is T'(k) 4+ 1 times the operations required
by the following n x n matrix-vector products:

2 products involving each V,, forp=1,..., P;
2K, products involving each M, for p=1,..., P;
2K, products involving C'.
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A comparison with the computational cost of the Cholesky direct method of
§3.1.1 shows that the iterative approach is cheaper when T'(k) and K; are small with
respect to n. Of course, the inner structure of the blocks can be helpful to save further
computations; this issue will be discussed in §3.3.

It is interesting to notice that some other approaches appearing in the literature
[23] correspond to a very simplified choice in the parameters of the above scheme.
More precisely, the two-level Gauss-Newton method with Landweber inner regular-
ization described in [4] is equivalent to the three-level scheme by setting K1 = Ko = 1.

3.3. Exploiting the inner structure of the Fréchet derivative. As al-
ready noticed, A’ is a sparse and block structured matrix. Moreover, any block of
Al is given by the discretization of a particular linear operator of the type Bh(r) =
Jqo 8(r,7) h(F) dF, where the integral kernel s is known and is given by the product
of the shift invariant kernel G times a fixed function (either x or w?, p =1,..., P).
If any observation domain Q]S,M) were equal to the rectangular n x n investigation
domain €, then the discretization of all of these integrals would lead to Toeplitz-
times-diagonal blocks, whose matrix-vector product costs O(n?logn) by using a fast
trigonometric transform, such as the classical FFT (or, better, a different trigono-
metric transform related to a particular choice of the boundary conditions, such as
reflective or antireflective [26]). Unfortunately this does not happen in real applica-
tions, since QéM) is disjoint (and far) from Q. Then, although the n? x n? blocks
A, and A,,, p=1,...,P, of A}, are always Toeplitz-times-diagonal so that the
2D FFT can be used for the related matrix-vector product, in real applications any
m x n? block AX » and Aq(fvé ,p=1,..., P, is a small lower rank extracted ma-
trix (that is, a principal submatrlx [24]) of a full Toeplitz-times-diagonal matrix. If
we consider a larger rectangular discretized ¢ X ¢ domain €).,; which contains both
the n x n investigation domain 2 and all the m detectors of any observation do-
main QéM) ,p=1,..., P, then any block A p can be embedded in a larger ¢% x ¢°
Toeplitz—times—diagonal matrlx @y, which is associated with the integral operator

/mGrr (7) x(7) dr

for any r € Q¢;¢ . In this way it is possible to factorize A( p)

as follows

A(M) R(M)Q T,

where the matrix R,(,M) is a mx ¢? restriction matrix from Qezs to Q(M and the matrix
T is a g2 x n? canonical injection from Q to Qeys (surnllarly for A( » ). According to
this trick, the matrix-vector product for any block A( v.p, and AR wp costs O(q?logq)
instead of O(mn?).

In practice the right computation procedure for all the A(M) and A(A;{) matrix-
Vector products depends on both (i) the number and the position of the detectors of
Q,(, and (4#¢) the dimension and the discretization step of Q. Suppose for example
that Qez¢ is k times larger than €, so that ¢ = kn, and assume that a ¢ x ¢ 2D
FFT requires 8¢%log g multiplications (see [28] for the 1-D FFT). Then the matrix—
vector product with @, is cheaper than the matrix-vector product with A P ) when
3-8 - k?n%(log(k) + log(n)) < mn? (the factor 3 is given by the fact that a matrix
product involves 2 forward FFTs and 1 inverse FFT, and we ignore the contribution
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of the n? pointwise matrix product). That is, the approach using @, is cheaper when
24k? (log(k) + log(n)) < m.

In real applications, the number m of detectors is about two-three hundreds, and
so the FFT is not useful for small k£ and small discretization parameters n. In the
simplified case where the detectors are equispaced on the perimeter of the rectangular
domain Q¢+, with the same step size of 2, we have that m = 4kn, so that the previous
inequality becomes

6k(log(k) +log(n)) < n.

In this case, with n = 1024, the matrix-vector products using 2D FFTs is better
for £ < 13, with n = 256 for k£ < 5, and for n = 35, as in our numerical tests,
for £ < 2. This shows that, at least in our configuration where the investigation
domain is much smaller and far from the measurement one, the FFT does not reduce
the computational complexity for matrix-vector products of all the blocks Agﬁ,) and
Agﬁ?, p=1,...,P.

We mention that a similar idea of embedding the discretization points of a gen-
eral domain into a larger rectangular domain in order to obtain a (block) Toeplitz
matrix was also used in [25] to describe the spectral properties of a class of structured
matrices; the related information could be also important for tuning appropriate reg-
ularizing methods.

3.4. Post-processing enhancement by super-resolution techniques. A
significant difficulty in microwave imaging is that the reconstructed images have fairly
low resolution. To obtain higher resolution images we consider a post processing tech-
nique called super-resolution, which is essentially an example of data fusion; see, for
example, [3, 6, 11, 21]. The aim is to reconstruct a high resolution image from a set
of known low resolution images, each shifted by subpixel displacements. In our appli-
cation we reconstruct r images, each reconstructed independently by shifting slightly
the microwave tomographic apparatus. Let x1, X2, ..., X be the reconstructed low
resolution images (e.g., using the previously described three-level inexact Newton
method). It is assumed that each low resolution image is shifted by subpixel displace-
ments from a particular reference image. These subpixel displacements suggest that
each low resolution image contains different information about the same object. The
aim is to fuse this different information into one high resolution image. To describe
the mathematical model of super-resolution, we assume each low resolution image can
be represented as

Xj=DSyj)x+mn;, j=1,...,r

where 7; is additive noise, D is a decimation matrix that transforms a high resolution
image into a low resolution image, and .S is a sparse matrix that performs a geometric
distortion (e.g., shift) of the high resolution image, x. The geometric distortion, and
hence S, is defined by the parameter vector, y;. The reconstruction problem amounts
to computing x from the inverse problem

X1 DS(yl) m
X2 DS(Z/2) 72

: = . X+ : . (3.14)
Xr DS(y-) Nr
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Note that if we assume that each of the low resolution images are shifted horizontally
and vertically, then each y; contains only two values (the horizontal and vertical dis-
placements). If we want to consider more complicated movements (such as rotation),
then each y; might contain up to six values that define general linear affine trans-
formations. In either case, clearly there are significantly fewer parameters defining
Y1, - ., Y- than the number of pixel values defining y.

In many cases, the parameters y; can be accurately determined from the imaging
system; that is, the subpixel shifts can be measured during a calibration process.
In this case, equation (3.14) is a linear inverse problem, and standard techniques
such as conjugate gradients with Tikhonov regularization can be used to compute
an approximation of . However, if the parameter vector y; is not known, then an
optimization scheme must be used to jointly estimate x and y;. In this case, since
there are relatively few parameters defining y;, an efficient separable nonlinear least
squares approach can be used; see [6].

4. Numerical Experiments. In this section, a first implementation of the pro-
posed method has been developed and tested on two different scatterers to provide
some numerical results. A set of low resolution reconstructions related to the mi-
crowave imaging model (2.6) in a tomographic configuration are computed by the
algorithm of §3.2, on several data sets related to subpixel linear shifts of the appa-
ratus. After that, the super-resolution enhancement technique of §3.4 is applied in
order to improve the accuracy.

FIGURE 4.1. Microwave tomographic apparatus

The tomographic arrangement is shown in Figure 4.1 and can be summarized as
follows:

e the scattering object under test is contained in a square investigation area )

centered at the origin, whose edge is 1m (meter) for the first test, 0.8m for

the second one, and the (low resolution) discretization size is n xn = 31 x 31;

e there are m = 241 receiving antennas equispaced on an arc of 4?” radians

belonging to a circumference centered at the origin, whose diameter is 3.34m;

e the number of rotations of the whole tomographic apparatus is R = 8, each
one equispaced by 7 radians;

e for each rotation, the scattering object is illuminated by a single incident plane

microwave, i.e. F' = 1, with a frequency of 0.3 GHz (wavelength 10~3m) for
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the first test and 0.8 GHz (wavelength 2.6 - 10~2m) for the second one.
With this setting, for the j-th rotation, the i-th receiver is placed at the position
(p,0) = (1.67,(j — 1) + 5 + 131_—11 %’T), in polar coordinates, for 7+ = 1,...,m and
j=1,...,R. The total field u measured by the receiving antennas is characterized
by a signal-to-noise ratio (SNR) of 25 dB; that is, the relative noise on the measured

scattered fields is about 0.6%.

In this first implementation of the proposed three-level algorithm, we use the
block Jacobi splitting (3.4) and the Landweber method for the innermost block level,
as shown by the schemes (3.10) and (3.12). It is important to remark that for all the
simulations the whole algorithm is initialized by an empty scene, i.e., for the initial
guess g = (u1,0,---,UP,0, X0) We simply set xo = 0 (as if no scatter were involved)
and up, o = u;, p=1,..., P (as if no scattered field were produced). In this way, in
our tests no a priori information is used and needed.

The three-level algorithm requires the choice of (i) the number of outer Newton
iterations related to the index k of (3.8), (i4) the number T'(k) of block splitting
iterations, related to the index ¢ of (3.9) and (3.11), for any Newton iteration k,
and (4¢7) the numbers K; (k,t,p) and Ks(k,t, x) of Landweber iterations respectively
related to the index s of Landweber iterations (3.10) and (3.12), for any Newton
iteration k, any splitting iteration ¢ and any incident wave p.

In real applications the outer Newton iterations (3.8) can be stopped by means
of a discrepancy principle rule very similar to the classical one used for linear inverse
problems. That is, the iteration is terminated as soon as ||A(zy) — b|] < 71, where
7 > 1 is an experimentally estimated small constant and 7 is an estimate of the
noise in the data b (see [23] for details about the discrepancy principle for nonlin-
ear inverse problems). In these preliminary tests with simulated data, we stop the
Newton method after the fixed number of 30 iterations, whose value has been chosen
experimentally by comparing the output of several different tests. The number of
block Jacobi iterations T'(k) is fixed equal to 10, and the number of inner Landweber
iterations is K;(k,t,p) = Ka(k,t,x) = 1.

For the computation of the right-hand side of (3.8), the investigation domain € is
partitioned into 35 x 35 square subdomains, and the forward operator A is computed
by applying the method of moments with pulse-basis functions and point matching
to every instance of the equations (2.2) and (2.3), as explained at the end of §2.2.

After the restorations provided by the three-level algorithm, the super-resolution
technique has been applied. The super-resolution leads to a large-scale ill-posed linear
problem which requires a regularization algorithm. In our implementation this linear
problem is solved by a small number of the projected Landweber iterations [5], starting
with an initial guess which is the low resolution restoration in the basic center position.
Specifically, 5 low resolution (LR) images from the three-level algorithm for microwave
inverse scattering are the input data which allow us to retrieve the one high resolution
(HR) output image. The 5 LR images are the following: the reference image at the
center of the coordinates, and the four images shifted by 1/3 of pixel respectively to
the right, to the left, to the top and to the bottom. With this enhancement technique,
we obtain 62 x 62 images from 31 x 31 microwave restorations, with a reduction of
the restoration error which is often larger than 10%.

The relative restoration error of the output image x of the scatterer is evaluated by
computing ||X — x||7/||X||F where X is the known true configuration of the scatterer,
and || - || p is the Frobenius norm of matrices. In the figures, the plots show the values
of the relative refractive index e(r)/e, = x(r) + 1, as described in §2.1.
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FIGURE 4.2. Test 1 - True object and best reconstructions

Test 1. The first test concerns the reconstruction of an homogeneous scatterer
satisfying the hypotheses of §2, whose shape is similar to the digit “eight”, and is
shown in Figure 4.2 (top left). The boundary of the scatterer has the parametric
form given by formulas

z(t) = \/Cos2(t) + 8sin?(t) cos(t)/6.6 and y(t) = \/cos2 (t) + 8sin’(t)sin(t) /6.6,

with ¢ € [0, 2], and with a 1m square investigation domain. The contrast function X
of the scatterer is constant and equal to 0.3. The LR reference image of the contrast
function is shown in Figure 4.2 (top right); some HR reconstructed distributions of
the contrast function are reported in Figure 4.2 (second and third row) for different
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FIGURE 4.4. Test 1 - Super-resolution convergence history

values of the convergence parameter 7 of the projected Landweber method used in the
super-resolution step (recall the discussion of the role of 7 in Section 2.2). For each HR
image, we show the number of projected Landweber iterations and the improvement
between the LR and HR restorations; that is, the difference between the relative
restoration error of the LR image and the relative restoration error of the HR one.

Figure 4.3 shows the pointwise difference between the true and the reconstructed
objects. These restoration error results show that the localization of the object and
the reconstruction of the permittivity are good, although the edges are smoothed due
to the regularization effects of the algorithm.

The convergence history, illustrated by a plot of the relative restoration error ver-
19



sus the iteration number, of the projected Landweber method for the super-resolution
technique, is shown in Figure 4.4.
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FIGURE 4.5. Test 2 - True object and best reconstructions

Test 2. The second simulation is related to a circular homogeneous annulus cen-
tered at the origin, with external diameter of 0.4m and internal diameter of 0.2m, and
two smaller homogeneous disks with diameter of 0.1m, centered at (—0.25m, 0.25m)
and (0.25m, 0.25m), where 0.8m is the size of the square investigation domain. This
configuration with a hole can be of interest for nondestructive evaluation purposes in
civil engineering.

The contrast function y of the scatterer is constant and equal to 0.3. As in the
case of the previous Test 1, the LR reference image of the contrast function is shown
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FIGURE 4.7. Test 2 - Super-resolution convergence history

in Figure 4.5 (top right) and some HR reconstructed distributions of the contrast
function are reported in Figure 4.5 (second and third row) for different values of
the convergence parameter 7 of the projected Landweber method used in the super-
resolution step. Figure 4.6 shows the pointwise restoration errors, and the convergence
history for the super-resolution technique is shown in Figure 4.7.

For small values of T the convergence is slow and more regular (see the images on
the third row of Figure 4.5), whereas for larger values of 7 the convergence is faster
and the restorations are better, but it is much more difficult to stop the Landweber
iteration for the super-resolution technique (see the images on the second row of Figure
4.5 and the convergence histories of Figure 4.7). As can be seen, the localization of
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the objects in the HR restoration is good and much better than in the LR image. We
remark that, from a qualitative point of view, the improvement is much more evident
than the percentage quantities would show. In addition, although the estimate of the
values of contrast x is quite satisfying, the shape of the scatterer is not estimated
very accurately because of the severe ill-posedness of the problem and the consequent
required regularization.
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