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Abstract—There is a well documented evidence that vas-
cular geometry has a major impact in blood flow dynamics
and consequently in the development of vascular diseaseskd
atherosclerosis and cerebral aneurysmal disease. The stdf
vascular geometry and the identification of geometric feattes
associated with a specific pathological condition can thefere
shed light into the mechanisms involved in the pathogenesend
progression of the disease. Although the development of midl
imaging technologies is providing increasing amounts of da
on the three-dimensional morphology of the in-vivo vasculaure,
robust and objective tools for quantitative analysis of vasular
geometry are still lacking.

In this paper, we present a framework for the geometric
analysis of vascular structures, in particular for the quartification
of the geometric relationships between the elements of a vadar
network based on the definition of centerlines. The framewdt
is founded upon solid computational geometry criteria, wheh
confer robustness of the analysis with respect to the high
variability of in-vivo vascular geometry. The techniques pesented
are readily available as part of the Vascular Modeling Toolkt
(VMTK), an open source framework for image segmentation,
geometric characterization, mesh generation and computainal
hemodynamics specifically developed for the analysis of vaslar
structures.

As part of the Aneurisk project, we present the application
of the present framework to the characterization of the georst-
ric relationships between cerebral aneurysms and their pagnt
vasculature.

Index Terms—3D Modeling, Vascular Geometry, Geometric
Quantification, Cerebral Aneurysms

I. INTRODUCTION

T HERE is a well documented evidence that vasculgy
geometry has a major impact in the blood dynamics anﬁ?|,)

and Luca Antiga*

The study of vascular geometry in relation to the develop-
ment of specific pathologic conditions can therefore shgtt li
on the hemodynamic triggers involved in the pathogeneslis an
in the progression of the disease [9], [10]. Furthermore, th
identification of geometric quantities that are associdted
specific pathological condition, or that have some pregcti
power with respect to the severity of disease progression is
a valuable endeavor in itself. In fact, a geometric quantity
which is a surrogate of a specific flow condition is amenable
for inclusion in a large-scale clinical trial and, once dalied,
it is directly usable as a clinical criterion.

The recent development of medical imaging devices, such as
rotational angiography (RA), computed tomography (CT) and
magnetic resonance (MR), has lead to the availability afdar
amounts of data on the three dimensional (3D) morphology
of the in-vivo vasculature, for the investigation of these a
pects for diagnostic and prognostic purposes [11]-[15], St
a guantitative analysis of the relationship between vascul
geometry and arterial physiopathology is made difficult g t
large variability of real anatomies on one hand, and by the
objective difficulty in retrieving quantitative data froomages
in a robust, operator-independent way on the other.

In this paper, we present a framework devised for 3D model-
ing and geometric characterization of vascular structuessl-
ily available in theVascular Modeling Toolki{VMTK) [16],
and we show how it can be employed for the characterization
of cerebral aneurysms in relation to their parent vascrgatu
In particular, after a quick glance to image segmentati@t{(S
we focus our attention on centerline calculation (Sect
and bifurcation identification and quantitative chetier-

in turn, in the origin and development of vascular diseasgation (Sect. V). Centerline of a vessel is in general a
through the action of forces exerted by flowing blood on thggnificant synthesis of basic features of a vessel (in terms

vascular wall. [1]-[4]. Typical examples of these relatibips
are the development of atherosclerotic lesions [5], [6] tred
formation of intracranial aneurysms preferentially atubifa-
tions and sharp bends [7], [8].
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of curvature, torsion, tortuosity), and however its deimit
from a general 3D surface is not trivial. Some technigques for
a robust computation of the centerline based on the concept
of Voronoi diagram are presented here. As already pointed
out, bifurcations are in general an interesting part of the
vascular tree, quite often preferential site of atherostie
plague development or aneurysm growth. Robust geometric
characterization of bifurcations potentially plays an ortpnt

role in understanding pathogenesis and disease progmnessio
In Sect. V we illustrate examples of application of the prése
framewotk to the case of middle cerebral artery and internal
carotid artery aneurysms. Medical images have been oldtaine
in the context of the Aneurisk project, a collaborative egsh
project aimed at assessing the role of geometry and hemody-
namics in the development and rupture of cerebral aneurysms
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Il.  MAGE SEGMENTATION

The first step in our framework consists in building a
geometric representation of a vascular network from imggin
data, operation referred to as image segmentation. Theigoal
to reliably identify the surface corresponding to the baamyd
between the lumen and the vascular wall. Assuming that for
the given imaging modality blood has a different intensity
compared to the vessel wall and surrounding tissue (this is
the case for contrast-enhanced RA, CT and MR), the lumen
boundary can be assumed to be located at the locations of
maximal intensity transition from the lumen to the outside.
Following this basic assumption, we locate the lumen bound-
ary where the magnitude of the gradient of image intensity
I(x), wherex is the vector of space coordinates, has a ridge
(see Figure 1A and 1B).

The segmentation process is carried out with the use of
implicit deformable models, whose deformation under image
based forces is described using the level set technique-[17]
[19]. The surface of the vascular modglis represented as
the iso-surface of levet = 0 of a time-dependent function
d(x,t) fulfilling an appropriate differential equation driven by
the image-based forces. In particular, we employ

oo =wyV - <E> VO — w3V - |VIIVD (1) Fig. 1: Level set segmentation principles: A. image data
ot Vel obtained from 3D rotational angiography (RA) of an internal
wherews, w3 are user-defined parameters [19]. The first tergarotid artery bearing an aneurysm; B. gradient magnitdde o
on the right hand side has the role of curvature reguladmatiimage intensity; C. location of the level set model with rexsp
and the section is an advective term with the role of attngcti to the ridges of the gradient magnitude; D. the final 3D s@rfac
the O-level set ofp to the ridges of the gradient magnitudemodel.
(Figure 1). Equation (1) needs to be properly completed by
boundary and initial conditions. In particular, the method
yields accurate results when the initial condition is suudt t
the O-level set ofd is close enough to the target surface. In our the seed points. Lasty, = 0 automatically excludes
case, we resort to the following initialization method ereéd side branches, because the two fronts seep into a side
to asColliding Fronts algorithm branch traveling in the same direction.
1) The user selects two seed poifisand P, interactively
on the 3D image. Let us denote By(x)(i = 1,2) the It is worth pointing out that the purpose of the Colliding
travel time of a wave originating fron®; and traveling Fronts algorithm is to provide a flexible way to selectivedit i
with velocity I(x), i.e. faster where the intensity istialize a surface close enough to the gradient magnitudgsid
brighter (as it typically is the case within the lumen)that the inflation stage, normally required for deformable
Assuming thatT;(P;) = 0, the fieldsT;(x) are con- model-based approaches, is not needed, since the surface is

structed to satisfy the Eikonal equation fio= 1, 2: already within the capture region of the advection termsThi
1 confers robustness to the localization of the position @ th
IVT;(x)| = TX) (2) lumen boundary while retaining flexibility in the choice of
the segmented regions. In Figures 2, A, B and C we illustrate
2) The quantity the initialization steps for a single vascular segmentrikisdo
wo =VT1 -V the implicit representation of the surface provided by theel

is computed, which is negative where the two wavesset formulation, different tracts can be merged in suceessi

travel in opposite directions and positive when theﬁteDS S0 to obtain a complete vascular network.

travel in the same direction. This property can therefore Notice that although the results presented in the sequel
be used for identifying the region comprised betweesre based on RA images, this segmentation technique can be
the two seed points. In addition, sinde drives the applied to images obtained with different imaging modediti
velocity propagation of the waves, these are assumed(@T or MR). Moreover, we point out that the geometric charac-
significantly slow down in correspondence of the lumeterization of the vessel discussed in the subsequent aolagr
boundary, so thaip, becomes positive. Therefore, thds independent of the specific segmentation technique adopt
isosurfacepy = 0 is in general a good approximationand can be applied to any piecewise linear representatian of
of the lumen boundary in the region of interest betwee3D surface representing a vascular network.
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approximation procedures are required. A classical approx
mation method for discrete surfaces relies on the concept of
Voronoi diagram defined as follows [20], [21].

Let P be a set of points o2 andp be a point inP.
The Voronoi regionV (p) associated witlp is defined as the
region in R3 whose points are closer to than to any other

point of P, i.e.
Fig. 2: Level set initialization using the Colliding Fronts
algorithm: A. positioning of two seeds on the 3D image for the V(p) = {x € R’ : ||p — x| < ||q — x]|, Vq € P}.
identification the vascular branch of interest; B. initiatface 4)
generated with the Colliding Fronts algorithm; C. the fingbiven a point set” in R*, the union of the Voronoi regions
level set model of the selected vascular tract. V(P) constitutes a tessellation of alR3. The collection

Vor(P) of the boundaries of the Voronoi regions for any point
in P is calledVoronoi diagram

[1l. COMPUTATION OF THE CENTERLINES If we define DT'p(x) = meilr_g |[x — y|| as the counterpart of
Yy

Geometric analysis and synthesis of a vascular tree is i (-) when this is computed only with respect to the St
general a challenging task, both for the extreme anatomiég€n the Voronoi diagram coincides with the surface catbect
variability of in-vivo morphologies and for the availatyliof the ridges ofDTp(x). In this respect, the Voronoi diagram
many potential quantities of interest. By exploiting theular €an be considered a sort fihite dimensional approximation
structure of vessels, a reasonable approach is to resdneto @f the medial axis. In our framework, the Voronoi diagram is
concept ofcenterline Although this is an intuitive geometric COmputed by resorting to its dual, the Delaunay tessetiatio
entity, its formal definition is challenging especially ates £, denoted byDel(P). The latter is a tetrahedral reticulation
where vascular segments exhibit a non tubular morpholo&, the point setP, where the sphere circumscribed to each
such as at bifurcations. tetrahedron does not strictly contain any other pointPoflt

We definecenterlinethe line between two sections of theS Possible to prove that the vertices of the Voronoi diagram
lumen, whose minimal distance from the boundary is maxim@@rrespond to the circumcenters of Delaunay tetrahed, an
in some sense. Consequently, centerline computation cantii@l the connectivity of the tessellation allows to compthee
formally described as a functional minimization problerh. |connectivity of the Voronoi diagram, since Voronoi verice
s is the curvilinear abscissa along a curws) connecting aré connected by an edge if the porrespondmg Delaunay tetra
the generic pointp, andp:, corresponding to the valuesg hedra share a face. However, since the Delaunay tessellatio

ands; respectively, we look for the curve(s), such that the Of & point set produces a strictly convex tetrahedralizatio
functional tetrahedra located outside the surface have to be removed

st before the Voronoi diagram can be computed, as we are only
E(e(s)) = /9 Glc(s))ds () interested in the approximation @f A inside the domain of
" interest. The removal of the non-internal tetrahedra from t
is minimal, withc(s) € R?, G(-) being a cost-density function Delaunay tessellation is carried out by removing tetraedr

to be properly constructed. having circumcenter laying outside, more formally
A method for the selection off based on the concepts
of medial axis, Voronoi diagranand wave propagationwas (pj—c) ' n; <0, j=1,2,34

presented in a previous work [19]. Given the importance of

these concepts in the foundations of the present framewark, Where p; are the vertices a tetrahedroa,its circumcenter

briefly recall the theory behind the definition of the func@d andn; is the outward normal vector to the surface defined

in Equation (3). at p;. After removal,internal or embedded Voronoi diagram
Let Q € R? be a volume with boundar§Q. For any point Vorz(P) is defined from the Voronoi polygons whose con-

in x € ©, we indicate withDT'(x) the minimal distance ok Nectivity is complete.

from the boundary, i.e. Figure 3 A and B illustrates/or;(P) for a portion of
cerebral vasculature. The internal Voronoi diagram is a-non
DT (x) = “239% lx —yll manifold surface composed by convex polygons whose ver-
y

tices are the centers of maximal inscribed spheres, which
being||-|| the Euclidean distance. In other word®]'(x) is the coincide with the circumspheresof the associated Delaunay
radius of the sphere centeredsinand tangential in at least atetrahedra. The maximal inscribed sphere radius (MISR),
point of 992. Moreover, we define enaximal inscribed sphere hereafter denoted bR, (x), is associated with each vertex,

a sphere inscribed Q2 which is not entirely contained in any providing information on the distance from the boundary- No
other inscribed sphere. Thdedial axis M A(Q)) is a surface tice that the spheres featuring a large radius (whose ceater
given by the locus of the centers of maximal inscribed spheri@ the deeper portion of the Voronoi diagram) are associated
in Q. This is actually a non-manifold surface containedin to the basic features of the geometry, while the small-scale
and dual to0f. In principle, oncedf) is known, M A(Q2) details are typically captured by small spheres, with asnte
can be retrieved. In practice, this is a challenging taskl aare located on the outer portions of the Voronoi diagram.
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Fig. 3: A. Internal Voronoi diagram of the 3D model of an
internal carotid artery bearing an aneurysm; B and C. detaffig. 4: A. Voronoi diagram color-coded with the solution
of the Voronoi diagram as a non-manifold surface composeé the Eikonal equation; B. computation of the centerline
of convex polygons, whose vertices are the centers of mdxinpath between the endpoints; C. final centerline: each point
inscribed spheres; the larger spheres are associated agth bis associated with the radius of maximal inscribed spheres
features of the geometry and the smaller spheres capture (fSR).

small-scale details of the model surface.

is obtained by extraction of an intensity isosurface frora th
At this point, we define the centerling(s) as the result original images. The associated Voronoi diagrams are shown
of the minimization of the functional in Equation (3) takingogether with the surfaces. Notice that, even if the second
c(s) € Vor((P), i.e. the domain where(s) is looked for is surface presents a larger amount of noise, the two cergsrlin
restricted fromR? to Vor;(P), i.e. and the functior(-) is  extracted do not exhibit significant differences betweea th
defined as two models. Besides robustness, another advantange of this
1 approach is that centerlines are well defined even in pres-

Glx) = Ry(x)’ Vx € Vory(P). ence of non-tubular shapes, such as bifurcations and saccul

This way, c(s) is guaranteed to be medial, since it sits on toﬁneurysms, as shown in Section V.

of the Voronoi diagram, and minimizes the line integral af th
inverse of the MISR, i.e. it tends to the deeper portions ef ti\. Tube functions and surfaces

Voronoi diagram (for this reason, such defir@() is referred  The union of the maximal inscribed spheres whose centers

to ascentering potentigl _ ~lie on the centerline defines a scalar functibn R? — R,
In practice, this minimization problem is recast into ghetube functionas follows

minimal cost path problem solved by first finding a solution y
to the eikonal equation Oc.r(x) = min [[x —c(s)|* = 7°(s)], s €[s0,51] (5)

V7 (x)| = G(x), Vx € Vory(P) c being a generic point on the centerline andhe corre-
sponding maximal inscribed sphere radius. The zero isaserf
N . AR - of 0..r(x) is referred to as tube, or canal surface. The tube
Voronoi diagram with speediy(x), with initial condition  ¢ncfion is negative inside its surface. As shown in Figure

7(po) = 0. Algorithmically, the solution is obtained usingg the tybe surface for a vascular segment is by construction
the Fast Marching Method [17] extended to non-manifolgyicyy contained into the lumen —maximal inscribed tube
surfaces. Figure 4 shows the embeeded Voroni diagram slight abuse of terminology [23].

the Eikonal solution plotted i’ or; (P), whereP is the point  there is a connection between the local radius of a tube
set of the vertices of the triangulated surface represgnie o, t306 and the radiological convention for measuring the
lumen. The centerline is finally computed by tracing the paflameter of a vessel. In fact, the diameter of a vessel is
from p, back topy on'Vor;(P) along the direction of steepesty, 5,ated as the minimum diameter measured over a range

descent ofr (x). of lateral projections. Figure 6 B shows that there is always

_ One of the po_te_ntlal drawt_)acks of resor_tlng t(_) \_/Oron%rojection in which the tube surface is tangential to the etod
diagrams for obtaining synthetic shape descriptors ISailsis - g, it the vessel size, or the degree of a stenosis, is egflect
tivity to surface noise. Several algorithms for the exi@cof the radius of the tube surface

astablesubset of the Voronoi diagram have been proposed | Tube functions will play an important role in the remainder

the literature [22]. It is however worth noting that in ouisea ¢ s paper, as they constitute the fundamental building
noise affects principally peripheral Voronoi elements,ileh blocks of our geometric characterization framework.
the deeper ones, which are targeted by our applicationease |

sensitive to small changes in the shape of the surface. Ror th . o )

reason, in our framework we work directly on the entifer; B Geometric characterization of centerlines

diagram. As an example, in Figure 5 we show two models Since centerlines are lines in space it is possible to pobcee
for the same vascular network. The former is obtained usimgth their geometric characterization based on classitdre

the segmentation approach presented in this paper, tlee la¢intial geometry of curves. In particular, we considernvature

where(x) are the arrival times of a wave traveling on th
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7 model 1 ___
model 2 J model 2

Fig. 6: Tube surface of the internal carotid artery: the acef
is strictly contained into the lumen; from the two projeatso
it can be noted that there is always a projection in which the
tube surface is tangent to the model, connecting tube radius
to the radiological convention for measuring vessel diamset

Fig. 5: Comparison of the internal Voronoi diagram and theenterline, obtained using a Laplacian filter to get rid of
centerlines of two models obtained for the same image dagpurious high-frequency noise. Note that this proceduoelig
model 1 is obtained using level set segmentation, modelefhployed for the computation of derivatives with respect to
is obtained using iso-surface extraction on the original 3fde parametric coordinate. An alternative, recently presik
image, presenting a higher degree of surface noise; detailsapproach, is to uséee-knots regression splinde generate
the internal Voronoi diagrams and of the centerlines arevshoa high-order continuous representation of the curve, which
in the lower portion of the image. allows for analytic computation of derivatives [28].
At a given pointc(s), curvature is the inverse of the radius
of the osculating circle i.e. the circle that approximates the

torsion tortuosityas relevant quantities for the characterizatiopurve (i.e. has a second-order contact with the curve) .
of a vascular segment, since they have been demonstratediie plane identified by the osculating circle is commonly
be potentially linked to specific hemodynamic patterns [lieferred to asculating planex (s) is always positive, and
[9], [24] and disease processes [10], [25]-[27]. Using Emi it vanishes on rectilinear portions of the line.
differential geometry concepts, we then face the problem of2) Torsion: As curvature measures the deviation of the
defining local reference frames along the centerlines, lwhieurve from a straight line, so torsion measures its local
will serve as building blocks for comparative geometriclanadeviation from lying on the osculating plane, or, equivéign
ysis as presented in the following sections. how sharply the line is twisting in space.

Before proceeding, let us first introduce a parametrizaifon  Considering a parameterized curve with non vanishing cur-
the line through the associatedrvilinear abscissaAfter this vature, the torsion reads
operation, the line is reparameterized by means of thehlaria
s € [0, L], whereL is the arc length of the centerline. The T(s) = @)
abscissa ranges over the 3D course of the centerline andgela
every point to its Euclideian distance from a point assuneed Torsion reflects the rate of rotation of the osculating plane

[cr(s) x c(s)] - c(s)m
|er(s) x e(s)]

be the origin, denoted b, = c(0). around the curve in the neighborhood of a point. Sign of
1) Curvature: Curvature (or more preciselgxtrinsic cur- 7 (s) distinguishes between clockwise or counter-clockwise
vature of the linec(s), is defined as rotations of the osculating plane.

3) Tortuosity: Given the lengthL of the centerline and

|c/(s) x en(s)| : . : . ;
=t (6) the Euclidean distance between its end-poibtstortuosity

K(s)

3
O] is defined as
and measures the deviation of the curve from a straight line. x = L_ 1. (8)
Since centerlines are guaranteed to be only CO continu- D

ous, differentiation, here and in the following, is perf@un Tortuosity is the percentage increment in the length of aeur
using finite differences on a smoothed representation of theviating from a rectilinear line.
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Fig. 7: Curvature, torsion and tortuosity of the internaiotil
artery centerline.

A 4
,osculating plane

Figure 7 displays the evaluation of curvature, torsion and
tortuosity applied to the centerline extracted from an rimaé
carotid siphon.

Fig. 8: A. Frenet frame along the internal carotid artery; B.
C. Centerline framing: Frenet and parallel transport frame detail of image A showing local osculating planes twisting

The Frenet frameis a orthonormal coordinate referencdround the centerling;, ny, by are respectively the tangent,
frame computed along the line, carrying an intrinsic dgscrinormal and binormal unit vectors of the frame.
tion of the local geometry. The unit vectors making up the
reference frame have a strong connection with the concepts
of curvature and torsion introduced in the previous sectiofbtating the frame at by an anglevs s+ s = t(3)/t(5 + ds)

Assuming thatc(s) is at least three times differentiable, thgj.e. the angle between the two successive tangent vectors)
Frenet frame is identified by the unit vectotangentt;, around the direction of the vectdr(s) x t(s + ds). Such

binormalby andnormalny, respectively defined as constructed parallel transport frame minimizes the twist o
c/(s) the moving frame as it is swept along the centerline, and as
tr(s) = e(3) | such it can be used for comparing angular positions around
the centerline between different locations along the curve
bs(s) = c/(s) x c/l(s) 7 9) Operatively, this is performed as in Figure 8, where the
' | c/(s) x cr(s) | comparison between the orientation of two different planes
np(s) = by(s) x ty(s). identified by their normal is shown: the two normals are

first transported along the centerline, and their orieotati

Vectorsn; andb; belong to the plane orthogonal t9. At compared at a generic point (since the angle between the two
each point on the curvay, is directed toward the center ofyarq)iel transported sets of normals is constant).
the osculating circle, whileby is aligned with the normal
to the osculating plane. In Figure 8 A, the Frenet frame
computed along a centerline is shown. The Frenet frame is
not defined when the curvature vanishes and by definition IV. ANALYSIS OF BIFURCATIONS
abruptly changes orientation when the direction of corgavi
of the curve changes. Figure 8 B shows an example of localin the previous Section we faced the problem of providing
osculating planes twisting around the curve due to a cotycaviools for geometric characterization of vessels represthy
change. centerlines, computed independently between endpoirds. N

Although effective in accounting for the local geometry of anformation has been extracted yet on the topologicaliciat
curve, due to its abrupt changes in orientation the Frenetdr ship between centerlines representing difference branohe
cannot be employed as a reference frame for the evaluatimmascular network and the related geometric charactenizat
or the comparison of circumferential positions around tHadeed, the availability of tools for the robust analysistioé
centerline. For this purpose we resort to a different movirggometry of bifurcations is of paramount importance for the
frame, theparallel transportframe [29]. The basic idea is applications addressed here, given the fact that bifuncati
to sweep an initial orthonormal coordinate frame along ttege locations where complex flow has a chance to develop,
line without being affected by torsion: at each point, thé unand that several vascular diseases exhibit focal effects pr
vectors making up the frame are rotated of the exact amowigely around bifurcations, e.g. atherosclerosis [30]] [&nd
required by curvature, resulting in the least possible ghananeurysmal disease of the cerebral circulation [32]-[8&3].
in direction. In practice, given an initial frame at a pointlw the present Section we illustrate how it is possible to ifgnt
parametric coordinaté (e.g. the Frenet frame in that point),and characterize bifurcations from the current definitidn o
featuringt(s), n(s) andb(3), the frame as+ds is obtained by centerlines and tubes.
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Fig. 9: Calculation of the angle between plane 1, defined by
the normal vecton;, and plane 2, defined by normal vectoFig. 10: Definition of the bifurcation reference system: A.
n,, performed by parallel transport of the normal vectors glorBD model of a bifurcating vessel and relative centerlines; B
the centerlines, and by computation of the angle between fhtersecting tube surfaces generated from the two cemésli
transported sets of unit vectors _;, ny_,; evaluated at a C. identification of four reference points; D. centerlinactis
common location. relative to the bifurcation region, represented by thiccts;
E. bifurcation reference system,¢, origin, ny;¢, bifurcation
plane normaluy,;y downstream normal; F. example of bifur-
A. Identification cation origin in case of bifurcating vessels of differertesi.

In our framework, the bifurcation is geometrically idergdi
as the region preceding the location at which a Cemer“%?furcation reference frame is completed by definingdba/n-

intersects the tube surface of another centerline andwacsa. . . . . .
tream direction uy;; for the bifurcation as the normalized

Iorlhc;trer words, the location where two tubes graft into eacj{berage of the vectors defined by the two reference points

Let us consider, for the sake of concreteness, the bifurcgp— each centerline. In. Figure 10E all the components of the
. A . reference system are illustrated.
ing vessel shown in Figure 10A. Four reference points are, . .
. o : . Notice that the approach based on the centerlines and tube
identified on the two centerlines (see Figure 10, B-C. : . o
" A ) ) i _functions yields a robust characterization of both Y- and T-
1) ci andcy are the intersections of each centerline witQphaped bifurcations. For instance, for two bifurcatingsets
ﬂ}ge tube %urface of the other; ~ with a marked difference in size (see Figure 10F), the tube
2) cr andcy’ are the centers of the upstream maximalnction of the smaller vessel slides along the outer wall of
inscribed spheres touching' andcy'. the bifurcation region, giving origin to a small intersectiarea
These four points delimit a segment on each centerline whighd to reference points shifted towards the side of the targe
identifies the bifurcation region (Figure 10D). The centér a/essel. On the other hand, the reference points locatedeon th
massoyir Of the maximum inscribed spheres centered at thenterline of the larger vessel are associated to largeareph
four reference points is taken as the origin of the bifumrati and are therefore located in the neighborhood of the center
of the vessel. By definingy;; with Equation (10) using the

N2
Zi,j <R§> c! _ _ center of mass of the inscribed spheres as a weighting factor
Opif = —————5—, =12 j=AB, (10) the origin of the bifurcation results shifted towards thetee
Zi,j (Rf) of the main vessel, and the bifurcation normal will be less

. influenced by the reference point relative to the small bhanc
where R! are the radii of the maximal inscribed spheres

associated with the centerline locatioefs o

The bifurcation planeis then defined by the normal,;; B- Angle quantification
to the polygon defined by the four reference points evaluatedOnce a bifurcation has been identified, each centedite
in op;r. Since the four points are in general non-planar, the split into the tractss € [0,c?] ands € [¢f*, L;], corre-
normal is evaluated as the bilinear interpolationdps of sponding to the branches of the bifurcation, and cf,c{‘],

the normals to the corner triangles of the polygon. Last, theing L; the length of the line. Tracts of different centerlines
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Fig. 11: A. Splitting of the bifurcating centerlines into J . w@é?
branches; B. branch vectors; C. projection of the branch ‘ I @’i«\
vectors on the bifurcation plane. R L £4

Fig. 13: Selection of a bifurcation as a landmark: the alsscis
is set to zero in correspondence of the bifurcation poinilevh
the bifurcation plane normaiy;s is used to compute a parallel
transport frame along the centerline.

B

Fig. 12: Identification of the bifurcations (left) and spiig of
the centerline into branches (right) in the case of a complex
vascular network.

Fig. 14: A. Centerline network split into branches; B-C.

splitting of the 3D model surface.
referred to the same branch are grouped based on whether they

are mutually contained within their respective tube swe$ac

In order to characterize the directions of the branchegn constitute important landmarks for comparative arglys
relative to the the bifurcation, we associate a unit vectgf all geometric features (e.g. the distance of a lesion from
to each branch afferring or emanating from a bifurcatioR, pifurcation, or the angular position of a lesion around the
capturing the direction of centerlines immediately upstne centerline with respect to the bifurcation normal).
or downstream the bifurcation, as illustrated in Figure 11B For this purpose, centerlines are reparameterized Setting
In order to estimate directions robustly, each branch vesto the |ocation of zero curvilinear abscissds = 0) at the
taken from (to) the relative reference point to (from) a poingcation where the centerline is closest to the bifurcation
at a maximal inscribed sphere radius distance from it. origin oy;¢. Similarly, the parallel transport reference system

Once branch vectors are available, it is possible to quantior centerlines is generated by choosing as the initial mbrm
bifurcation angles. Each vector is split into its in-planeda n, to be transported the bifurcation normaj;;. This way,
out-of-plane components with respect to the bifurcatiampl every orientation evaluated around the centerline can\@ngi
(see Figure 11C). The angles comprised by the in-plane aightive to the orientation of the bifurcation plane.
out-of-plane components can then be computed. Figures 13A and B illustrate the choice of the ICA bifur-

By detecting bifurcations in a vascular tree, the complefgtion as a landmark for both the abscissa and the parallel
topology of the vascular network can be retrieved, as show®nsport reference frame. These concepts will be then em-
in Figure 12. ployed in Section V.

C. Comparative geometric analysis D. Surface splitting

When comparing the geometry of vascular segments fromldentification of individual branches on centerlines alow
serial acquisitions or in patient populations, bifurcatarigins the decomposition of the 3D surface into equivalent brasche
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As detailed above, once centerlines have been split into & ~
branches, the tracts belonging to the same braach grouped i P
and denoted by;. For instance, in the case of the bifurcating l_‘;mn//\%;@g;‘_ 4 Ly 7\ ¢
vessel of Figure 14A, the tracts relative to the two parent i\ > =N
branches are grouped intp and g; respectively, while the /\;g)
terminal tracts are taken individually ag, gs and g4. The v y
tracts relative to the bifurcation region are not considere )
Each group is then associated with the group functigix)
which is the union of the tube functions of the tracts compos-
ing the group.

Decomposition of the surface is carried out on the basis of
7i(x). In fact, we can operate a partition &°, in which the
i-th region is made up from points for which(x) is lower
than for the union of all the other groups, more formally

[i=<{xcR: v(x) < ij(x) (11) Fig. 15: Sections along the branches extracted at different
i steps, defined in terms of maximum inscribed spheres. Sec-
tions are spaced one (left) and four (right) maximal inseulib

In other words,I'; is the region of influenceof the branch
spheres apatrt.

associated with the group functie. The decomposition of
the surface is performed according to the partition in Eiguat

(11), where the boundaries of each region are the lines where ) ] . ) o
~i(x) — U, 7(x) = 0 In Figure 14B-C the resulting parent vessels is of primary importance for the_ldenufurau
decomposition of the surface is shown. Due to the gap |&t hemodynamic triggers of development and risk factors of
in the bifurcation region, the boundaries meet within thg/Pture.
bifurcationregion. The actual location of a splitting bdany
gsﬁﬁgdti;reog;g?ogéwe size of the vessels, as repreiser'lat\(_e Middle Cerebral Artery (MCA) terminal aneurysms

Once the vascular network is split into branches, eachThe localization of MCA aneurysms on the distal wall of the
segment is topologically equivalent to a cylinder. This -simterminal bifurcation has been considered a possible evigleh
plifies its geometric characterization. For example, it @+ the role of hemodynamics in aneurysm development, thought
sible to robustly generate cross-sections of the vesselgalao be somehow related to the impact of blood on the apex
the centerline, in order to evaluate their cross-sectianed wall. A guantitative analysis of the geometric configuratio
[31] or shape factor (i.e. the ratio between the minimumf these aneurysms with respect to the bifurcation wherg the
and maximum width of the section). The step between twievelop could provide strong hints to understanding of the r
consecutive sections can be either set as a fixed distantg alof hemodynamics, especially if extended to large poputatio
the centerline, or specified in terms of maximum inscribdeg Figure 16A, a typical case of MCA terminal aneurysm is
spheres, which is a mean of measuring distances along csiewn.
terlines which takes into account the local size of the vesse As described in the previous sections, the angle between the
and results in shorter steps for smaller vessels. In Figére direction of branches can be computed by resorting to branch
sections spaced one and four maximal spheres apart forw@ttors. In order to generate a branch vector accountingpéor

three branches are depicted. orientation of the aneurysm neck, an additional centeriine
generated with one endpoint on the distal wall of the anenrys
V. APPLICATIONS sac, as displayed in Figure 16B. Even if the aneurysm center-

In the previous sections we presented the fundamenlile does not account for the complex shape of the sac, it can
building blocks of our geometric analysis framework. All ofepresent the orientation of the neck with respect to thergar
them are available within the VMTK open-source project. IMessel.
this section, we present the actions of these tools on twoThe bifurcation region is then identified from the vessel
concrete examples for the study of the geometric relatipnsitenterlines and the bifurcation reference system is coeaput
of cerebral aneurysms with respect to their parent vesaelgFigure 16C). Bifurcation vectors are then computed in e t
topic that has been subject of interest in the literaturd, [34onfigurations, namely excluding and including the aneurys
[36], [37]. The first application deals with aneurysms devetenterline. Figure 16D shows branch vectors in the section
oping at terminal bifurcations, such as at the bifurcatién @onfiguration. Recalling the definition of reference points
the middle cerebral artery. The second application deals wiluring the identification of a bifurcation, the base pointlu#
lateral aneurysms developing along the siphon of the iaterrneurysm vector accounts for the location where the angurys
carotid artery. Since aneurysm formation, growth and meptuis grafted on the parent vessel.
are thought to be linked to the action of hemodynamic forces,Given the branch vectors, the following geometric quaatiti
the study of the geometric relationship between aneurysiths are computed:
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B anelirysm branch

Fig. 16: A. 3D model of a terminal MCA aneurysm; g.Fig. 18: 3D models of MCA terminal aneurysms used in the
centerlines of the parent vessel, daughter arteries andysre analysis.
sac; C. bifurcation reference system, computed consigl¢hnie

parent branch and the daughter arteries alone; D, biflﬂ"m:atLrABLE I: Geometric data on four MCA aneurysms: section
vectors for all branches originating from the bifurcatio

) . . nparameters. NotatioAR 1, section area ratio between largest
including the aneurysm centerline. daughter artery and parent arteryRg, section area ratio
between smallest daughter artery and parent artérl,
bifurcation area ratio between sum of daughter artery @ecti
areas and parent arterg,n, Section area at aneurysm base
poiNnt Peck, in mMme.

AR ARg AR AaN

0.59 039 1.05 21.283
1.08 0.65 1.68 10.61
0.61 0.35 0.95 10.13
1.29 0.28 1.56 7.28

Fig. 17: Steps for the calculation of the deviation of theknec
from the direction of the parent branch in the bifurcation
plane. Left: Pyeck and Peommon are the base points of the
respective bifurcation vectors; center: the projectiontbe
bifurcation plane is shown; right: neck basepoint from the
direction Veommon Of the parent artery is then computed.

o0Ow>

2) the deviatiordeviationye Of the neck from the parent
vessel direction is obtained as the distanc&Qf—pro;
from the directionV .ommon (S€€ Figure 17C); the direc-
tion of the deviationye vector provides information

) . ) ] . on the deviation of the neck towards the smaller or the
» the relative orientations of all the branches (including |arger of the daughter arteries.

the one relative to the aneurysm neck), obtained froK| . : o
) alogous operations can be performed to obtain the dewiati
the angles between the in-plane and out-of-plane branc

: of the neck perpendicularly to the bifurcation plane, thé ou
vectors; e S
f-plane deviation (as in Figure 17B).

« the geometry of the sections of the parent branch, tRe " . .
daughter arteries and the aneurysm branch, extracted ?nghe quantities detailed above have been determined for

maximum inscribed sphere away from the bifurcation ang"" representative patient-specific quels of MCA terrhina
characterized using section-related parameters as a eurysms, extracted from the Aneurisk project database of

minimum and maximum section diameters: "models an_d shown in Figure 18. Results of the analysis
« the deviation of the aneurysm neck from the direction §e presented in Tables 1, 11, lll, 1V, .V’ vyhere rows are repdr

the parent branch (see Figure 17). In the same order as the models in Figure 18. .

) ) o ) To attest the robustness of our methods to the segmentation

More in detail, the latter quantity is determined as fOHOW%trategy, three different models were generated from the RA
1) the base points of the aneurysm veci. and the imaging data of three MCA terminal aneurysms from the

parent branch vecto.,.,mon (in Figure 17A) and Aneurisk database: the model obtained by means of the level

their projection on the bifurcation plan€,..c—proj S€t segmentation and two additional models obtained throug

P.ommon—proj (in Figure 17B) are computed, as wellsimple iso-surface extraction of the RA data at two user-

as the projection of the parent branch vector on thiefined thresholds, after the application of a gaussiam 6ite

bifurcation planeV common, applied inPeommon—proj;  the image (with standard deviation 2 pixels) for the suppres
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TABLE II: Geometric data on four MCA aneurysms: in-TABLE VI. Comparison between in-plane branch angles of
plane aneurysm deviation. Notatiodev;,, deviation of the three MCA aneurysm models obtained with level set segmen-
aneurysm neck from the parent branch direction, in mrtation and iso-surface extraction at two user-defined tules.
reldevy, deviation of the aneurysm neck relative to the radiudotation: LS, level sets modelHT, higher threshold model,

of the parent arterydevside;,, side of deviation of the LT, lower threshold model. Notation for angles is same as
aneurysm neckl,, larger daughter§, smaller daughter branch. Table IV.

devi, reldev;, devside;, v 01 02 a 0102 o1 62
A 037 0.28 L Ars 15.12 62.39 86.34 19.14 148.73 43.25 105.47
B 0.94 0.81 S Agr 19.09 68.65 89.45 16.02 158.11 52.63 105.48
C 121 0.84 S Apr 1480 6235 90.79 14.13 153.14 48.22 104.92
D 1.05 0.80 S Bis 181 61.87 7480 67.92 136.68 129.79 6.88

Bur 258 50.30 6058 4850 110.88 98.80 12.08
Byr 5.88 53.61 7340 70.01 127.01 123.62 3.39

. ; . _Ers 321 9080 6941 931 16021 8148 78.73
TABLE lll: Geometric data on four MCA aneurysms: out E 632 7253 8643 1459 15896 5794 10102

- L HT
plane aneurysm deviation. Notation is analogous to Table Ik . 408 7736 7230 4851 14966 12587 23.79
for out-of-plane quantities.

devout  reldevous  devsideout TABLE VII: Comparison between out-of-plane branch angles
A 052 0.39 S of three MCA aneurysm models obtained with level set
g g'_gg 8‘_2% f segmentation and iso-surface extraction at two user-define
D 1.00 0.76 S thresholds. NotatiorL.S, level sets modelIT, higher thresh-

old model, LT, lower threshold model. Notation for angles is

. ] same as Table V.
TABLE IV: Geometric data on four MCA aneurysms: in-plane

angles. Notation (for conciseness, all vectors are megatiom v 1 92 a 01—02 d1—a d2—a
lieu of their in-plane components,, angle between parent QEST roy. e SeST % % A 2802
branch vector and the downstream unit vectgf; of the A 2726 1225 2608 6868 13.83 56.43 42.60
bifurcation reference systend; and ., angle between the Brs 066 656 294  0.66 3.62 5.89 2.27
parent branch vector and the largest and smallest daughtgrr 370 899 383 44l 48 427 058
artery, respectivelyy, angle between the parent branch andEE 978 3425 673 2510 2753 5936 3183
the aneurysm neck direction;ds, angle between daughter Exr 5.87 3324 188 2099 31.36 54.24 22.88
arteries, or bifurcation anglé;« anddy«, angle between the _Ecr 519 3083 645 519 3728 2564 1165
aneurysm neck direction and the largest and smallest daught

artery, respectively.

leading to changes in the geometric parameters (see case
v 51 52 o 5102 Sia 520 E). For this reason, we argue for the adoption a robust

1512 6239 86.34 2267 148.73  39.72  109.00 gegmentation method in order to obtain reliable geometric
181 61.87 7480 67.92 13668 12979  6.88
11.95 54.83 9547 470 15029 5953 90.76 Parameters.

1.00 4826 9135 43.76 139.61 92.02 47.59

00O w>

B. Internal Carotid Artery (ICA) lateral aneurysms

TABLE V: Geometric data on four MCA aneurysms: out-plane In this section, we present the extension of what presented
angles. Notation is analogous to Table IV, where angles df¥ terminal aneurysm to the analysis of lateral aneurysms,
evaluated between out-of-plane components of the memtiorfghich are not associated to a bifurcation. These aneurysms

vectors. typically arise in correspondence of sharp bends, as itds th
case along the carotid siphon.
. 21750 157184 ;fé - ge - 51&2’ - 51248 - 5239 " Figure 19 shows the cases that have been retrieved from
B 066 656 294 066 362 589 297 the Aneurisk project data base, and that will be employed in
C 116 272 1593 621 1865 3.49 2214  this section. The ICA and the aneurysm centerlines are also
D

1134 1875 802 2019 1073 3894 2821  (isplayed. Regarding the latter, it is worth noting thaterev
if the position of the centerline endpoint on the aneurysm sa
obviously influences the aneurysm centerline trajectdrg, t
sion of noise. For each model, centerlines and the bifugatiorientation of the centerline through the neck is fairlybita
vectors were extracted and in-plane and out-of-plane angleith respect to the selection of the endpoints (Figure 19D),
between the branches were computed as described. Resuhih ensures that the direction of the aneurysm neck isstobu
are reported in Tables VI and tab:22, and show excelletat this choice.
robustness of the parameters to the segmentation methoddnce the two centerlines are extracted, we consider the loca
However, in some cases, iso-surface extraction with usdéipn of the aneurysm neck as a bifurcation, which we refesto a
specified thresholds can produce changes in the geometryanéurysm bifurcationWe can then characterize the aneurysm
the surface with the inclusion of spurious structures ptidéy  bifurcation using the geometric quantities described ia th
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with respect to the selection of the distal centerline emupo Cd™D D -
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previous section, namely the bifurcation area, the aneurys C ) ‘ il ) \/
bifurcation reference system and the bifurcation vectBss. N ,//’/,7 \ ‘~) VA T _d i
means of the reference system, the position and orientafion S Iy L \\}g
the neck with respect to the ICA are quantified. The origin j Y

of the reference system,, accounts for the location of the

aneurysm neck along the carotid siphon, the normal to thég. 21: Four cases of ICA lateral aneurysms, shown with the

aneurysm bifurcation plana,, represents the orientation ofrespective aneurysm bifurcation planes and vectors.

the plane on which the aneurysm develops in the neck region,

and the branch vector relative to the aneurysm centetlipe

identifies the main direction of the sac immediately distal themodynamics forces originating from flow in bent vessels.

the neck. In Table VIII, quantitative information on the location and
In Figure 20 we depict the details of the aneurysm neékientation of the lateral aneurysms depicted in Figure21 i

region for one of the models together with the relative gedeported.

metric features. Assuming the ICA terminal bifurcation as a The sequence in Figure 22 illustrates the steps needed to

landmark, curvilinear abscissa of the pownt, allows us to Obtain the angle between the ICA osculating plane at anytpoin

quantify the position of the aneurym along the siphon, whief the ICA and the aneurysm bifurcation plane, performed

the aneurysm bifurcation plane locally identifies the apsar Using the parallel transport technique, as presented iticBec

centerline direction in the neck region. lll. This allows to evaluate the angular orientation of the

Figure 21 shows the geometric characterization of fo@n€urysm with respect to any osculating plane, e.g. upsirea
lateral aneurysms. The description of the local geometipef the Neck. This is again a hemodynamically relevant quantity

carotid siphon, i.e. the local plane of curvature of the pare@S itaccounts for the role of upstream geometry in detengini
vessel, is performed by means of the Frenet frame defindgmodynamic forces at the neck region.
along the ICA centerline. At each point, the binormal vector More complete quantitative analyses of the geometry of ICA
b, (s) identifies the osculating plane where the ICA locall nd its p055|bl_e relations with the presence of aneurysihs wi
lies (see Figure 10A and B); consequently the osculatingepla®® Presented in future work [38], [39].
calculated at the point,,, defines the orientation of the parent
vessel in the proximity of the aneurysm neck. VI. CONCLUSION

The comparison between the orientation of the local ICA os- In this paper, we presented a complete framework for robust
culating plane and the aneurysm bifurcation plane, i.avéen characterization of vascular geometry, and we provided a
b; andn,,, ultimately represents the angular orientation of th@escription of the application of the framework to the case
aneurysm with respect to its parent vessel. This is a sigmific of cerebral aneurysms.
quantity, as it assesses whether the aneurysm developéeé on t Thanks to the objective criteria introduced in our frame-
outer wall of a bend and with which orientation with respeatork, and to the availability of the tools as part of the Vdacu
to the bend itself. The quantity bears a direct connectich wiModeling Toolkit, quantitative geometric features arediba
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v “,, ‘gheurysm bifurcation plane
T 4

(8]

El
Fig. 22: Definition of the orientation of the aneurysm nechO]
with respect to the local parent vessel geometry: A. ositigat
plane of the parent artery at the aneurysm site; B. aneurysm
bifurcation normaln,,, parallel transported along the siphori!ll
centerline; C. comparison between the aneurysm bifuncatio
plane and the siphon osculating plane at the aneurysm site;[12]
computation of the angle between the two planes.

[13]
TABLE VIII: Position and orientation of the neck of the ICA
aneurysm models shown as A,B,C,D in Figure 19. Notation:
abscissgeck, aneurysm neck abscissa with respect to the 1CA4]
terminal bifurcation (negative since the ICA bifurcatios i
downstream the ICA) in mm; orientatigi., aneurysm neck
orientation with respect to the local ICA osculating plane. [15]

abscissgeck  Orientation,ccik
A -11.94 47.86
B -4.70 31.66 [16]
C -12.40 43.36
D -3.90 20.79 [17]

[18]
available from imaging data, and can be easily employed ahg]
large scale for explorative studies, clinical trials anuhichl
routine, in order to elucidate and exploit the role of geognet
and hemodynamics in vascular disease. [20]
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