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Abstract—There is a well documented evidence that vas-
cular geometry has a major impact in blood flow dynamics
and consequently in the development of vascular diseases, like
atherosclerosis and cerebral aneurysmal disease. The study of
vascular geometry and the identification of geometric features
associated with a specific pathological condition can therefore
shed light into the mechanisms involved in the pathogenesisand
progression of the disease. Although the development of medical
imaging technologies is providing increasing amounts of data
on the three-dimensional morphology of the in-vivo vasculature,
robust and objective tools for quantitative analysis of vascular
geometry are still lacking.

In this paper, we present a framework for the geometric
analysis of vascular structures, in particular for the quantification
of the geometric relationships between the elements of a vascular
network based on the definition of centerlines. The framework
is founded upon solid computational geometry criteria, which
confer robustness of the analysis with respect to the high
variability of in-vivo vascular geometry. The techniques presented
are readily available as part of the Vascular Modeling Toolkit
(VMTK), an open source framework for image segmentation,
geometric characterization, mesh generation and computational
hemodynamics specifically developed for the analysis of vascular
structures.

As part of the Aneurisk project, we present the application
of the present framework to the characterization of the geomet-
ric relationships between cerebral aneurysms and their parent
vasculature.

Index Terms—3D Modeling, Vascular Geometry, Geometric
Quantification, Cerebral Aneurysms

I. I NTRODUCTION

T HERE is a well documented evidence that vascular
geometry has a major impact in the blood dynamics and,

in turn, in the origin and development of vascular disease,
through the action of forces exerted by flowing blood on the
vascular wall. [1]–[4]. Typical examples of these relationships
are the development of atherosclerotic lesions [5], [6] andthe
formation of intracranial aneurysms preferentially at bifurca-
tions and sharp bends [7], [8].
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The study of vascular geometry in relation to the develop-
ment of specific pathologic conditions can therefore shed light
on the hemodynamic triggers involved in the pathogenesis and
in the progression of the disease [9], [10]. Furthermore, the
identification of geometric quantities that are associatedto a
specific pathological condition, or that have some predictive
power with respect to the severity of disease progression is
a valuable endeavor in itself. In fact, a geometric quantity
which is a surrogate of a specific flow condition is amenable
for inclusion in a large-scale clinical trial and, once validated,
it is directly usable as a clinical criterion.

The recent development of medical imaging devices, such as
rotational angiography (RA), computed tomography (CT) and
magnetic resonance (MR), has lead to the availability of large
amounts of data on the three dimensional (3D) morphology
of the in-vivo vasculature, for the investigation of these as-
pects for diagnostic and prognostic purposes [11]–[15]. Still,
a quantitative analysis of the relationship between vascular
geometry and arterial physiopathology is made difficult by the
large variability of real anatomies on one hand, and by the
objective difficulty in retrieving quantitative data from images
in a robust, operator-independent way on the other.

In this paper, we present a framework devised for 3D model-
ing and geometric characterization of vascular structures, read-
ily available in theVascular Modeling Toolkit(VMTK) [16],
and we show how it can be employed for the characterization
of cerebral aneurysms in relation to their parent vasculature.
In particular, after a quick glance to image segmentation (Sect.
II), we focus our attention on centerline calculation (Sect.
III) and bifurcation identification and quantitative character-
ization (Sect. IV). Centerline of a vessel is in general a
significant synthesis of basic features of a vessel (in terms
of curvature, torsion, tortuosity), and however its definition
from a general 3D surface is not trivial. Some techniques for
a robust computation of the centerline based on the concept
of Voronoi diagram are presented here. As already pointed
out, bifurcations are in general an interesting part of the
vascular tree, quite often preferential site of atherosclerotic
plaque development or aneurysm growth. Robust geometric
characterization of bifurcations potentially plays an important
role in understanding pathogenesis and disease progression.
In Sect. V we illustrate examples of application of the present
framewotk to the case of middle cerebral artery and internal
carotid artery aneurysms. Medical images have been obtained
in the context of the Aneurisk project, a collaborative research
project aimed at assessing the role of geometry and hemody-
namics in the development and rupture of cerebral aneurysms.
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II. I MAGE SEGMENTATION

The first step in our framework consists in building a
geometric representation of a vascular network from imaging
data, operation referred to as image segmentation. The goalis
to reliably identify the surface corresponding to the boundary
between the lumen and the vascular wall. Assuming that for
the given imaging modality blood has a different intensity
compared to the vessel wall and surrounding tissue (this is
the case for contrast-enhanced RA, CT and MR), the lumen
boundary can be assumed to be located at the locations of
maximal intensity transition from the lumen to the outside.
Following this basic assumption, we locate the lumen bound-
ary where the magnitude of the gradient of image intensity
I(x), wherex is the vector of space coordinates, has a ridge
(see Figure 1A and 1B).

The segmentation process is carried out with the use of
implicit deformable models, whose deformation under image-
based forces is described using the level set technique [17]–
[19]. The surface of the vascular modelS is represented as
the iso-surface of levelk = 0 of a time-dependent function
Φ(x, t) fulfilling an appropriate differential equation driven by
the image-based forces. In particular, we employ

∂Φ

∂t
= w2∇ ·

(

∇Φ

|∇Φ|

)

∇Φ− w3∇ · |∇I|∇Φ (1)

wherew2, w3 are user-defined parameters [19]. The first term
on the right hand side has the role of curvature regularization
and the section is an advective term with the role of attracting
the 0-level set ofΦ to the ridges of the gradient magnitude
(Figure 1). Equation (1) needs to be properly completed by
boundary and initial conditions. In particular, the method
yields accurate results when the initial condition is such that
the 0-level set ofΦ is close enough to the target surface. In our
case, we resort to the following initialization method, referred
to asColliding Fronts algorithm.

1) The user selects two seed pointsP1 andP2 interactively
on the 3D image. Let us denote byTi(x)(i = 1, 2) the
travel time of a wave originating fromPi and traveling
with velocity I(x), i.e. faster where the intensity is
brighter (as it typically is the case within the lumen).
Assuming thatTi(Pi) = 0, the fieldsTi(x) are con-
structed to satisfy the Eikonal equation fori = 1, 2:

|∇Ti(x)| =
1

I(x)
. (2)

2) The quantity
ϕ0 = ∇T1 · ∇T2

is computed, which is negative where the two waves
travel in opposite directions and positive when they
travel in the same direction. This property can therefore
be used for identifying the region comprised between
the two seed points. In addition, sinceI drives the
velocity propagation of the waves, these are assumed to
significantly slow down in correspondence of the lumen
boundary, so thatϕ0 becomes positive. Therefore, the
isosurfaceϕ0 = 0 is in general a good approximation
of the lumen boundary in the region of interest between

Fig. 1: Level set segmentation principles: A. image data
obtained from 3D rotational angiography (RA) of an internal
carotid artery bearing an aneurysm; B. gradient magnitude of
image intensity; C. location of the level set model with respect
to the ridges of the gradient magnitude; D. the final 3D surface
model.

the seed points. Last,ϕ0 = 0 automatically excludes
side branches, because the two fronts seep into a side
branch traveling in the same direction.

It is worth pointing out that the purpose of the Colliding
Fronts algorithm is to provide a flexible way to selectively ini-
tialize a surface close enough to the gradient magnitude ridges
that the inflation stage, normally required for deformable
model-based approaches, is not needed, since the surface is
already within the capture region of the advection term. This
confers robustness to the localization of the position of the
lumen boundary while retaining flexibility in the choice of
the segmented regions. In Figures 2, A, B and C we illustrate
the initialization steps for a single vascular segment. Thanks to
the implicit representation of the surface provided by the level
set formulation, different tracts can be merged in successive
steps so to obtain a complete vascular network.

Notice that although the results presented in the sequel
are based on RA images, this segmentation technique can be
applied to images obtained with different imaging modalities
(CT or MR). Moreover, we point out that the geometric charac-
terization of the vessel discussed in the subsequent paragraphs
is independent of the specific segmentation technique adopted
and can be applied to any piecewise linear representation ofa
3D surface representing a vascular network.
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Fig. 2: Level set initialization using the Colliding Fronts
algorithm: A. positioning of two seeds on the 3D image for the
identification the vascular branch of interest; B. initial surface
generated with the Colliding Fronts algorithm; C. the final
level set model of the selected vascular tract.

III. C OMPUTATION OF THE CENTERLINES

Geometric analysis and synthesis of a vascular tree is in
general a challenging task, both for the extreme anatomical
variability of in-vivo morphologies and for the availability of
many potential quantities of interest. By exploiting the tubular
structure of vessels, a reasonable approach is to resort to the
concept ofcenterline. Although this is an intuitive geometric
entity, its formal definition is challenging especially at sites
where vascular segments exhibit a non tubular morphology,
such as at bifurcations.

We definecenterlinethe line between two sections of the
lumen, whose minimal distance from the boundary is maximal
in some sense. Consequently, centerline computation can be
formally described as a functional minimization problem. If
s is the curvilinear abscissa along a curvec(s) connecting
the generic pointsp0 andp1, corresponding to the valuess0

ands1 respectively, we look for the curvec(s), such that the
functional

E(c(s)) ≡

∫ s1

s0

G(c(s))ds (3)

is minimal, withc(s) ∈ R3, G(·) being a cost-density function
to be properly constructed.

A method for the selection ofG based on the concepts
of medial axis, Voronoi diagramand wave propagation, was
presented in a previous work [19]. Given the importance of
these concepts in the foundations of the present framework,we
briefly recall the theory behind the definition of the functional
in Equation (3).

Let Ω ∈ R3 be a volume with boundary∂Ω. For any point
in x ∈ Ω, we indicate withDT (x) the minimal distance ofx
from the boundary, i.e.

DT (x) ≡ min
y∈∂Ω

||x− y||

being||·|| the Euclidean distance. In other words,DT (x) is the
radius of the sphere centered inx and tangential in at least a
point of ∂Ω. Moreover, we define amaximal inscribed sphere
a sphere inscribed in∂Ω which is not entirely contained in any
other inscribed sphere. TheMedial axisMA(Ω) is a surface
given by the locus of the centers of maximal inscribed spheres
in Ω. This is actually a non-manifold surface contained inΩ
and dual to∂Ω. In principle, once∂Ω is known, MA(Ω)
can be retrieved. In practice, this is a challenging task, and

approximation procedures are required. A classical approxi-
mation method for discrete surfaces relies on the concept of
Voronoi diagram, defined as follows [20], [21].

Let P be a set of points on∂Ω and p be a point inP .
The Voronoi regionV (p) associated withp is defined as the
region inR3 whose points are closer top than to any other
point of P , i.e.

V (p) ≡
{

x ∈ R3 : ||p− x|| ≤ ||q− x||, ∀q ∈ P
}

.

(4)
Given a point setP in R3, the union of the Voronoi regions
V (P ) constitutes a tessellation of allR3. The collection
V or(P ) of the boundaries of the Voronoi regions for any point
in P is calledVoronoi diagram.

If we defineDTP (x) ≡ min
y∈P

||x− y|| as the counterpart of

DT (·) when this is computed only with respect to the setP ,
then the Voronoi diagram coincides with the surface collecting
the ridges ofDTP (x). In this respect, the Voronoi diagram
can be considered a sort offinite dimensional approximation
of the medial axis. In our framework, the Voronoi diagram is
computed by resorting to its dual, the Delaunay tessellation of
P , denoted byDel(P ). The latter is a tetrahedral reticulation
of the point setP , where the sphere circumscribed to each
tetrahedron does not strictly contain any other point ofP . It
is possible to prove that the vertices of the Voronoi diagram
correspond to the circumcenters of Delaunay tetrahedra, and
that the connectivity of the tessellation allows to computethe
connectivity of the Voronoi diagram, since Voronoi vertices
are connected by an edge if the corresponding Delaunay tetra-
hedra share a face. However, since the Delaunay tessellation
of a point set produces a strictly convex tetrahedralization,
tetrahedra located outside the surface have to be removed
before the Voronoi diagram can be computed, as we are only
interested in the approximation ofMA inside the domain of
interest. The removal of the non-internal tetrahedra from the
Delaunay tessellation is carried out by removing tetrahedra
having circumcenter laying outsideΩ, more formally

(pj − c) · nj < 0, j = 1, 2, 3, 4

where pj are the vertices a tetrahedron,c its circumcenter
and nj is the outward normal vector to the surface defined
at pj . After removal,internal or embedded Voronoi diagram
V orI(P ) is defined from the Voronoi polygons whose con-
nectivity is complete.

Figure 3 A and B illustratesV orI(P ) for a portion of
cerebral vasculature. The internal Voronoi diagram is a non-
manifold surface composed by convex polygons whose ver-
tices are the centers of maximal inscribed spheres, which
coincide with the circumspheresof the associated Delaunay
tetrahedra. The maximal inscribed sphere radius (MISR),
hereafter denoted byRM (x), is associated with each vertex,
providing information on the distance from the boundary. No-
tice that the spheres featuring a large radius (whose centers are
in the deeper portion of the Voronoi diagram) are associated
to the basic features of the geometry, while the small-scale
details are typically captured by small spheres, with centers
are located on the outer portions of the Voronoi diagram.
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Fig. 3: A. Internal Voronoi diagram of the 3D model of an
internal carotid artery bearing an aneurysm; B and C. details
of the Voronoi diagram as a non-manifold surface composed
of convex polygons, whose vertices are the centers of maximal
inscribed spheres; the larger spheres are associated with basic
features of the geometry and the smaller spheres capture the
small-scale details of the model surface.

At this point, we define the centerlinec(s) as the result
of the minimization of the functional in Equation (3) taking
c(s) ∈ V orI(P ), i.e. the domain wherec(s) is looked for is
restricted fromR3 to V orI(P ), i.e. and the functionG(·) is
defined as

G(x) =
1

RM (x)
, ∀x ∈ V orI(P ).

This way,c(s) is guaranteed to be medial, since it sits on top
of the Voronoi diagram, and minimizes the line integral of the
inverse of the MISR, i.e. it tends to the deeper portions of the
Voronoi diagram (for this reason, such definedG(·) is referred
to ascentering potential).

In practice, this minimization problem is recast into a
minimal cost path problem solved by first finding a solution
to the eikonal equation

|∇τ(x)| = G(x), ∀x ∈ V orI(P )

whereτ(x) are the arrival times of a wave traveling on the
Voronoi diagram with speedRM (x), with initial condition
τ(p0) = 0. Algorithmically, the solution is obtained using
the Fast Marching Method [17] extended to non-manifold
surfaces. Figure 4 shows the embeeded Voroni diagram and
the Eikonal solution plotted inV orI(P ), whereP is the point
set of the vertices of the triangulated surface representing the
lumen. The centerline is finally computed by tracing the path
from p1 back top0 onV orI(P ) along the direction of steepest
descent ofτ(x).

One of the potential drawbacks of resorting to Voronoi
diagrams for obtaining synthetic shape descriptors is its sensi-
tivity to surface noise. Several algorithms for the extraction of
a stablesubset of the Voronoi diagram have been proposed in
the literature [22]. It is however worth noting that in our case
noise affects principally peripheral Voronoi elements, while
the deeper ones, which are targeted by our application, are less
sensitive to small changes in the shape of the surface. For this
reason, in our framework we work directly on the entireV orI

diagram. As an example, in Figure 5 we show two models
for the same vascular network. The former is obtained using
the segmentation approach presented in this paper, the latter

Fig. 4: A. Voronoi diagram color-coded with the solution
of the Eikonal equation; B. computation of the centerline
path between the endpoints; C. final centerline: each point
is associated with the radius of maximal inscribed spheres
(MISR).

is obtained by extraction of an intensity isosurface from the
original images. The associated Voronoi diagrams are shown
together with the surfaces. Notice that, even if the second
surface presents a larger amount of noise, the two centerlines
extracted do not exhibit significant differences between the
two models. Besides robustness, another advantange of this
approach is that centerlines are well defined even in pres-
ence of non-tubular shapes, such as bifurcations and saccular
aneurysms, as shown in Section V.

A. Tube functions and surfaces

The union of the maximal inscribed spheres whose centers
lie on the centerline defines a scalar functionθ : R3 → R,
the tube function, as follows

θc,r(x) = min
[

|x− c(s)|2 − r2(s)
]

, s ∈ [s0, s1] (5)

c being a generic point on the centerline andr the corre-
sponding maximal inscribed sphere radius. The zero isosurface
of θc,r(x) is referred to as tube, or canal surface. The tube
function is negative inside its surface. As shown in Figure
6, the tube surface for a vascular segment is by construction
strictly contained into the lumen – amaximal inscribed tube,
with slight abuse of terminology [23].

There is a connection between the local radius of a tube
surface and the radiological convention for measuring the
diameter of a vessel. In fact, the diameter of a vessel is
evaluated as the minimum diameter measured over a range
of lateral projections. Figure 6 B shows that there is alwaysa
projection in which the tube surface is tangential to the model,
so that the vessel size, or the degree of a stenosis, is reflected
by the radius of the tube surface.

Tube functions will play an important role in the remainder
of this paper, as they constitute the fundamental building
blocks of our geometric characterization framework.

B. Geometric characterization of centerlines

Since centerlines are lines in space it is possible to proceed
with their geometric characterization based on classical differ-
ential geometry of curves. In particular, we considercurvature,
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Fig. 5: Comparison of the internal Voronoi diagram and the
centerlines of two models obtained for the same image data:
model 1 is obtained using level set segmentation, model 2
is obtained using iso-surface extraction on the original 3D
image, presenting a higher degree of surface noise; detailsof
the internal Voronoi diagrams and of the centerlines are shown
in the lower portion of the image.

torsion, tortuosityas relevant quantities for the characterization
of a vascular segment, since they have been demonstrated to
be potentially linked to specific hemodynamic patterns [1],
[9], [24] and disease processes [10], [25]–[27]. Using similar
differential geometry concepts, we then face the problem of
defining local reference frames along the centerlines, which
will serve as building blocks for comparative geometric anal-
ysis as presented in the following sections.

Before proceeding, let us first introduce a parametrizationof
the line through the associatedcurvilinear abscissa. After this
operation, the line is reparameterized by means of the variable
s ∈ [0, L], whereL is the arc length of the centerline. The
abscissa ranges over the 3D course of the centerline and relates
every point to its Euclideian distance from a point assumed to
be the origin, denoted byp0 = c(0).

1) Curvature: Curvature (or more preciselyextrinsic cur-
vature) of the linec(s), is defined as

κ(s) =
|c′(s)× c′′(s)|

|c′(s)|
3

, (6)

and measures the deviation of the curve from a straight line.
Since centerlines are guaranteed to be only C0 continu-

ous, differentiation, here and in the following, is performed
using finite differences on a smoothed representation of the

Fig. 6: Tube surface of the internal carotid artery: the surface
is strictly contained into the lumen; from the two projections
it can be noted that there is always a projection in which the
tube surface is tangent to the model, connecting tube radius
to the radiological convention for measuring vessel diameters.

centerline, obtained using a Laplacian filter to get rid of
spurious high-frequency noise. Note that this procedure isonly
employed for the computation of derivatives with respect to
the parametric coordinate. An alternative, recently presented
approach, is to usefree-knots regression splinesto generate
a high-order continuous representation of the curve, which
allows for analytic computation of derivatives [28].

At a given pointc(s̄), curvature is the inverse of the radius
of the osculating circle. i.e. the circle that approximates the
curve (i.e. has a second-order contact with the curve) inc(s̄).
The plane identified by the osculating circle is commonly
referred to asosculating plane. κ (s) is always positive, and
it vanishes on rectilinear portions of the line.

2) Torsion: As curvature measures the deviation of the
curve from a straight line, so torsion measures its local
deviation from lying on the osculating plane, or, equivalently,
how sharply the line is twisting in space.

Considering a parameterized curve with non vanishing cur-
vature, the torsion reads

τ (s) =
[c′(s)× c′′(s)] · c(s)′′′

|c′(s)× c(s)|
(7)

Torsion reflects the rate of rotation of the osculating plane
around the curve in the neighborhood of a point. Sign of
τ (s) distinguishes between clockwise or counter-clockwise
rotations of the osculating plane.

3) Tortuosity: Given the lengthL of the centerline and
the Euclidean distance between its end-pointsD, tortuosity
is defined as

χ =
L

D
− 1. (8)

Tortuosity is the percentage increment in the length of a curve
deviating from a rectilinear line.
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Fig. 7: Curvature, torsion and tortuosity of the internal carotid
artery centerline.

Figure 7 displays the evaluation of curvature, torsion and
tortuosity applied to the centerline extracted from an internal
carotid siphon.

C. Centerline framing: Frenet and parallel transport frames

The Frenet frame is a orthonormal coordinate reference
frame computed along the line, carrying an intrinsic descrip-
tion of the local geometry. The unit vectors making up the
reference frame have a strong connection with the concepts
of curvature and torsion introduced in the previous section.
Assuming thatc(s) is at least three times differentiable, the
Frenet frame is identified by the unit vectorstangent tf ,
binormalbf andnormal nf , respectively defined as

tf (s) =
c′(s)

| c′(s) |
,

bf (s) =
c′(s)× c′′(s)

| c′(s)× c′′(s) |
,

nf (s) = bf (s)× tf (s).

(9)

Vectorsnf andbf belong to the plane orthogonal totf . At
each point on the curve,nf is directed toward the center of
the osculating circle, whilebf is aligned with the normal
to the osculating plane. In Figure 8 A, the Frenet frame
computed along a centerline is shown. The Frenet frame is
not defined when the curvature vanishes and by definition
abruptly changes orientation when the direction of concavity
of the curve changes. Figure 8 B shows an example of local
osculating planes twisting around the curve due to a concavity
change.

Although effective in accounting for the local geometry of a
curve, due to its abrupt changes in orientation the Frenet frame
cannot be employed as a reference frame for the evaluation
or the comparison of circumferential positions around the
centerline. For this purpose we resort to a different moving
frame, theparallel transport frame [29]. The basic idea is
to sweep an initial orthonormal coordinate frame along the
line without being affected by torsion: at each point, the unit
vectors making up the frame are rotated of the exact amount
required by curvature, resulting in the least possible change
in direction. In practice, given an initial frame at a point with
parametric coordinatēs (e.g. the Frenet frame in that point),
featuringt(s̄), n(s̄) andb(s̄), the frame at̄s+ds is obtained by

Fig. 8: A. Frenet frame along the internal carotid artery; B.
detail of image A showing local osculating planes twisting
around the centerline;tf , nf , bf are respectively the tangent,
normal and binormal unit vectors of the frame.

rotating the frame at̄s by an angleαs̄,s̄+ds = t(s̄)6 t(s̄ + ds)
(i.e. the angle between the two successive tangent vectors)
around the direction of the vectort(s̄) × t(s̄ + ds). Such
constructed parallel transport frame minimizes the twist of
the moving frame as it is swept along the centerline, and as
such it can be used for comparing angular positions around
the centerline between different locations along the curve.
Operatively, this is performed as in Figure 8, where the
comparison between the orientation of two different planes
identified by their normal is shown: the two normals are
first transported along the centerline, and their orientation
compared at a generic point (since the angle between the two
parallel transported sets of normals is constant).

IV. A NALYSIS OF BIFURCATIONS

In the previous Section we faced the problem of providing
tools for geometric characterization of vessels represented by
centerlines, computed independently between endpoints. No
information has been extracted yet on the topological relation-
ship between centerlines representing difference branches of
a vascular network and the related geometric characterization.
Indeed, the availability of tools for the robust analysis ofthe
geometry of bifurcations is of paramount importance for the
applications addressed here, given the fact that bifurcations
are locations where complex flow has a chance to develop,
and that several vascular diseases exhibit focal effects pre-
cisely around bifurcations, e.g. atherosclerosis [30], [31] and
aneurysmal disease of the cerebral circulation [32]–[35].In
the present Section we illustrate how it is possible to identify
and characterize bifurcations from the current definition of
centerlines and tubes.
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Fig. 9: Calculation of the angle between plane 1, defined by
the normal vectorn1, and plane 2, defined by normal vector
n2, performed by parallel transport of the normal vectors along
the centerlines, and by computation of the angle between the
transported sets of unit vectorsn1−pt, n2−pt evaluated at a
common location.

A. Identification

In our framework, the bifurcation is geometrically identified
as the region preceding the location at which a centerline
intersects the tube surface of another centerline and vice-versa.
In other words, the location where two tubes graft into each
other.

Let us consider, for the sake of concreteness, the bifurcat-
ing vessel shown in Figure 10A. Four reference points are
identified on the two centerlines (see Figure 10, B-C.

1) cA
1 andcA

2 are the intersections of each centerline with
the tube surface of the other;

2) cB
1 and cB

2 are the centers of the upstream maximal
inscribed spheres touchingcA

1 andcA
2 .

These four points delimit a segment on each centerline which
identifies the bifurcation region (Figure 10D). The center of
massobif of the maximum inscribed spheres centered at the
four reference points is taken as the origin of the bifurcation

obif =

∑

i,j

(

R
j
i

)2

c
j
i

∑

i,j

(

R
j
i

)2
, i = 1, 2 j = A, B, (10)

where R
j
i are the radii of the maximal inscribed spheres

associated with the centerline locationsc
j
i .

The bifurcation planeis then defined by the normalnbif

to the polygon defined by the four reference points evaluated
in obif . Since the four points are in general non-planar, the
normal is evaluated as the bilinear interpolation inobif of
the normals to the corner triangles of the polygon. Last, the

Fig. 10: Definition of the bifurcation reference system: A.
3D model of a bifurcating vessel and relative centerlines; B.
intersecting tube surfaces generated from the two centerlines;
C. identification of four reference points; D. centerline tracts
relative to the bifurcation region, represented by thick tracts;
E. bifurcation reference system:obif , origin, nbif , bifurcation
plane normal,ubif downstream normal; F. example of bifur-
cation origin in case of bifurcating vessels of different sizes.

bifurcation reference frame is completed by defining thedown-
stream direction ubif for the bifurcation as the normalized
average of the vectors defined by the two reference points
on each centerline. In Figure 10E all the components of the
reference system are illustrated.

Notice that the approach based on the centerlines and tube
functions yields a robust characterization of both Y- and T-
shaped bifurcations. For instance, for two bifurcating vessels
with a marked difference in size (see Figure 10F), the tube
function of the smaller vessel slides along the outer wall of
the bifurcation region, giving origin to a small intersection area
and to reference points shifted towards the side of the larger
vessel. On the other hand, the reference points located on the
centerline of the larger vessel are associated to larger spheres
and are therefore located in the neighborhood of the center
of the vessel. By definingobif with Equation (10) using the
center of mass of the inscribed spheres as a weighting factor,
the origin of the bifurcation results shifted towards the center
of the main vessel, and the bifurcation normal will be less
influenced by the reference point relative to the small branch.

B. Angle quantification

Once a bifurcation has been identified, each centerlineci(s)
is split into the tractss ∈

[

0, cB
i

]

and s ∈
[

cA
i , Li

]

, corre-
sponding to the branches of the bifurcation, ands ∈

[

cB
i , cA

i

]

,
beingLi the length of the line. Tracts of different centerlines
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Fig. 11: A. Splitting of the bifurcating centerlines into
branches; B. branch vectors; C. projection of the branch
vectors on the bifurcation plane.

Fig. 12: Identification of the bifurcations (left) and splitting of
the centerline into branches (right) in the case of a complex
vascular network.

referred to the same branch are grouped based on whether they
are mutually contained within their respective tube surfaces.

In order to characterize the directions of the branches
relative to the the bifurcation, we associate a unit vector
to each branch afferring or emanating from a bifurcation,
capturing the direction of centerlines immediately upstream
or downstream the bifurcation, as illustrated in Figure 11B.
In order to estimate directions robustly, each branch vector is
taken from (to) the relative reference point to (from) a point
at a maximal inscribed sphere radius distance from it.

Once branch vectors are available, it is possible to quantify
bifurcation angles. Each vector is split into its in-plane and
out-of-plane components with respect to the bifurcation plane
(see Figure 11C). The angles comprised by the in-plane and
out-of-plane components can then be computed.

By detecting bifurcations in a vascular tree, the complete
topology of the vascular network can be retrieved, as shown
in Figure 12.

C. Comparative geometric analysis

When comparing the geometry of vascular segments from
serial acquisitions or in patient populations, bifurcation origins

Fig. 13: Selection of a bifurcation as a landmark: the abscissa
is set to zero in correspondence of the bifurcation point, while
the bifurcation plane normalnbif is used to compute a parallel
transport frame along the centerline.

Fig. 14: A. Centerline network split into branches; B-C.
splitting of the 3D model surface.

can constitute important landmarks for comparative analysis
of all geometric features (e.g. the distance of a lesion from
a bifurcation, or the angular position of a lesion around the
centerline with respect to the bifurcation normal).

For this purpose, centerlines are reparameterized setting
the location of zero curvilinear abscissac(s = 0) at the
location where the centerline is closest to the bifurcation
origin obif . Similarly, the parallel transport reference system
for centerlines is generated by choosing as the initial normal
n1 to be transported the bifurcation normalnbif . This way,
every orientation evaluated around the centerline can be given
relative to the orientation of the bifurcation plane.

Figures 13A and B illustrate the choice of the ICA bifur-
cation as a landmark for both the abscissa and the parallel
transport reference frame. These concepts will be then em-
ployed in Section V.

D. Surface splitting

Identification of individual branches on centerlines allows
the decomposition of the 3D surface into equivalent branches.
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As detailed above, once centerlines have been split into
branches, the tracts belonging to the same branchi are grouped
and denoted bygi. For instance, in the case of the bifurcating
vessel of Figure 14A, the tracts relative to the two parent
branches are grouped intog0 and g1 respectively, while the
terminal tracts are taken individually asg2, g3 and g4. The
tracts relative to the bifurcation region are not considered.
Each group is then associated with the group functionγi(x)
which is the union of the tube functions of the tracts compos-
ing the group.

Decomposition of the surface is carried out on the basis of
γi(x). In fact, we can operate a partition ofR3, in which the
i-th region is made up from points for whichγi(x) is lower
than for the union of all the other groups, more formally

Γi =







x ∈ R3 : γi(x) <
⋃

j 6=i

γj(x)







(11)

In other words,Γi is the region of influenceof the branch
associated with the group functionγi. The decomposition of
the surface is performed according to the partition in Equation
(11), where the boundaries of each region are the lines where
γi(x) −

⋃

j 6=i γj(x) = 0 In Figure 14B-C the resulting
decomposition of the surface is shown. Due to the gap left
in the bifurcation region, the boundaries meet within the
bifurcationregion. The actual location of a splitting boundary
depends from the relative size of the vessels, as represented
by the tube functions.

Once the vascular network is split into branches, each
segment is topologically equivalent to a cylinder. This sim-
plifies its geometric characterization. For example, it is pos-
sible to robustly generate cross-sections of the vessel along
the centerline, in order to evaluate their cross-sectionalarea
[31] or shape factor (i.e. the ratio between the minimum
and maximum width of the section). The step between two
consecutive sections can be either set as a fixed distance along
the centerline, or specified in terms of maximum inscribed
spheres, which is a mean of measuring distances along cen-
terlines which takes into account the local size of the vessel
and results in shorter steps for smaller vessels. In Figure 15
sections spaced one and four maximal spheres apart for all
three branches are depicted.

V. A PPLICATIONS

In the previous sections we presented the fundamental
building blocks of our geometric analysis framework. All of
them are available within the VMTK open-source project. In
this section, we present the actions of these tools on two
concrete examples for the study of the geometric relationship
of cerebral aneurysms with respect to their parent vessels,a
topic that has been subject of interest in the literature [34],
[36], [37]. The first application deals with aneurysms devel-
oping at terminal bifurcations, such as at the bifurcation of
the middle cerebral artery. The second application deals with
lateral aneurysms developing along the siphon of the internal
carotid artery. Since aneurysm formation, growth and rupture
are thought to be linked to the action of hemodynamic forces,
the study of the geometric relationship between aneurysms and

Fig. 15: Sections along the branches extracted at different
steps, defined in terms of maximum inscribed spheres. Sec-
tions are spaced one (left) and four (right) maximal inscribed
spheres apart.

parent vessels is of primary importance for the identification
of hemodynamic triggers of development and risk factors of
rupture.

A. Middle Cerebral Artery (MCA) terminal aneurysms

The localization of MCA aneurysms on the distal wall of the
terminal bifurcation has been considered a possible evidence of
the role of hemodynamics in aneurysm development, thought
to be somehow related to the impact of blood on the apex
wall. A quantitative analysis of the geometric configurations
of these aneurysms with respect to the bifurcation where they
develop could provide strong hints to understanding of the role
of hemodynamics, especially if extended to large populations.
In Figure 16A, a typical case of MCA terminal aneurysm is
shown.

As described in the previous sections, the angle between the
direction of branches can be computed by resorting to branch
vectors. In order to generate a branch vector accounting forthe
orientation of the aneurysm neck, an additional centerlineis
generated with one endpoint on the distal wall of the aneurysm
sac, as displayed in Figure 16B. Even if the aneurysm center-
line does not account for the complex shape of the sac, it can
represent the orientation of the neck with respect to the parent
vessel.

The bifurcation region is then identified from the vessel
centerlines and the bifurcation reference system is computed
(Figure 16C). Bifurcation vectors are then computed in the two
configurations, namely excluding and including the aneurysm
centerline. Figure 16D shows branch vectors in the section
configuration. Recalling the definition of reference points
during the identification of a bifurcation, the base point ofthe
aneurysm vector accounts for the location where the aneurysm
is grafted on the parent vessel.

Given the branch vectors, the following geometric quantities
are computed:
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Fig. 16: A. 3D model of a terminal MCA aneurysm; B.
centerlines of the parent vessel, daughter arteries and aneurysm
sac; C. bifurcation reference system, computed considering the
parent branch and the daughter arteries alone; D, bifurcation
vectors for all branches originating from the bifurcation,
including the aneurysm centerline.

Fig. 17: Steps for the calculation of the deviation of the neck
from the direction of the parent branch in the bifurcation
plane. Left: Pneck and Pcommon are the base points of the
respective bifurcation vectors; center: the projection onthe
bifurcation plane is shown; right: neck basepoint from the
direction V̄common of the parent artery is then computed.

• the relative orientations of all the branches (including
the one relative to the aneurysm neck), obtained from
the angles between the in-plane and out-of-plane branch
vectors;

• the geometry of the sections of the parent branch, the
daughter arteries and the aneurysm branch, extracted one
maximum inscribed sphere away from the bifurcation and
characterized using section-related parameters as area,
minimum and maximum section diameters;

• the deviation of the aneurysm neck from the direction of
the parent branch (see Figure 17).

More in detail, the latter quantity is determined as follows:

1) the base points of the aneurysm vectorPneck and the
parent branch vectorPcommon (in Figure 17A) and
their projection on the bifurcation planePneck−proj

Pcommon−proj (in Figure 17B) are computed, as well
as the projection of the parent branch vector on the
bifurcation plane,V common, applied inPcommon−proj;

Fig. 18: 3D models of MCA terminal aneurysms used in the
analysis.

TABLE I: Geometric data on four MCA aneurysms: section
parameters. Notation:ARL, section area ratio between largest
daughter artery and parent artery;ARS , section area ratio
between smallest daughter artery and parent artery;AR,
bifurcation area ratio between sum of daughter artery section
areas and parent artery;AAN, section area at aneurysm base
point Pneck, in mm2.

ARL ARS AR AAN

A 0.59 0.39 1.05 21.23
B 1.08 0.65 1.68 10.61
C 0.61 0.35 0.95 10.13
D 1.29 0.28 1.56 7.28

2) the deviationdeviationneck of the neck from the parent
vessel direction is obtained as the distance ofPneck−proj

from the directionV common (see Figure 17C); the direc-
tion of the deviationneck vector provides information
on the deviation of the neck towards the smaller or the
larger of the daughter arteries.

Analogous operations can be performed to obtain the deviation
of the neck perpendicularly to the bifurcation plane, the out-
of-plane deviation (as in Figure 17B).

The quantities detailed above have been determined for
four representative patient-specific models of MCA terminal
aneurysms, extracted from the Aneurisk project database of
RA models and shown in Figure 18. Results of the analysis
are presented in Tables I, II, III, IV, V, where rows are reported
in the same order as the models in Figure 18.

To attest the robustness of our methods to the segmentation
strategy, three different models were generated from the RA
imaging data of three MCA terminal aneurysms from the
Aneurisk database: the model obtained by means of the level
set segmentation and two additional models obtained through
simple iso-surface extraction of the RA data at two user-
defined thresholds, after the application of a gaussian filter on
the image (with standard deviation 2 pixels) for the suppres-
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TABLE II: Geometric data on four MCA aneurysms: in-
plane aneurysm deviation. Notation:devin, deviation of the
aneurysm neck from the parent branch direction, in mm;
reldevin deviation of the aneurysm neck relative to the radius
of the parent artery;devsidein, side of deviation of the
aneurysm neck,L, larger daughter,S, smaller daughter branch.

devin reldevin devsidein

A 0.37 0.28 L
B 0.94 0.81 S
C 1.21 0.84 S
D 1.05 0.80 S

TABLE III: Geometric data on four MCA aneurysms: out-
plane aneurysm deviation. Notation is analogous to Table II
for out-of-plane quantities.

devout reldevout devsideout

A 0.52 0.39 S
B 0.84 0.72 S
C 0.35 0.25 L
D 1.00 0.76 S

TABLE IV: Geometric data on four MCA aneurysms: in-plane
angles. Notation (for conciseness, all vectors are mentioned in
lieu of their in-plane components):γ, angle between parent
branch vector and the downstream unit vectorubif of the
bifurcation reference system;δ1 and δ2, angle between the
parent branch vector and the largest and smallest daughter
artery, respectively;α, angle between the parent branch and
the aneurysm neck direction;δ1δ2, angle between daughter
arteries, or bifurcation angle;δ1α andδ2α, angle between the
aneurysm neck direction and the largest and smallest daughter
artery, respectively.

γ δ1 δ2 α δ1δ2 δ1α δ2α

A 15.12 62.39 86.34 22.67 148.73 39.72 109.00
B 1.81 61.87 74.80 67.92 136.68 129.79 6.88
C 11.95 54.83 95.47 4.70 150.29 59.53 90.76
D 1.00 48.26 91.35 43.76 139.61 92.02 47.59

TABLE V: Geometric data on four MCA aneurysms: out-plane
angles. Notation is analogous to Table IV, where angles are
evaluated between out-of-plane components of the mentioned
vectors.

γ δ1 δ2 α δ1δ2 δ1α δ2α

A 21.50 17.84 36.87 66.66 19.03 48.82 29.79
B 0.66 6.56 2.94 0.66 3.62 5.89 2.27
C 1.16 2.72 15.93 6.21 18.65 3.49 22.14
D 11.34 18.75 8.02 20.19 10.73 38.94 28.21

sion of noise. For each model, centerlines and the bifurcation
vectors were extracted and in-plane and out-of-plane angles
between the branches were computed as described. Results
are reported in Tables VI and tab:22, and show excellent
robustness of the parameters to the segmentation method.
However, in some cases, iso-surface extraction with user-
specified thresholds can produce changes in the geometry of
the surface with the inclusion of spurious structures potentially

TABLE VI: Comparison between in-plane branch angles of
three MCA aneurysm models obtained with level set segmen-
tation and iso-surface extraction at two user-defined thresholds.
Notation:LS, level sets model,HT, higher threshold model,
LT, lower threshold model. Notation for angles is same as
Table IV.

γ δ1 δ2 α δ1δ2 δ1α δ2α

ALS 15.12 62.39 86.34 19.14 148.73 43.25 105.47
AHT 19.09 68.65 89.45 16.02 158.11 52.63 105.48
ALT 14.80 62.35 90.79 14.13 153.14 48.22 104.92
BLS 1.81 61.87 74.80 67.92 136.68 129.79 6.88
BHT 2.58 50.30 60.58 48.50 110.88 98.80 12.08
BLT 5.88 53.61 73.40 70.01 127.01 123.62 3.39
ELS 3.21 90.80 69.41 9.31 160.21 81.48 78.73
EHT 6.32 72.53 86.43 14.59 158.96 57.94 101.02
ELT 4.08 77.36 72.30 48.51 149.66 125.87 23.79

TABLE VII: Comparison between out-of-plane branch angles
of three MCA aneurysm models obtained with level set
segmentation and iso-surface extraction at two user-defined
thresholds. Notation:LS, level sets model,HT, higher thresh-
old model,LT, lower threshold model. Notation for angles is
same as Table V.

γ δ1 δ2 α δ1 − δ2 δ1 − α δ2 − α

ALS 21.50 17.84 36.87 64.89 19.03 47.05 28.02
AHT 27.95 11.72 28.22 58.82 16.50 47.10 30.61
ALT 27.26 12.25 26.08 68.68 13.83 56.43 42.60
BLS 0.66 6.56 2.94 0.66 3.62 5.89 2.27
BHT 3.70 8.69 3.83 4.41 4.86 4.27 0.58
BLT 2.46 8.89 4.75 2.46 4.14 6.43 2.29
ELS 9.78 34.25 6.73 25.10 27.53 59.36 31.83
EHT 5.87 33.24 1.88 20.99 31.36 54.24 22.88
ELT 5.19 30.83 6.45 5.19 37.28 25.64 11.65

leading to changes in the geometric parameters (see case
E). For this reason, we argue for the adoption a robust
segmentation method in order to obtain reliable geometric
parameters.

B. Internal Carotid Artery (ICA) lateral aneurysms

In this section, we present the extension of what presented
for terminal aneurysm to the analysis of lateral aneurysms,
which are not associated to a bifurcation. These aneurysms
typically arise in correspondence of sharp bends, as it is the
case along the carotid siphon.

Figure 19 shows the cases that have been retrieved from
the Aneurisk project data base, and that will be employed in
this section. The ICA and the aneurysm centerlines are also
displayed. Regarding the latter, it is worth noting that, even
if the position of the centerline endpoint on the aneurysm sac
obviously influences the aneurysm centerline trajectory, the
orientation of the centerline through the neck is fairly stable
with respect to the selection of the endpoints (Figure 19D),
which ensures that the direction of the aneurysm neck is robust
to this choice.

Once the two centerlines are extracted, we consider the loca-
tion of the aneurysm neck as a bifurcation, which we refer to as
aneurysm bifurcation. We can then characterize the aneurysm
bifurcation using the geometric quantities described in the
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Fig. 19: A,B,C,D. 3D models of ICA lateral aneurysms; D.
robustness of the orientation of the centerline through theneck
with respect to the selection of the distal centerline endpoint
on the aneurysm.

previous section, namely the bifurcation area, the aneurysm
bifurcation reference system and the bifurcation vectors.By
means of the reference system, the position and orientationof
the neck with respect to the ICA are quantified. The origin
of the reference systemoan accounts for the location of the
aneurysm neck along the carotid siphon, the normal to the
aneurysm bifurcation planenan represents the orientation of
the plane on which the aneurysm develops in the neck region,
and the branch vector relative to the aneurysm centerlinevan

identifies the main direction of the sac immediately distal to
the neck.

In Figure 20 we depict the details of the aneurysm neck
region for one of the models together with the relative geo-
metric features. Assuming the ICA terminal bifurcation as a
landmark, curvilinear abscissa of the pointoan allows us to
quantify the position of the aneurym along the siphon, while
the aneurysm bifurcation plane locally identifies the aneurysm
centerline direction in the neck region.

Figure 21 shows the geometric characterization of four
lateral aneurysms. The description of the local geometry ofthe
carotid siphon, i.e. the local plane of curvature of the parent
vessel, is performed by means of the Frenet frame defined
along the ICA centerline. At each point, the binormal vector
bf (s) identifies the osculating plane where the ICA locally
lies (see Figure 10A and B); consequently the osculating plane
calculated at the pointoan defines the orientation of the parent
vessel in the proximity of the aneurysm neck.

The comparison between the orientation of the local ICA os-
culating plane and the aneurysm bifurcation plane, i.e. between
bf andnan, ultimately represents the angular orientation of the
aneurysm with respect to its parent vessel. This is a significant
quantity, as it assesses whether the aneurysm developed on the
outer wall of a bend and with which orientation with respect
to the bend itself. The quantity bears a direct connection with

Fig. 20: Extraction of the position of the neck along the siphon
centerline as the origin of the aneurysm bifurcationoan; the
bifurcation plane normalnan and the direction of the aneurysm
branch vectorvan are determined.

Fig. 21: Four cases of ICA lateral aneurysms, shown with the
respective aneurysm bifurcation planes and vectors.

hemodynamics forces originating from flow in bent vessels.
In Table VIII, quantitative information on the location and
orientation of the lateral aneurysms depicted in Figure 21 is
reported.

The sequence in Figure 22 illustrates the steps needed to
obtain the angle between the ICA osculating plane at any point
of the ICA and the aneurysm bifurcation plane, performed
using the parallel transport technique, as presented in Section
III. This allows to evaluate the angular orientation of the
aneurysm with respect to any osculating plane, e.g. upstream
the neck. This is again a hemodynamically relevant quantity,
as it accounts for the role of upstream geometry in determining
hemodynamic forces at the neck region.

More complete quantitative analyses of the geometry of ICA
and its possible relations with the presence of aneurysms will
be presented in future work [38], [39].

VI. CONCLUSION

In this paper, we presented a complete framework for robust
characterization of vascular geometry, and we provided a
description of the application of the framework to the case
of cerebral aneurysms.

Thanks to the objective criteria introduced in our frame-
work, and to the availability of the tools as part of the Vascular
Modeling Toolkit, quantitative geometric features are readily
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Fig. 22: Definition of the orientation of the aneurysm neck
with respect to the local parent vessel geometry: A. osculating
plane of the parent artery at the aneurysm site; B. aneurysm
bifurcation normalnan parallel transported along the siphon
centerline; C. comparison between the aneurysm bifurcation
plane and the siphon osculating plane at the aneurysm site; D.
computation of the angle between the two planes.

TABLE VIII: Position and orientation of the neck of the ICA
aneurysm models shown as A,B,C,D in Figure 19. Notation:
abscissaneck, aneurysm neck abscissa with respect to the ICA
terminal bifurcation (negative since the ICA bifurcation is
downstream the ICA) in mm; orientationneck, aneurysm neck
orientation with respect to the local ICA osculating plane.

abscissaneck orientationneck

A -11.94 47.86
B -4.70 31.66
C -12.40 43.36
D -3.90 20.79

available from imaging data, and can be easily employed at a
large scale for explorative studies, clinical trials and clinical
routine, in order to elucidate and exploit the role of geometry
and hemodynamics in vascular disease.
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