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Abstract. This paper considers an efficient iterative approach to solve separable nonlinear
least squares problems that arise in large scale inverse problems. A variable projection Gauss-
Newton method is used to solve the nonlinear least squares problem, and Tikhonov regularization
is incorporated using an iterative Lanczos hybrid scheme. Regularization parameters are chosen
automatically using a weighted generalized cross validation method, thus providing a nonlinear solver
that requires very little input from the user. An application from image deblurring illustrates the
effectiveness of the resulting numerical scheme.
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1. Introduction. Ill-posed inverse problems arise in many important applica-
tions, including astrophysics, astronomy, medical imaging, geophysics, parameter
identification, and inverse scattering; see, for example, [8, 16, 17, 41] and the ref-
erences therein. In this paper we consider large scale inverse problems of the form

b = A(y true)x true + ε , (1.1)

where b is a known (measured data) vector, A(y true) is a severely ill-conditioned
matrix defined by a parameter vector y true, and ε is unknown additive noise. It is
often assumed that the matrix A(y true) is known, and the goal then is to compute
an approximation of x true. However, in realistic applications we may only know
the parametric form of A(y), and y true must be approximated through additional
measurements or device calibration.

For example, in image reconstruction the vector b is data measured by an imaging
device (such as a camera, telescope, microscope, or medical imaging scanner), and
A(y) is an operator that models how the image is captured. The vector y is obtained
through a calibration process, for example by collecting images of known objects, and
thus is only an approximation of the true parameters, y true.

Equation (1.1) arises from discretization of ill-posed inverse problems, such as a
first kind Fredholm integral equation, and thus regularization must be used to compute
approximations of x true [8, 16, 41]. In this paper we consider standard Tikhonov
regularization and develop an efficient iterative approach to solve the nonlinear least
squares problem

min
x,y

1
2
{
‖A(y)x− b‖22 + λ2‖x‖22

}
= min

x,y

1
2

∥∥∥∥[ A(y)
λI

]
x−

[
b
0

]∥∥∥∥2

2

. (1.2)

We remark that other regularization methods, such as generalized Tikhonov regular-
ization (which dampens the norm of an appropriate derivative of x), total variation,
`p-norm constraints, or even bound constraints [8, 16, 34, 41] may be preferable in
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some applications. However, we focus on standard Tikhonov regularization because
it is widely used in applications. Moreover, we show that for standard Tikhonov reg-
ularization it is possible to obtain a very efficient iterative solver in which it is not
necessary to specify the regularization parameter λ; our approach can determine an
appropriate regularization parameter from the data. We also remark that in some
applications it may be necessary to also include a regularization term for y, but in the
applications we consider this is generally not necessary. It would not be difficult to
extend the iterative methods we use for this case, but in order to keep the discussion
focused, we do not consider such extensions in this paper.

This paper is outlined as follows. In Section 2 we consider the linear prob-
lem, where we assume the matrix A is known exactly. Specifically, we show that
a Lanczos-Tikhonov hybrid iterative method can efficiently solve the linear problem
with Tikhonov regularization. Moreover, we show that a weighted generalized cross
validation scheme can reliably choose appropriate regularization parameters directly
from the data. The nonlinear problem (1.2) is then considered in Section 3, where we
use a variable projection method [10, 11, 19, 35] to exploit separability of the nonlin-
ear least squares problem. The approach essentially reduces to using a Gauss-Newton
scheme to minimize a reduced cost functional that depends only on y, where at the
k-th iteration it is necessary to solve a linear least squares problem of the form (1.2)
for a fixed yk. For this problem we use the hybrid approach described in Section 2.
An example from image deblurring is given in Section 4, and concluding remarks are
given in Section 5.

2. Hybrid Iterative Scheme for the Linear Problem. In this section we
describe a hybrid Lanczos-Tikhonov iterative method to solve the linear least squares
problem

min
x

1
2

∥∥∥∥[ A
λI

]
x−

[
b
0

]∥∥∥∥2

2

. (2.1)

The data vector b = b true + ε is given, where b true = Ax true, and we assume in this
section that A is known exactly. We first use the singular value decomposition (SVD)
to review regularization by filtering. Since the SVD cannot be used for large scale
problems, we then describe how filtering can be done through an iterative Lanczos
bidiagonalization method, and finally we consider ways to stabilize the iterations by
incorporating Tikhonov regularization.

2.1. Regularization by Filtering. If A = UΣVT is the SVD of A, and if A
is invertible, we may be tempted to ignore the noise component ε and compute an
inverse solution,

x inv = A−1b =
n∑
i=1

uTi b

σi
vi =

n∑
i=1

uTi b true

σi
vi︸ ︷︷ ︸

x true

+
n∑
i=1

uTi ε

σi
vi︸ ︷︷ ︸

error

where ui and vi are the singular vectors of A (that is, the columns of the orthogonal
matrices U and V, respectively), and σ1 ≥ σ2 ≥ · · · ≥ σn > 0 are the singular values
of A (that is, the elements of diagonal matrix Σ). As indicated above, the inverse
solution is comprised of two components: x true, which we would like to approximate,
and an error term. Before discussing algorithms to compute approximations of x true

it is useful to study the error term.
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For matrices arising from ill-posed inverse problems, we have the following prop-
erties:

P1. The matrix A is severely ill-conditioned, with the singular values σi decaying
to zero without a significant gap to indicate numerical rank.

P2. The singular vectors corresponding to the small singular values tend to oscil-
late more (i.e, have higher frequency) than singular vectors corresponding to
large singular values.

P3. The components |uTi b true| decay on average faster than the singular values
σi. This is referred to as the discrete Picard condition [16].

From the first two properties we see that the high frequency components of the error
term are highly magnified by division of small singular values. The computed inverse
solution is dominated by these high frequency components, and is in general a very
poor approximation of x true. However, the third property suggests that there is hope
of reconstructing some information about x true; that is, an approximate solution
can be obtained by reconstructing components corresponding to the large singular
values, and filtering out components corresponding to small singular values. A filtered
solution can be computed as

x filt =
n∑
i=1

φi
uTi b

σi
vi , (2.2)

where the filter factors, φi, satisfy φi ≈ 1 for large σi, and φi ≈ 0 for small σi.
That is, the large singular value components of the solution are reconstructed, while
the components corresponding to the small singular values are filtered out. Different
choices of filter factors lead to different methods; for example the solution using
Tikhonov regularization (2.1) can be written in filtered form as [16]

x
λ

=
n∑
i=1

σ2
i

σ2
i + λ2

uTi b

σi
vi .

The filtering approach extends naturally to the case when A is singular (i.e., some of
the singular values are exactly 0), and the often encountered case when A is m× n,
m > n.

Selecting an appropriate regularization parameter λ is crucial. If λ is too small, we
risk amplifying noise, but if λ is too large we put too much weight on the regularization
term, and computed solutions are over smoothed. Several approaches exist for guiding
the choice of an appropriate value of λ, such as the discrepancy principle, L-curve,
and generalized cross validation (GCV) [8, 16, 41]. In this paper we consider GCV,
which is a predictive statistics-based method that does not require a priori estimates
of the error norm. The basic idea of GCV is that a good choice of λ should predict
missing values of the data. That is, if an arbitrary element of the observed data is left
out, then the corresponding regularized solution should be able to predict the missing
observation fairly well. We leave out each data value bj in turn and seek the value of
λ that minimizes the prediction errors, measured by the GCV function

G
A, b

(λ) =
n‖(I−AA†λ)b‖22(
trace(I−AA†λ)

)2 , (2.3)

where A†λ = (ATA+λ2I)−1AT , and x
λ

= A†λb. In the general case when A is m×n,
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using the SVD we see that equation (2.3) can be rewritten as

G
A, b

(λ) =

n

(
n∑
i=1

(
λ2uTi b

σ2
i + λ2

)2

+
m∑

i=n+1

(uTi b)2

)
(

(m− n) +
n∑
i=1

λ2

σ2
i + λ2

)2 , (2.4)

which is a computationally convenient form to evaluate, thus making GCV easily used
with standard minimization algorithms.

2.2. Lanczos Bidiagonalization and LSQR. Computing the SVD can be
very expensive for large scale problems, and unfortunately algorithms cannot easily
exploit sparsity or structure of A if it is necessary to compute many singular values
and singular vectors. The difficulty is that even if A is sparse or structured, it is
highly unlikely that the same will be true of the matrices U and V containing the
singular vectors. Thus other approaches must be considered for large scale inverse
problems.

An alternative to SVD based filtering is to use an iterative method, such as LSQR
[31], to solve the least squares problem (2.1). The drawback of this approach is that it
is necessary to choose the regularization parameter λ, which is difficult to do without
the SVD or additional information about the problem, such as a very good bound on
the norm of ε or x true [32, 33].

Another alternative to regularizing large scale problems is to apply an iterative

method, again such as LSQR, directly to the least squares problem min
x

1
2
‖Ax− b‖22 ,

and incorporate regularization within the iteration process. To understand how this
can be done, we briefly describe how the LSQR iterates are computed.

LSQR is based on the Lanczos bidiagonalization (LBD) process. Given an m×n
matrix A and vector b, the k-th iteration of Lanczos bidiagonalization (k = 1, . . . , n)
computes an m× (k+ 1) matrix Wk, an n× k matrix Yk, an n× 1 vector yk+1, and
a (k + 1)× k bidiagonal matrix Bk such that

ATWk = YkB
T
k + γk+1yk+1e

T
k+1 (2.5)

AYk = WkBk, (2.6)

where ek+1 denotes the (k + 1)st standard unit vector and Bk has the form

Bk =


γ1

β2 γ2

. . . . . .
βk γk

βk+1

 . (2.7)

Matrices Wk and Yk have orthonormal columns, and the first column of Wk is
b/‖b‖2. Given these relations, an approximate solution xk can be computed from the
projected least squares problem

min
x∈R(Yk)

1
2
‖Ax− b‖22 = min

x̂

1
2
‖Bkx̂−WT

k b‖22 = min
x̂

1
2
‖Bj x̂− βe1‖22 (2.8)

where β = ‖b‖2, and xk = Ykx̂. An efficient implementation of LSQR uses a QR
updating scheme to compute x̂ at each iteration; see [31] for details.
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An important property of LBD is that for small values of k the singular values of
the matrix Bk approximate very well certain singular values of A, with the quality of
the approximation depending on the relative spread of the singular values; specifically,
the larger the relative spread, the better the approximation [2, 12, 36]. For ill-posed
inverse problems the singular values decay to and cluster at zero, such as σi = O(i−c)
where c > 1, or σi = O(ci), where 0 < c < 1 and i = 1, 2, . . . , n [38, 40]. Thus the
relative gap between large singular values is generally much larger than the relative
gap between small singular values. We therefore expect that if we apply the LBD
iteration to a linear system arising from discretization of an ill-posed inverse problem,
then the singular values of Bk converge very quickly to the largest singular values of
A. The following example illustrates this situation.

Example. Consider an inverse heat equation generated by the function heat in
the MATLAB package Regularization Tools [15]. This function constructs an n × n
matrix A, true solution vector x true, and (noise free) observation vector b true, using
the Volterra integral equation of the first kind on [0, 1] with kernel a(s, t) = k(s− t),
where

k(t) =
t−3/2

2
√
π

exp
(
− 1

4t

)
.

The vector x true does not have a simple functional representation, but rather is con-
structed directly as a discrete vector; see [15] for details. The right-hand side b is
produced as b true = Ax true. In this example we take n = 256.

We are interested in the nonzero singular values of A and their approximations
computed from the LBD algorithm. In Figure 2.1 we show a plot of the singular
values of A and their relative spread; that is,

σi(A)− σi+1(A)
σi(A)

,

where we use the notation σi(A) to denote the ith largest singular value of A.
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Fig. 2.1. This figure shows plots of the singular values of A, denoted as σi(A) (left plot), and
the relative spread of A’s singular values (right plot).

Figure 2.1 clearly illustrates the properties of ill-posed inverse problems; the sin-
gular values of A decay to and cluster at 0. Moreover, we clearly see that in general
the relative gap of the singular values is larger for large singular values and smaller
for the smaller singular values. Thus for small values of k, we expect to observe that
the singular values of Bk converge quickly to the large singular values of A. This
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can be seen in Figure 2.2, which compares the singular values of A with those of the
bidiagonal matrix Bk for k = 10, 20, 50. 2
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Fig. 2.2. The plots in the top row of this figure show the singular values of A, denoted as
σi(A), along with the singular values of Bk, denoted as σi(Bk), for k = 10, 20, 50. The plots in the

bottom row show the relative difference,
|σi(A)− σi(Bk)|

σi(A)
.

The above example implies that if LSQR is applied to the least squares problem

min
x

1
2
‖Ax − b‖2, then at early iterations the approximate solutions xk will be in a

subspace that approximates a subspace spanned by the large singular components
of A. Thus for k � n, xk is a regularized solution. However, eventually xk should
converge to the inverse solution, which is corrupted with noise (recall the discussion
in the previous subsection). This means that the iteration index k plays the role
of a regularization parameter; if k is too small, then the computed approximation
xk is an over smoothed solution, while if k is too large, xk is corrupted with noise.
More extensive theoretical arguments of this semi-convergence behavior of conjugate
gradient methods can be found elsewhere; see [13] and the references therein.

Unfortunately determining appropriate stopping criteria for ill-posed inverse prob-
lems is very difficult. The next subsection describes a hybrid approach that combines
Lanczos bidiagonalization with Tikhonov regularization. Our implementation is able
to choose regularization parameters and stopping criteria from the given data, and is
very efficient for large scale problems.

2.3. Hybrid Lanczos-Tikhonov Method. Hybrid approaches that enforce
regularization at each iteration of the Lanczos bidiagonalization method were first
proposed by O’Leary and Simmons in 1981 [28], and later by Björck in 1988 [1]. The
basic idea is to regularize the projected least squares problem (2.8) involving Bk,
which can be done very cheaply because of the smaller size of Bk. Hybrid methods
have the following benefits:

• Powerful regularization parameter choice methods can be implemented effi-
ciently on the projected problem.
• Semi-convergence behavior of the relative errors observed in LSQR is avoided,

so an imprecise (over) estimate of the stopping iteration does not have a



SEPARABLE NONLINEAR INVERSE PROBLEMS 7

deleterious effect on the computed solution.
Realizing these benefits in practice, though, is nontrivial. Thus, various authors have
considered computational and implementation issues, such as robust approaches to
choose regularization parameters and stopping iterations; see for example, [3, 4, 5, 14,
21, 22, 24, 28]. In this subsection we focus on the implementation of Chung, Nagy
and O’Leary [5], called HyBR1, which has the advantage that it can refine the choice
of the regularization parameter during the iteration process, and which can estimate
the stopping iteration.

Because the singular values of Bk approximate those of A, as the Lanczos iteration
proceeds, the matrix Bk becomes more ill-conditioned. The iteration can be stabilized
by including Tikhonov regularization in the projected least square problem (2.8), to
obtain

min
x̂

{
‖Bkx̂− βe1‖22 + λ2‖x̂‖22

}
(2.9)

where again β = ‖b‖2 and xk = Ykx̂. Thus we can build an iterative method where
at each iteration we solve a regularized least squares problem involving a bidiagonal
matrix Bk. Notice that since the dimension of Bk is very small compared to A, it is
much easier to solve for x̂ in equation (2.9) than it is to solve for x in the full Tikhonov
regularized problem (2.1). More importantly, when solving equation (2.9) we can use
sophisticated parameter choice methods to find a suitable λ at each iteration.

Recall that for an ill-posed inverse problem the singular values of Bk converge very
quickly to the largest singular values of A. This means that very little regularization
should be needed in (2.9) when the iteration index, k, is small, but eventually small
singular values will converge, and more regularization will be needed in later iterations.
Unfortunately standard regularization parameter choice methods do not work well in
this dynamic situation, especially at the early iterations.

Recently Chung, Nagy and O’Leary [5] proposed using a weighted GCV (W-
GCV) method, which had been used previously in certain statistical applications
[6, 9, 23, 27, 39]. The W-GCV function, applied to the regularized projected least
squares problem (2.9), has the form

G
Bk, βe1

(ω, λ) =
k‖(I−BkB

†
k,λ)βe1‖22(

trace(I− ωBkB
†
k,λ)

)2

Note the additional weighting parameter ω. Choosing ω = 1 gives the standard GCV
function for the matrix Bk and vector βe1. Choosing ω > 1 results in smoother solu-
tions, while ω < 1 results in less smooth solutions. For smoothing spline applications,
Kim and Gu [23] empirically found that standard GCV consistently produced regular-
ization parameters that were too small, and choosing ω in the range of 1.2-1.4 worked
well. However, when used on the projected least squares problem (2.8), it was shown
in [5] that the standard GCV regularization parameter is chosen too large, requiring
ω to be in the range 0 < ω ≤ 1. It was also shown in [5] how to find an appropriate
value for ω during the iteration process, and how to use the W-GCV information to
determine an appropriate stopping iteration. The next example illustrates the benefits
of using a hybrid approach such as HyBR.

1A MATLAB implementation of HyBR, including several examples, can be obtained from
http://www.mathcs.emory.edu/∼nagy/WGCV.
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Example. Consider the inverse heat equation described in the previous example. To
simulate noisy measured data, we construct a vector b = b true +ε, where ε is a vector
containing pseudo-random entries chosen from a normal distribution, with zero mean
and standard deviation equal to one, and scaled so that ‖ε‖2/‖b true‖2 = 0.01. The
purpose of this example is illustrate how the HyBR method of [5] behaves on this
problem, compared to using LSQR. Note that the LSQR iteration is equivalent to
solving the projected problem involving Bk without any regularization. The conver-
gence history for these two approaches are shown in Figure 2.3.
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Fig. 2.3. This figure compares the convergence history of HyBR and LSQR. Convergence

history is measured by the relative errors at each iteration,
‖xk − x true‖2
‖x true‖2

.

Notice that the convergence behavior of HyBR and LSQR are similar in the
early iterations, indicating that no regularization is needed at this stage, and that
HyBR does a good job in recognizing this. However, as the iterations proceed, if the
projected problem is not regularized as in LSQR, then the noise begins to corrupt
the iterates, xk, and we observe an increase in the LSQR errors. If we can recognize
when the LSQR error is minimized and stop the iterations at that point, then we
can obtain a good regularized solution. However, it is very difficult to recognize
this optimal stopping point without knowledge of the true solution. Methods for
estimating the stopping iteration based only on measured data are imprecise (usually
over estimating), and as we can see from Figure 2.3, being off by a few iterations in
LSQR can result in a poor approximation of the true solution.

Now observe the stable convergence behavior of HyBR, which recognizes that
regularization should be incorporated on the projected problem. Although the method
tends to over regularize in the early iterations, resulting in slower convergence, HyBR
does eventually determine an appropriate amount of regularization that should be
used. Finally we mention that although we show the error for 50 HyBR iterations,
the method actually suggested stopping at the 38-th iteration, which as we can see
from Figure 2.3 results in a reasonably accurate approximation of x true. 2

HyBR is a very efficient and robust method for large scale linear inverse problems.
In the next section we see how it is a critical component in our approach to solve the
large scale nonlinear least squares problem (1.2).
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3. Regularized Variable Projection for Nonlinear Problem. To simplify
notation, we rewrite the nonlinear least squares problem given in equation (1.2) as

min
z
ψ(z) = min

z

1
2
‖f(z)‖22 , (3.1)

where zT = [ xT yT ] and

f(z) = f(x,y) =
[

A(y)
λI

]
x−

[
b
0

]
.

The nonlinear least squares problem (3.1) can be solved using a Gauss-Newton method
[7, 20, 26, 29], which is an iterative algorithm that computes

zk+1 = zk + dk , k = 0, 1, 2, . . .

where

dk = −(ψ̂ ′′(zk))−1ψ′(zk) ,

z0 is an initial guess, and ψ̂ ′′ is an approximation of ψ′′. It is not difficult to show
that ψ′ = JTψf, and an approximation of ψ′′ is given by ψ̂ ′′ = JTψJψ, where Jψ the
Jacobian matrix; for our problem it can be written as

Jψ =
[

fx fy
]

=
[
∂f(x,y)
∂x

∂f(x,y)
∂y

]
.

If we define r = −f = b−A(y)x, then the computation to update the search direction
dk at each Gauss-Newton iteration is equivalent to solving a least squares problem of
the form

min
d

1
2
‖Jψd− r‖22 .

To summarize, then, a Gauss-Newton method applied to (3.1) has the basic form:

General Gauss-Newton Algorithm

choose initial z0 =
[

x0

y0

]
for k = 0, 1, 2, . . .

rk = b−A(yk)xk

dk = arg min
d
‖Jψd− rk‖2

zk+1 = zk + dk
end

This general Gauss-Newton approach can work well, but constructing and solving
linear systems with Jψ can be very expensive. Moreover, it requires specifying a
priori the regularization parameter λ. We would like to develop an approach where
the regularization parameter can be estimated by the algorithm. To do this, we adapt
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the variable projection method [10, 11, 19, 30, 35] for separable nonlinear least squares
problems to large scale inverse problems.

The variable projection method exploits structure in the nonlinear least squares
problem (1.2). The approach exploits the fact that ψ(x,y) is linear in x, and that
y contains relatively few parameters compared to x. However, rather than explicitly
separating variables x and y as in coordinate descent, variable projection implicitly
eliminates the linear parameters x, obtaining a reduced cost functional that depends
only on y. We then apply a Gauss Newton method to the reduced cost functional.
Specifically, consider

ρ(y) ≡ ψ(x(y),y)

where x(y) is a solution of

min
x
ψ(x,y) = min

x

∥∥∥∥[ A(y)
λI

]
x−

[
b
0

]∥∥∥∥2

2

. (3.2)

To use the Gauss-Newton algorithm to minimize the reduced cost functional ρ(y), we
need to compute ρ′(y). Note that because x solves (2.1), it follows that ψx = 0, and
thus

ρ′(y) =
dx

dy
ψx + ψy = ψy = fTy f ,

where the Jacobian of the reduced cost functional is given by Jρ = fy = A′(y)x.
Thus, a Gauss-Newton method applied to the reduced cost functional has the basic
form:

Reduced Gauss-Newton Algorithm

choose initial y0

for k = 0, 1, 2, . . .

xk = arg min
x

∥∥∥∥[ A(yk)
λI

]
x−

[
b
0

]∥∥∥∥
2

rk = b−A(yk)xk

dk = arg min
d
‖Jρd− rk‖2

yk+1 = yk + dk

end

Although computing Jρ is nontrivial, it is often much more tractable than con-
structing Jψ. However, the big advantage of using the variable projection method for
large scale inverse problems is that we can use the hybrid approach discussed in the
previous section to simultaneously estimate an appropriate regularization parameter
and to compute xk at each iteration. That is, in the above algorithm we replace the
statement for xk with

xk = HyBR(A(yk), b) .

We conclude this section with a few remarks on computational issues. First, it
may be necessary to include a line search in the Gauss Newton method [20], such
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as an Armijo rule. A finite difference approach can be used to numerically approxi-
mate the Jacobian if it cannot be computed analytically. Moreover, the least squares
problem involving the Jacobian is generally not very difficult to solve, at least for the
applications we have in mind where the number of parameters in y is significantly
less than the number of parameters in x. In this case, Jρ has only a few columns
(corresponding to the number of parameters in y), and is generally well conditioned.

4. Numerical Examples. In this section we illustrate the use of our approach
on an image deblurring problem, when the blurring operator is not known exactly.
This problem is often referred to as blind deconvolution in the image processing lit-
erature. The image formation process is modeled as equation (1.1), where b is an
observed, blurred and noisy image, and x is the image we want to reconstruct. The
matrix A(y) models the blurring operation, and can be written as

A(y) = A(P(y))

where P(y) is a point spread function (PSF). In many applications the blur is assumed
to be spatially invariant, which means P(y) is an image of a point source object, and
A(P(y)) is structured. The precise structure depends on the imposed boundary
conditions, but it is usually a combination of Toeplitz and Hankel matrices; see [17]
for more details.

In any blind deconvolution problem it is necessary to make some assumptions
about the blur. Here we assume a general Gaussian blur, where the PSF, centered at
(k, l), has the form

pij = exp

(
−1

2

[
i− k
j − l

]T [
s2

1 r2

r2 s2
2

]−1 [
i− k
j − l

])

= exp
(
−(i− k)2s2

2 − (j − l)2s2
1 + 2(i− k)(j − l)r2

2s2
1s

2
2 − 2r4

)
.

The parameters s1, s2 and r determine the spread and orientation of the PSF, and
oftentimes a scaling factor is introduced so that the PSF entries sum to 1.

Let

y =

 s1

s2

r


and let A(y) = A(P(y)) be the matrix defined by the Gaussian PSF with parame-
ters y. We then use the regularized reduced Gauss-Newton method described in the
previous section to jointly estimate the image x and blur parameters y.

The Jacobian of the reduced cost functional can be computed using the chain
rule,

Jρ =
∂

∂y
{A(P(y) )x }

=
∂

∂P
{A(P(y) )x } · ∂

∂y
{P(y) }

= A(X) · ∂

∂y
{P(y) } (4.1)
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where x = vec(X). The last equality is due to the special structure of a spatially
invariant blurring operator and the commutative property of convolution.

As mentioned in Section 3, finite differences can be used to approximate the Ja-
cobian, so it is not necessary to have an analytical expression for Jρ. However, if
one chooses to compute ∂

∂y {P(y) } analytically, we remark that disregarding scal-
ing factors which depend on the blur parameters can lead to erroneous derivative
calculations, and careful calculation is needed to compute the correct values.

For efficient implementation we use the MATLAB package, RestoreTools [25],
which can be obtained from www.mathcs.emory.edu/∼nagy/RestoreTools. In par-
ticular, we use the function psfMatrix to construct A(P(y)) and A(X), and the
associated routines for efficiently computing matrix-vector multiplications. The ob-
ject oriented approach with operator overloading used in RestoreTools makes it very
easy to perform these operations.

For the particular results presented in this paper, we assume that our goal is
to reconstruct the image shown in Figure 4.1(a), given the blurred image in Figure
4.1(b).

(a) True Image (b) Observed Image

Fig. 4.1. Test image of a piece of grain. The goal is to reconstruct an approximation of the
true image, given the blurred and noisy observed image.

The images presented here are 256× 256, however the blurred image was created
by convolving a larger 512 × 512 image with a Gaussian PSF defined by parameters
y true = [3, 4, .5], and then cropping the center of the image. In this way, we construct
a realistic example in which boundary conditions and artifacts may play a role. We
also added 1% Gaussian white noise to the image.

For the proposed Gauss Newton algorithm, we use an initial guess of y0 = [5, 6, 1],
and define the relative error for the blur parameters as

∆y =
||yk − y true||2
||y true||2

.

Convergence results for the relative objective function value, the relative gradient
value, the error in the blur parameters and the computed regularization parameters
are presented in Table 4.1. It is impressive to see the accuracy of the blur parameters
improve by more than an order of magnitude after only 7 Gauss Newton iterations.
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Table 4.1
Convergence of iterations for reduced Gauss-Newton approach with HyBR. (1% noise)

iteration relative objective relative gradient ∆y HyBR computed λ
1 1.0000 1.0000 0.5716 0.1684
2 0.3309 0.6411 0.3347 0.1224
3 0.1493 0.4342 0.2192 0.0988
4 0.0762 0.2953 0.1469 0.0807
5 0.0479 0.2262 0.0998 0.0718
6 0.0355 0.1862 0.0639 0.0678
7 0.0288 0.1614 0.0345 0.0661
8 0.0242 0.1419 0.0139 0.0651
9 0.0213 0.1265 0.0240 0.0645
10 0.0190 0.1151 0.0449 0.0645
11 0.0171 0.1042 0.0656 0.0641
12 0.0159 0.0947 0.0853 0.0638

Based on the values of ∆y, a good stopping point is at 8 iterations. The improved
reconstructed image is shown in Figure 4.2, along with the true image and the initial
reconstruction using y0. We also notice that with too many iterations, the error in the
blur parameters eventually begins to increase. Since y true is not known in practice,
alternate methods for selecting a stopping iteration still need to be investigated.

A well known property of the blind deconvolution problem is the lack of a unique
solution. Previously proposed blind deconvolution algorithms have addressed this
issue by requiring a significant amount of additional constraints on the problem, and
including many parameters for the user to tune and select [18, 42]. Though we have
not directly addressed the non-uniqueness problem, we have reduced the number of
user-defined parameters to one, specifically, the stopping iteration. Furthermore, from
the reconstructed image after 12 Gauss-Newton iterations, shown in Figure 4.2(d), we
can see that an advantage of this algorithm is that a slight overestimate of the stopping
iteration does not severely affect the image.

In this section, we have shown that a reduced Gauss Newton approach combined
with an efficient linear solver with regularization can improve blind deconvolution
algorithms. We mention here that this approach can be easily extended to a related,
but more complex multi-frame blind (MFB) deconvolution problem [37]. In MFB
deconvolution, multiple blurred images are collected, each with a different point spread
function and noise realization. Following the notation from Equation (1.1), we have

b(i) = A(y(i)
true)x true + ε(i) ,

for i = 1, 2, ...,K. The goal once again is to update the blur parameters and recon-
struct the image simultaneously, and the regularized variable projection framework
from Section 3 can be used. The blurred images and blur parameters should be con-
catenated to form one long vector so that all of the blur parameters for all of the
images can be updated at the same time. The key difference is that the Jacobian for
the MFB deconvolution problem will be a block diagonal matrix of the form

J =

 J(1)

. . .
J(K)


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(a) True Image (b) Initial Reconstruction, y0

(c) 8 GN iterations (d) 12 GN iterations

Fig. 4.2. A Comparison of Reconstructed Images corresponding to the 1% noise case.

where J(i) is the Jacobian defined in Equation (4.1) corresponding to image i. In
our experiments, we found that the Gauss Newton algorithm with HyBR applied to
the MFB deconvolution problem produced similar results to the blind deconvolution
problem presented above.

5. Concluding Remarks. In this paper, we have described an efficient iter-
ative approach for solving separable nonlinear inverse problems. Many researchers
have studied the separable nonlinear least squares problem, but few have specifically
applied it to large-scale ill-posed inverse problems. We have addressed this problem
and shown that by combining a Gauss Newton approach for minimizing a reduced
cost functional with a sophisticated iterative solver for computing Tikhonov regular-
ized solutions for linear ill-posed inverse problems, one can efficiently solve large-scale
nonlinear inverse problems, with relatively little user input required.

Nonlinear inverse problems of this form arise in many applications, and we have
provided two examples from image deblurring in which the proposed algorithm can
successfully update both the image and the blur parameters simultaneously. Future
work includes understanding how the additional regularization term affects the the-
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oretical convergence properties of this algorithm when applied to ill-posed problems,
and developing an automated way to select the stopping iteration.
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