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Abstract. We study spectral properties of a class of block 2 X 2 matrices that arise in the solution
of saddle point problems. These matrices are obtained by a sign change in the second block equation
of the symmetric saddle point linear system. We give conditions for having a (positive) real spectrum
and for ensuring diagonalizability of the matrix. In particular, we show that these properties hold for
the discrete Stokes operator, and we discuss the implications of our characterization for augmented
Lagrangian formulations, for Krylov subspace solvers and for certain types of preconditioners.
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1. Introduction. In this paper we investigate spectral properties of block 2 x 2
matrices of the form

(1.1)

we[4 ]

-B C

where A € R"*™ is symmetric positive definite (SPD), B € R™*" with m < n, and
C € R™*™ is symmetric positive semidefinite (possibly C = O). If we define

T
M+=[A B ] and J:[I" 0 ]

B -C 0o -I,
we have M_ = JM,. Note that M, is symmetric, whereas M_ is nonsymmetric;
however,
M_J=JMT, (1.2)

i.e., M_ is J-symmetric. Consider the block factorization

A BTl [ I, O A O I, A-'BT
B -C |~ | BA' I, 0 -S o I, ’

where S = C + BA BT is the Schur complement of A in M. It follows that if
ker(C) Nker(BT) = {0} (i.e., if C is positive definite on ker(BT)), the matrix M
is indefinite with exactly n positive and m negative eigenvalues. In contrast, the
nonsymmetric matrix M_ is positive semidefinite, i.e., the symmetric part of M_,

1 r A0
(M- + M) = [ o ¢ ] )
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is positive semidefinite. Together with the assumption that ker(C) N ker(BT) = {0},
this in turn implies that all the eigenvalues of M_ have positive real part [4, 25]; thus,
M_ is a positive stable matrix.

Matrices of the form (1.1) frequently occur in the solution of saddle point prob-
lems; these include e.g. mixed finite element formulations of elliptic PDEs, fluid
dynamics and constrained optimization problems, and so forth; see [5] for an exten-
sive survey. We will also consider the case of A symmetric positive semidefinite, which
arises in many applications. Although the symmetric form M, is generally preferred,
there are situations where it is of interest to consider the nonsymmetric form M_
instead. One such reason is that the nonsymmetric form permits the use of special
preconditioners which are not natural for the symmetric form; see [3, 4]. Another
reason, which is the main motivation for our present work, is that in some cases the
eigenvalues of M_ turn out to be all real (and, of course, positive). When M_ is di-
agonalizable, this implies the existence of a nonstandard inner product on R*t™ with
respect to which M_ is symmetric positive definite. As we shall see, these properties
may always be obtained, at least in principle, using appropriate scalings or by means
of augmented Lagrangian techniques. Our theory also provides a general framework
for the analysis of certain preconditioners for saddle point problems.

2. Analysis of the eigenvalues. We consider the problem

I e

We make the general assumption that A and C are symmetric. Later we will also
require that A be positive definite and C' be positive semidefinite. The spectral
properties of the problem above have been studied in [9] for A = nl, (p > 0) and
C = O and in [25] for C' = O. The results given here are more general and complete;
for instance, our conditions for the reality of the spectrum do not appear to have
been given before. In the sequel we will consider the following two block equations,
equivalent to (2.1),

Au+ BTv = \u (2.2)
—Bu + Cv = Av.

Note that the problem above can be equivalently written as

[f} f’é”:]:A[Ion _?mHH, or Myg=Mgq, (24)

a generalized eigenproblem for the symmetric pencil (M4, J). In the following, we
will say that two vectors z,y € C"™™ are J-orthogonal if z*Jy = 0, i.e., if they are
orthogonal with respect to the indefinite inner product associated with J. Here and
elsewhere in the paper, z* denotes the conjugate transpose of vector z.

2.1. General results on the eigenvalues of M_. In this section we give some
general conditions for the reality of the spectrum of M_, and on the number of non-
real eigenvalues, if they exist. We first recall a key result for our analysis. This result
is also important for an understanding of the eigenvector structure of M_. Recall
that an eigenspace of a matrix is simple if its eigenvalues are, counting multiplicities,
disjoint from the other eigenvalues of the matrix; see [28, p. 244].
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THEOREM 2.1 ([14]). Let A\,n be eigenvalues of M_ such that A # 7j. Then the
simple invariant subspace associated with A\ is J-orthogonal to the simple invariant
subspace of 1.

The condition A # 7 is satisfied by all complex eigenvalues with non-zero imagi-
nary parts that are not conjugate of each other. Assuming that M_ is diagonalizable,
the theorem above implies that the eigenvectors of real distinct eigenvalues and of
non-real, non-conjugate eigenvalues are all mutually J-orthogonal. Note that the
theorem above does not require M_ to be diagonalizable. However, here we make
the assumption that M_ is diagonalizable, in order to simplify our analysis. This
assumptions is usually satisfied in the applications we are interested in. See also the
discussion at the end of this subsection.

Denoting [u; v] an eigenvector corresponding to an eigenvalue with non-zero imag-
inary part, it can be easily seen that

[u*,v*]J[ Z ] =0,

that is, [u;v] is J-neutral (or J-isotropic). This property is equivalent to the following
equality, which is important for our analysis:

llull = l[oll- (2.5)

(Here and throughout the paper, || - || denotes the Euclidean norm for vectors, and
the induced norm for matrices.) The diagonalizability assumption ensures that eigen-
vectors corresponding to multiple real eigenvalues are not J-neutral (cf. [14, p. 36]).

We start with a simple but significant result, which follows from letting v = 0
and then v =0 in (2.2) and (2.3).

PROPOSITION 2.2. The matriz M_ has at most n —m real eigenvalues satisfying
Au = du, Bu = 0, with corresponding eigenvectors [u;0]. Furthermore, if BT is
rank deficient with null space of dimension r, then M_ has at most r real eigenvalues
satisfying Cv = M, BTv = 0, with corresponding eigenvectors [0;v].

We can now state a result on the number of non-real eigenvalues.

PROPOSITION 2.3. Let A,C be symmetric. Then the matriz in (2.4) has at most
2m eigenvalues with non-zero imaginary part, counting conjugates.

Proof. Let [uj;v;]i=1,...,k, u; € C*, v; € C™, be the eigenvectors correspond-
ing to the eigenvalues Ai,...,\; with non-zero imaginary part, such that \; # \;
(that is, no complex conjugates are included). We recall that [u;;v;]*J[u;;v;] = 0,
Vi,j=1,...k. Let U = [u1,...,u], V= [v1,...,0;]- Then U*U — V*V =0, that is
U =Vv*V.

We prove the assertion by contradiction. Assume that £ > m. Let V = Q,R
be a reduced QR factorization of V, with Q, € C™*¢, R € C***, ¢ < m. Then
V*V = R*R = U*U. Therefore, a reduced QR factorization of U is given by U = QR
with some Q,, € C**¢ having orthonormal columns. Hence

U Qu
= R of rank £ <m < k.
v]-[é :
This is a contradiction, since the matrix [U; V] of eigenvectors is supposed to have
full rank equal to k. Therefore, it must be k < m, that is, there are at most m non-
conjugate eigenvalues with non-zero imaginary part. The same proof can be carried
out with the remaining (conjugate) eigenpairs, completing the proof. O
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The previous result can also be obtained as a consequence of Corollary S5.2 in
[13, p. 378]. Our proof, however, is more self-contained.

The following proposition states necessary and sufficient conditions for 8 to be
an eigenvalue of M_ in the practically important case C = f1,,; see, e.g., [1, p. 398].
Tts proof is straighthforward and can be omitted.
PROPOSITION 2.4. Assume A is symmetric, BT has full column rank, and C =
BI,, with B € R.
1. If B is an eigenvalue of M_ with corresponding eigenvector © = [u;v], then
u € ker(B), and 8 is an eigenvalue of A associated with u if and only if v = 0.
2. Let (X, [u;v]) be an eigenpair of M_, u # 0. Then (B is an eigenvalue of A
associated with u if and only if A = 3, in which case it is necessarily v = 0
and u € ker(B).

Next, we give our main result of this section: conditions for having only real
eigenvalues in the case when C = g1, with 8 > 0.

PROPOSITION 2.5. Assume C' = B1,, with 8 > 0. Let (), [u;v]) be an eigenpair
of M_. Then either A\ = (3, or X is real if and only if

u*(A+ BL)u\’ L W (BTB + BA)u
u*u = uru )

(2.6)

Proof. If A = 8 > 0 then ) is real. For C' = 8I,,, and X\ # 3, we use the equation
in (2.3) to get v = —Bu /(A — ), and substitute v into (2.2). After rearranging terms,
we obtain \2u — A(A + BI,)u + (BTB + fA)u = 0.

For u # 0, multiplying from the left by u* yields the following quadratic equation
in )\ with real coefficients,

Nu*u — M (A + BL)u +u* (BTB + fA)u = 0.
The two solutions are given by

_1u(A+ Bl 1\/<u*(A+ﬂIn)u)2_4u*(BTB+5A)u

:|: —
2 u*u 2 u*u u*u

A

Therefore, the two roots are real if and only if (2.6) holds. O

The condition in Proposition 2.5 can be rewritten as
u*(A+ BL,)u >4 u*(BTB + BA)u
u*u = w(A+B8L)u
Since u*(A + BL,)u > u* Au, we have

1 1
u*(BTB + BA)u < uw*(BTB+BAu _ ¢*(A"2BTBA™2 + fI,)q
u*(A+BI)u — u*Au B q*q
Therefore, if Amin (A+81,) > 4Amax(BA™* BT +81,,), the condition of Proposition 2.5
is satisfied, since

WAL BIY o (A4 BL) > 4 Amax(BA~LBT + BI,,)

L
, qg= A2u.

u*u
1 1

LT (A72BTBAT2 +BL)g _, u*(B"B + A

- q*q ~ w(A+BL)u
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We have thus proved the following result.

COROLLARY 2.6. Assume the same notation as in Proposition 2.5 holds. If
Amin (A + BI,) > 4 Amax(BA™'BT + BI,,)), then all eigenvalues of M_ are real.

The reality condition in the foregoing corollary can be restated as Amin(4) >
4 Apax(BA1BT) + 3 3; for B = 0, it can also be expressed as Amin(4) > 4]|S||-

We also note that the condition is sufficient, but not necessary. For instance, the
matrix

3 0]o
M_=|0 3|1 (2.7)
0 -1]0

has real spectrum but does not satisfy the condition.

The results of Proposition 2.5 and of Corollary 2.6 can be generalized to matrices

of the form
= A BT
el s
under certain conditions on By, Bs.
COROLLARY 2.7. Let A = AT € R™*" be positive definite, By, By € R™*™ be
such that BT By is symmetric, and let C = BI,,, B > 0. Let (), [u;v]) be an eigenpair
of M. Then X is real if and only if

uw (A + BL)u\> 4 uw*(BT B, + BA)u
uru - ury )

Moreover, all eigenvalues are real if Amin(A + BI,) > 4 Amax(B2 A" BE + B1L,,).

Proof. The proof proceeds as for Proposition 2.3 and for Corollary 2.6. Note that
the hypothesis that B By is symmetric implies that the eigenvalues of A~ BT B, are
real, and therefore (applying Theorem 1.3.20 in [16]) the eigenvalues of Bo A~ BT are
also real. O

This class of matrices includg§ the case where B; = B and By, = 7B, with 7 > 0.
Note that for 7 < 0 the matrix M would be the product of two symmetric matrices,
one of which (diagonal) positive definite, so that all eigenvalues would be real. As a
special case consider the parametrized family of matrices

T
M(r) = |: —fB 'rgfm :| ’
Assuming A is SPD, we can define
1 Amin (4)
4 Anax(BA=1BT + BI,,)
Then 7, > 0, and M(7) has all the eigenvalues real and positive for 7 € (—o0, 7],

T #0.

Our sufficient condition for the reality of the spectrum can be further extended
to generalized eigenvalue problems of the type

15 Z)e]-2]6 S]]t (2.9

Ty =
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where K, H are real symmetric and positive definite. This will be useful when we
discuss applications to preconditioning.

REMARK 2.8. For A semidefinite and singular, non-real eigenvalues should be
expected regardless of B (as long as B # O). For example, the matrix

1 0]0

M_=(0 0]¢

0 —]0

has non-real eigenvalues for all ¢ # 0. The situation may be different if C is allowed

to be nonzero. For instance, the spectrum of the matrix

1 0|0

M_=]10 0]c¢

0 — |8

is real for 8 > 2e.

REMARK 2.9. When C = O, a purely real spectrum may also be obtained by the
classical augmented Lagrangian approach [10]. In this approach the original system
is replaced by an equivalent one with coefficient matrix

A+uBBT BT

B o |- (2.10)
where p > 0 is a parameter. Here we assume that A is positive semidefinite, and B
has full row rank with ker(A4) Nker(B) = {0}. Note that A + uBBT is symmetric
positive definite for all 4 > 0. The condition for the reality of the eigenvalues can
always be satisfied by taking u sufficiently large. Indeed, the largest eigenvalue of
B(A + uBBT) BT tends to zero for u — oo, while

uT Au

uEkeI:(lg}\{o} uTy

lim Apin(A 4+ uBBT) =
H—>00

see [10, Prop. 2.3]. The choice of an “optimal” value of u requires a delicate balancing
act between the conditioning properties of the (1,1) block in (2.10) and the rate of
convergence of iterative solvers applied to the whole system (2.10). We refer the
reader to [10] for details; see also [15] for a recent study.

It may happen that the symmetric matrix A has multiple eigenvalues. Next, we
show that this property is partially inherited by the matrix M_.

PROPOSITION 2.10. Assume that B has full rank and that M _ is diagonalizable.
Let p be an eigenvalue of A with multiplicity k > m. If range(B) does not include
an eigenvector of A not associated with p, then M_ has an eigenvalue A = u of
multiplicity at most k —m with a complete set of orthogonal eigenvectors. If range(B)
includes an eigenvector of A not associated with u, then the multiplicity of A = p may
be higher.

Proof. Let A = [Q,, @2]diag(ul), ¥)[Q,, Q2] be the eigenvalue decomposition of
A, with [@,, Q2] orthogonal and ¥ — I nonsingular. Let 2 = [u; v] be an eigenvector
of M_ satisfying Bu = 0,v = 0 and let Z be a matrix with orthonormal columns
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spanning the null space of B, so that u = Zd for some vector d. Then from (2.2) we
obtain Au = A\u with u = Zd. We have

(1QuQ% + Q2YQ7 )u = Au
(u(I — Q2Q3) + Q2¥Q3)Zd = \Zd
Q2(¥ — uI)Q3 Zd = (A — p)Zd
Z7TQa(¥ — pI)Q3 Zd = (A — p)d.

The matrix Z7Qo(¥ — uI)QY Z is singular, and its null space has dimension equal
to dim(ker(QZZ)) > n —m — (n — k) = k — m. Since the matrix is symmetric, the
corresponding vectors d can be taken to be orthogonal, so that u = Zd will also be
orthogonal. If range(B) does not include an eigenvector of A not associated with g,
then QT Z has full (row) rank, so that dim(ker(QIZ)) =k —m. O

The proof above shows that multiple eigenvalues equal to y may arise if there are
eigenvectors of M_ of the form [u; 0], with Bu = 0; cf. Proposition 2.2. The result of
Proposition 2.10 is a significant generalization of Lemma 2.2 (ii) in [9].

2.2. Bounds for the eigenvalues of M_. In this section we derive some simple
bounds for the eigenvalues of M_.

PROPOSITION 2.11. Assume A = AT is positive definite, C = CT is posi-
tive semidefinite, and BT has full rank. Let () [u;v]) be an eigenpair of (2.4) with
[[w;v]|| = 1. Then

1. If S(A) # 0 then ||lul|? = ; = ||v||* and

1 (u*Au va), (2.11)

A) =
® 2<u*u + v*v
so that

%()‘min(A) +)‘min(0)) < §R()\) <

2. If 3(A) =0 then
A= — T =7 (2.12)

so that either
2min{Amin (4), Amin (C)} < A < max{Amax(4), Amax(C)}, (2.13)
(case v #0), or
)‘min(A) < A < )\maX(A)
(case v =10).
The same result holds if BT is rank deficient with C positive definite on ker(BT).
Proof. A straightforward application of Bendixsons’ Theorem [17, p. 69], shows

that for any eigenvalue A of M _, the following bounds on the real and imaginary part
of A hold:

Min{Amin(A4), Amin (C)} < R(A) < max{Amax(4), Amax(C)}, [S(N)]| < Omax(B).
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Note that these bounds hold for any A = AT, C = CT, and B. Consider now the
equations in (2.2) and (2.3). We note that it cannot be u = 0, otherwise, since BT
has full rank, the first equation would give v = 0, which cannot be. (If BT is rank
deficient, then v = 0 implies that \ is a nonzero eigenvalue of C.) We can thus assume
u # 0. For v = 0, Proposition 2.2 applies, therefore A € R.

Let A = A1 +iX2, with A1, A2 € R. Multiplying (2.4) from the left by (u*,v*), we
obtain

u*Au + v*Cv — X = —u*BTv + v* Bu.

The real part yields \; = u*Awu + v*Cv, which proves the result for the real part
of the eigenvalue, since ||u||? + ||[v]|> = 1. In particular, for Ay # 0, it also holds
lul® = [lol? = £. 0

REMARK 2.12. For C = O, complex eigenvalues can be further bounded (cf. [25]).
The property ||u|| = ||v|| together with —Bu = Av, yields

[l Bull

MM =
A=

< [|B]| = omax(B)-

We note that when the eigenvalues are all real and positive, it becomes possible
to use the Chebyschev algorithm instead of a symmetric Krylov solver applied to M
or a nonsymmetric Krylov solver applied to M_. This may be advantageous on par-
allel architectures, since the Chebyschev algorithm does not require inner products, a
communication-intensive operation. In order to use the Chebyschev algorithm effec-
tively, estimates of the smallest and largest eigenvalues are needed: a ~ Apin(M-_),
b & Apax(M_) (with a > 0). Upper bounds are not difficult to obtain, but lower
bounds may be more problematic. Proposition 2.11 may be useful to derive bounds;
note, however, that when C = O the lower bound from part 2 of Proposition 2.11 is
generally 0. A similar difficulty arises in eigenvalues estimates for M, , see [22].

3. Working with a definite inner product. In this section we discuss condi-
tions for the existence of an inner product in R"*™ with respect to which M_ (with
C = 0) is symmetric positive definite and therefore, in particular, diagonalizable.
We also discuss the practical advantages of introducing a proper inner product for
analyzing the convergence of Krylov subspace linear system solvers with M_.

Consider the symmetric matrix

[ A-~I BT
o= 43" %)

It is immediate to verify that M G = GMZ for any . The following result shows
that under certain conditions G is positive definite, and therefore it defines the sought
after inner product.

PROPOSITION 3.1. Let A be symmetric and positive definite. Let vy = %/\min (4).
If Amin(A) > Amax(BA 1BT), then G is positive definite and M _ is diagonalizable.

Proof. We prove the result by showing that under the given hypotheses, all
eigenvalues of G are positive. Writing the eigenvalue problem Gz = 6z blockwise and
using 27 = [zT,yT], we obtain

(A—~I)z + BTy = 62, Bz + vy = 6y.
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If =« then § > 0. If § # y from the second equation we obtain y = (§ — v) "' Bz.
Note that it must be z # 0 for otherwise § = 7. Substituting into the first block
equation and multiplying by 27 we obtain the following quadratic equation in :

0?zTx — 027 Az + y2T Az — y*2T2 — 2T BT Bz =0, (3.1)

whose (real) roots are

1zTAz | 1 zT Az >  2TBTBz
0y =-———=+ - ——2 4—- 3.2
T2 Ty 2\/( zTz 7) R g (3:2)

Clearly, 64 > 0, while

1zTAz 1 zT Az 2 zTBT Bz
0_>0 & —————= —2 4——>0
” 2 2Tz 2\/( zTz ’Y) L

T Az zT Az 2 zT BT By
o > I

zTx zTx zTx
T T RT
z' Az o 2"B"Bzx
< Tz >+ T To (3.3)

zT Az

Dividing by ©* and setting (

1 _1
zTAz)—l zT BT Bz — zTBT Bz — ¢"TA"2BTBA 3¢ with
zTz zTz zT Az qTq ’

q = Az, the condition (3.3) above can be rewritten as

, Tl ¢TA"3BTBA g

A
1> A, o (3.4)

We now set v = 1 Anin(A). If Amin(A4) > 4Amax(BA™*BT), we have

T T A—-3RpT -1
g T g A 2B*BA2q 1 N 1 1T
< —Amin A ——— max BA™'B
1 1 1
< Z)\min(A) + Z)\min(A) — iAmin(A) =7-

The condition (3.4) is satisfied, so that _ > 0 and all the eigenvalues of G are positive.
It follows from M_G = GMT with G symmetric positive definite that

G M_G* =G *(GMT)G 3.

Therefore M _ is similar to a symmetric matrix and thus is diagonalizable. O

When A = nl, the matrix G given above reduces to the one given in [9]. Note
that the condition Amin(4) > 4Amax(BA™'BT) cannot be relaxed, in general. For
example, the matrix

satisfies Amin(A4) = 4 \max(BA 1 BT) and therefore has real positive eigenvalues (both
equal to 1). However, M_ is not diagonalizable. We also stress that the condition of
Proposition 3.1 is sufficient but not necessary; as an example, the matrix in (2.7) has
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real and positive eigenvalues, is diagonalizable, but it does not satisfy the condition
Amin (4) > 4\ pax (BA™IBT).

Again, a diagonalizable matrix can always be obtained by using the augmented
Lagrangian approach with y > 0 sufficiently large. Incidentally, we note that the
condition number of the matrix of eigenvectors of (2.10) tends to 1 as u — co. Indeed,
the eigenvectors of (2.10) tend to those of a symmetric matrix as u — oo, and thus
become orthogonal in the limit.

Under the hypotheses of the previous proposition, we can estimate the condition
number of the positive definite matrix G in terms of the positive definiteness condition.

COROLLARY 3.2. Let A be symmetric and positive definite, v = 1Amin(4) and
Amin(4) > 4 max(BA™IBT), so that p:= Ly — Apax(BA™BT) > 0. Then,

2
Amax(G) _ 1 dmax(4) Amax(4)
/\min(G) -2 P p

k(G) =

(1 + /(1= k(A)1)2 + 1) ~ (3.5)

Proof. Let 6 > 0 be an eigenvalue of G and set Amin = Amin(4), Amax = Amax (4)
for short. From (3.2) we obtain

0 < leAz 1+ - Tz \? +4xTBTB.z' Tz
Ty zT Az 2T Az zTAzx

Ama (14 /I = K(A) P +1).

For the lower bound, using (3.1) and dividing by 7 Az we obtain

s TTT PSP Tz n T BT Bz
oTAz T T Az 2T Az

zTz +1 + 1 zT BT Bz T
2TAz 27

1 _a'B"Bz\ _, . ,a'w
27 2T Az a VT Az

62 (3.6)

T4
0+ 1/4Amin, while using p > 0 the left-hand side of (3.6) can be estimated from below

as 22’z %'y + (%'y — LBTBZ) > 02 o %'y +p2> %'y + p. Collecting the two

zT Az zT Az zT Az

estimates for the equality above and recalling that 1/4Apm, = 1/27 yields

The right-hand side in (3.6) can be bounded from above as 6++2 sz’”w < 0+9%/Amin =

1 1
§7+pS9+Zx\mm, or PSG

This result provides the lower bound for €, from which the final result follows. The
approximation in (3.5) holds for x(A) large. O

Let us now assume that the conditions of Proposition 3.1 are satisfied so that
G is SPD and M_ is diagonalizable with real, positive eigenvalues. Let A, X be the
eigenvalue and eigenvector matrices of M_, respectively. Then we have

M X=XA & GM_X=GXA & MTGX =GXA.

Therefore, the matrix GX is a left eigenvector matrix for M_. Moreover, since G is
SPD and MTG is symmetric, with A diagonal and positive, the columns of X are
G-orthogonal, that is it holds X7GX = D with D diagonal and positive definite. In
particular, we have X7 = GXD~1.
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We want to characterize the role of G in the convergence of Krylov subspace
solvers applied to linear systems of type M_z = b. We start by observing that
1 1
G2 XD 'XTG3 = I, so that, for any vector w € R**™ we have

|ID2X w|| = D2 XTGu| = |(D" 2 XTG?)G2w| = |G2w] = |wlle. (3.7)

Let r,,, be the residual obtained by a Krylov subspace method in K,,(M_,ry), with
ro = b— M_zp and 2o an initial approximation. Then r,, = p(M_)re for some
polynomial p of degree not greater than m. Since M_ is diagonalizable, we have
rm = Xp(A)X ~1rg, or, equivalently,

Xy =p(M)X "y & DEX"lr, = p(A)D%X_lro,
with ||[DzX~1r,|| < |[p(A)|| ||D2 X ~1rol|. Using (3.7) we obtain
. 1
Irmlle < [lp(A)[lllrolle  from which  |Irp[| < £(G)2[lp(A)[| lIroll-  (3.8)

Therefore, the convergence rate of the considered method can be completely analyzed
in terms of the conditioning of an appropriate SPD matrix G, and in terms of the
behavior of the polynomial p on the set of the (real) eigenvalues of M_.

The second bound in (3.8) should be compared with the classical bound [|r,,| <
IX 1] 11X =2l|lp(A)|| ||rol| for general diagonalizable M_ (see, e.g., [23]), where the con-
ditioning of the eigenvector matrix and its estimate play a crucial role in the sharpness
of the convergence bound. Thanks to (3.7) we have been able to replace || X || || X |
with a more insightful quantity, the conditioning of G. If a good estimate of Apin(A)
is available, then the Conjugate Gradient method may be employed for solving sys-
tems with M_ by using the inner product defined by G. Note that multiplications
with G do not entail significant extra computational cost, since G can be written as
G = M, — vJ, and products with M are already available during the iteration.

In the absence of a definite inner product, Theorem 2.1 still ensures that the
eigenvector matrix is J-orthogonal, that is

X*JX =S, (3.9)

where S is block diagonal with 2 x 2 blocks. More precisely, the 2 x 2 blocks that

are not diagonal are associated with complex conjugate eigenpairs (), z) and (), Z),

for which it holds z*Jx = 0 and Z*Jz # 0. For real eigenvalues, the corresponding

portion of S is diagonal with nonzero diagonal elements. This is the case also for

multiple real eigenvalues, since we assume that M_ is diagonalizable [14, p. 36].
Setting « = [u;v], ||z|| = 1, for real eigenvalues we define the quantity

spi=a*Jz = |[ul]> = ||v|* € R
If )\ is a non-real eigenvalue, then ||u|| = ||v||, and we define
$c:=%"Jrx =0 "u—0"v eC.

Therefore, the matrix .S has the following structure,

S1(A1)
Sa(A2)

sr(An+m— 1)
sr(/\n+m)
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where at most m diagonal blocks Sy, ...,.S,, are associated with complex eigenvalues
(cf. Proposition 2.3). Using (3.9), we have X! = S~1X*J, therefore the condition
number of X can be written as

XX =X S XTI < 1IX[PIS I

Clearly, a possible ill-conditioning of X depends on ||S~!||, but may also depend on
the dimension of the problem with || X||. Our (somewhat limited) numerical experi-
ence seemed to indicate that the problem dimension did not play a significant role.
Nonetheless, a complete spectral analysis in the presence of nonreal eigenvalues re-
mains to be done. Finally, a short-term recurrence method such as simplified QMR
may be exploited by using either the J-symmetry or the G-symmetry of matrix M_
[11].

4. An example: the Stokes problem. In this section we use saddle point
systems arising from the classical Stokes problem to illustrate our theory. Let Q C R¢
(d = 2,3) be bounded and have a sufficiently smooth boundary I'. A fundamental
problem in fluid mechanics is the so-called generalized Stokes problem [12, 29]:

ou—vAu+Vp=f in Q (4.1)
V-u=0 in Q (4.2)
Bu=g onT. (4.3)

Here f is a given external force field (like gravity), u denotes the velocity vector field,
p is the pressure scalar field, and B represents some type of boundary operator (e.g.,
a trace operator for Dirichlet boundary conditions). The parameter « is zero for the
steady-state Stokes problem, and proportional to 1/At (where At is the time step)
in the unsteady case when the time derivative u; is treated by implicit schemes, such
as backward Euler. The constant v > 0 represents viscosity; if & = 0, we can always
rescale the problem and assume that v = 1.

Div-stable discretizations of the Stokes system (such as MAC, or mixed finite
element methods satisfying the LBB condition [7]) lead to linear systems of equations

of the form
[g %T][g]z[g], or Myz=b. (4.4)

Here A is positive definite and is a direct sum of d matrices of the form F' = a M, +v L,
where M, is a (velocity) mass matrix (or a scaled identity for finite difference schemes
like MAC) and L represents a discretization of the (negative) Laplacian. Moreover, B
is a discrete divergence operator and B” a discrete gradient. Unless some additional
condition is imposed on the pressure (e.g., [, pdz = 0), BT is rank deficient with
a one-dimensional null space ker(BT) = span{e}, where e is the vector of all ones.
For unstable discretizations a stabilization term C' is added, leading to a coefficient
matrix of the form M, , with C positive semidefinite, C # O. Let us now consider
the associated nonsymmetric matrix M_. Numerical experiments reveal that for a
number of spatial discretizations of the generalized Stokes problem (under a variety
of boundary conditions), the eigenvalues of M _ are all real (and, of course, positive),
provided that the viscosity v is not too small. In particular, the eigenvalues are all
real when o = 0 and v = 1. Furthermore, M_ is diagonalizable. Indeed, the matrix
G described in section 3 is SPD and therefore a conjugate gradient-type method (i.e.,
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a Krylov subspace method based on short recurrences) exists for this problem. To our
knowledge, such properties of the spectrum of M_ have not been explicitly observed
or proved before. Some analysis has been given in [25], but neither the reality of the
eigenvalues nor the diagonalizability property for the discrete Stokes problem were
noted there.

The fact that M_ is diagonalizable and has all the eigenvalues positive and real
can be explained by applying the general results in sections 2.1 and 3. Consider
for instance the case where @ = [0,1] x [0,1]. Assuming zero Dirichlet boundary
conditions, the smallest eigenvalue of the (negative) Laplacian is given by Amin =
272 = 19.74. Therefore, for a sufficiently fine spatial discretization, the smallest
eigenvalue of the (1,1) block A4 in M_ satisfies

Amin(4) ~ a + 2vn® & a + (19.74)v.

For the stationary Stokes problem we can take a = 0, v = 1; for a div-stable dis-
cretization (like MAC) we have ||S|| = 1 and the reality condition (with C' = O) is
clearly satisfied, since 19.74 > 4. For unstationary problems the reality condition will
be satisfied subject to certain restrictions on «, v. It is easy to see that for a fixed a,
it is ||S|| ~ v~ ! and the reality condition, for A sufficiently small, is o + 2v7w? > 41,
(In practice, we found that the eigenvalues are all real even for the coarsest meshes,
e.g., for h = 0.25.) The condition is certainly satisfied if v > /2/m =~ 0.45. Also,
for a fixed v the eigenvalues will be all real provided that « is large enough, i.e., for
sufficiently small time steps. Similar conclusions apply to the case C = 8I,,, 5 > 0
and in fact also for more general forms of the stabilization term. Under the hypothe-
ses of Proposition 3.1, the convergence of Krylov subspace methods applied to the
nonsymmetric formulation may be fully described in terms of the spectrum of M_
and of Gj; ¢f. (3.8) and the discussion around it.

We also performed a few numerical experiments aimed at verifying the bound on
k(@) given in Corollary 3.2, and we found that the upper bound and its approximation
are indeed pretty good estimates of the spectral condition number of G. The results
are reported in the table below.

grid k(G) Bound Estimate GMRES(M_) MINRES(M;)
size in (3.5)  in (3.5) # its # its
8§ x 8 91 193 161 65 65
16 x 16 337 703 584 148 149
32 x 32 1291 2667 2211 352 391
64 x 64 5040 10364 8587 783 852

For the sake of completeness, in the table we also report the number of GMRES
and MINRES iterations to solve with M_ and M, respectively, for a final residual
tolerance of 106, The asymptotic rate of convergence of MINRES when applied to
the considered Stokes problem with M, is known to be 1 — ch®/? (see [32, formula
(5.3)]), where h is the mesh size and c¢ is a modest constant. This is confirmed
by our experiments, that show a superlinear increase in the number of MINRES
iterations. For the case of M_, the number of iterations becomes lower than for
MINRES when refining the grid. Using (3.8), we can see that the GMRES minimum
residual polynomial p satisfies

Il <2 (V)
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where k37 = Amax(M_)/Amin(M_) > 1. Using (2.13), kyr = k(A) = a>h~2, for some
positive constant a, so that

VEmM =1\  [+/K(4) -1 _a—h_1 2h
(\/W+1>N Ve@A) +1) a+h T 1+R

This last quantity represents the asymptotic rate of convergence for the 2-norm of the
residual in (3.8), since k(G)'/™ — 1 as m — oco. Clearly, we do not advocate using
GMRES with M_ for practical purposes, as sub-optimal but cheaper methods should
be preferred; see the discussion in section 3. Nonetheless, the results above show that
for fine grids, working with M_ may provide some advantages, since 1 — 2h/(1 + h)
is smaller than 1 — h3/2 for 0 < h < 1. A more detailed polynomial approximation
analysis of My and M_ for A = nI,, can be found in [8].

5. Applications to preconditioning. As already mentioned, the linear system
(4.4) can be solved using Krylov subspace methods for symmetric indefinite problems,
such as MINRES or SYMMLQ [20]. Preconditioning, however, is mandatory for fast
convergence. In the last several years, a number of preconditioning techniques have
been developed for solving saddle point problems; see [5] for a survey. Among the most
popular techniques we mention block diagonal, block triangular, and indefinite (con-
straint) preconditioners. We further mention preconditioners specifically developed
for the nonsymmetric formulation

4 2[4

see [3, 4, 25]. In the remainder of this section we use our general framework to analyze
spectral properties of the preconditioned matrices corresponding to various types of
preconditioners.

5.1. Block diagonal preconditioning. Both MINRES and SYMMLQ can be
used with preconditioning, provided that the preconditioner is symmetric positive
definite. The preconditioned matrix is then congruent to the unpreconditioned one,
and therefore it has the same number of positive and negative eigenvalues as the latter
matrix (Sylvester’s Law of Inertia). Descriptions of SPD preconditioners for saddle
point problems can be found, for example, in [5, 7, 19, 21, 22]. These preconditioners
are block diagonal matrices of the form

P+=

QA =y
n) Q

where A and S are symmetric positive definite approximations to 4 and S = C +

BA~'BT, respectively. In the case of the generalized Stokes problem, spectrally

equivalent approximations A and S are known that lead to asymptotically optimal

preconditioners, i.e., preconditioners that result in rates of convergence independent
of the discretization parameter h; see, e.g., [6, 7, 18, 26].

One can also consider indefinite block diagonal preconditioners of the form
A O
=10 _3 ] ’




Eigenvalues of Saddle Point Matrices 15

in which case the preconditioned matrix may have nonreal eigenvalues. Precondition-
ers of the form Py with A = A (n > 0) and S ~ S (a symmetric and positive
definite approximation to S) have been studied in [9] for the case C = O. If L de-
notes the Cholesky factor of A and L, the Cholesky factor of S , then symmetrically
applying the preconditioner Py and dividing through by 7 results in preconditioned
matrices of the form

nl, BT
+B O

)

where B = L;'BL~T. The nonsymmetric matrix M_ has all its eigenvalues real and
positive provided that

n* > Amax (L 1SL;T).

We consider two extreme cases. If L, is the exact Cholesky factor of S = BA~'B7T,
a sufficient condition for the eigenvalues to be all real and positive becomes simply
n > 2. If, on the other hand, Ly = I,, (that is, S = I,;,), then we have that the
condition for real eigenvalues is 72 > 4A\nax(S). For div-stable discretizations of the
Stokes problem (see section 4) we can assume A\nax(S) = 1 and therefore a sufficient
condition for a real positive spectrum is, again, n > 2. Also, n > 2 guarantees that
the preconditioned matrix is diagonalizable. These conditions are sufficient, but not
necessary; in practice, a real spectrum may occur for smaller values of . However,
our bound is quite sharp for Stokes: in [9], it was found that a real spectrum occurred
for n > 1.9862.

It was shown in [9] that the choice of n has little effect on the convergence of
Krylov methods preconditioned by block diagonal preconditioners of the form Py. In
the same paper it is shown that it is more efficient to use MINRES with the positive
definite preconditioner Py than a method like QMR or GMRES with the indefinite
preconditioner P_.

5.2. Inexact constraint preconditioning. Constraint preconditioners are an-
other important class of preconditioners for saddle point problems; see [5, section
10.2] for a survey. In this case MINRES or SYMMLQ should be replaced by a Krylov
method that can accommodate symmetric indefinite preconditioning, like simplified
QMR [11]. In alternative, a nonsymmetric Krylov subspace method like GMRES [24]
or Bi-CGSTAB [30] can always be used, but these algorithms do not exploit symmetry
in the system or in the preconditioner.

Constraint preconditioners usually take the form (for the case C' = O)

A BT
B o0 |’

|

where A is an approximation of A. This type of preconditioner is particularly efficient
when A represents the discretization of a zeroth order operator such as the mass
matrix. In this case, simply taking A = diag(A) yields an effective approximation for
the (1,1) block. Here we assume the problem has been scaled so that diag(A) = I,
and we let A = I,,. We write the inexract constraint preconditioner as

[, o1[L o I, BT T
PI_[B ImHO —HHO Im]’ H~BB",
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and H symmetric and positive definite. (For H = BBT we obtain the exact constraint
preconditioner, which is often too expensive to be practical.) Then the eigenvalue

problem
A BT x] [x]
= \P,
[B OHy "Ly

olle w]li]=ls &)

|

can be written as
I, O A
-B I, B
v| |I, B
where [ v ] = [ 0 I

yields
| saon sen e [ u]=2[ 6 S]lu] 6o

a generalized eigenproblem of the form (2.9) if B(2I,, — A) BT is a positive semidefinite
matrix. Note that this last condition can be fulfilled by scaling A so that all its
eigenvalues are not larger than 2. Next, we employ the results of Proposition 2.11
to obtain bounds for the eigenvalues of the preconditioned matrix P; ' M. To the
best of our knowledge, these appear to be the first quantitative spectral bounds for
P 1M+, when P; is an inezract constraint preconditioner, namely when H # BBT.

COROLLARY 5.1. Let A be an eigenvalue of the pencil (M, Pr) and let H = RTR
be the Cholesky factorization of H. Assume that the matriz B(2I,, — A)BT is positive
semidefinite, and let S = R-TB(2I,, — A)BTR™'. Then

1. If () # 0, then

[ z ] Explicitly computing the left-hand side matrix

m

S| < I(Zn — A)BR ],
1

2 Cunin(4) + Ain(8)) < RO) < 2 Ohmax(4) + Anax(8))

2. If (X) = 0 then either
2Inin{)‘min(fl)’ )‘min (S)} S )‘ S ma'x{)\max(A)a Amax(S)}

for v #0, or Amin(4) <X < Anax(4) for v =0.

Proof. The proof immediately follows from Proposition 2.11 applied to the pencil
in (5.2). O

We show the qualitative behavior of these bounds for a 2088 x 2088 linear system
stemming from mixed finite element discretization of the 2D electrostatic problem, for
which the indefinite preconditioner has been shown to be particularly effective [21].
We refer to [21] for a detailed description of the test problem. Here we approximate
BBT of size 816 with RT R, where R is the upper triangular factor of the incomplete
Cholesky factorization of BBT computed using the Matlab function cholinc with
dropping threshold 10~2. The exact eigenvalues of PI_IMJr and the estimates provided
by Corollary 5.1 are displayed in Figure 5.1. The large box shows the location of the
nonreal eigenvalues, whereas the left and right vertical bars next to the real axis,
denoted by a; and as respectively, show the bounds for the real eigenvalues. The
bounds for the imaginary part is only twice the largest imaginary part among the
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bounding box of nonreal eigs

0.5F

VB XN X XK

imaginary part of eigenvalues
=)

-1+

2 1 1 1 1 1
15 2 25

1
real part of eigenvalues

Fi1G. 5.1. Constraint preconditioning. Ezact eigenvalues and bounds as in Corollary 5.1 for the
electrostatic problem. The bounds for real eigenvalues are a1 = 0.0042, a2 = 2.37.

complex eigenvalues. More precisely, referring to the quantities in Corollary 5.1, we
found ||(I, — A)BR™!|| ~ 1.22, while the eigenvalues of A and S are bounded as
0.002 < A(4) < 2.38 and 0.13 < A(S) < 1.69.

Simple algebraic manipulations of the eigenvalue problem in (5.2) provide more

insightful information on the effect of using H to approximate BB”T. Indeed, after
changing sign in the second block row, we can write the left-hand matrix in (5.2) as

A (I — A)BT [ A-I)+1I, (In — A)BT
[ —-B(I, - A) B(2I, — A)BT } [ -B(I, —A) B(I,- A)BT + BBT ]

-| S SG e |+ 6 ser ]

L5 Jum s+ [ 5 ]

Note that in the last expression, the first matrix has rank at most n. By setting
BBT = H + E, the eigenvalue problem (5.2) can be transformed into

(L5 Ja-mem-m[3 2] [ ]-0-n]6 ][]

For H = BBT, that is E = O, we obtain the known result that 2m eigenvalues
are equal to 1, while the remaining (all real) eigenvalues satisfy Au = Au for u # 0
with Bu = 0; see [5, 21] and references therein. For E # O, all eigenvector blocks
u with Bu # 0 may give rise to nonreal eigenvalues, whose imaginary part can be
bounded as in Corollary 5.1. In the eigenproblem above, we can also notice that a
nonzero matrix £ dramatically affects the null space of the low rank matrix, which
corresponds to the eigenvalue A = 1 in the exactly preconditioned problem. This fact
can be appreciated in Figure 5.1, where most complex eigenvalues are perturbations
of the unit eigenvalue, induced by the nonzero matrix FE.
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5.3. HSS preconditioning. Other preconditioners have been proposed specif-
ically for the nonsymmetric formulation (5.1); see [3, 4, 25]. For example, the Hermi-
tian / Skew-Hermitian splitting (HSS) preconditioner [2, 4, 27] is defined as follows.
Let I = I,,4,, and let p > 0 be a real parameter. Define

1
P, = 2—p(H+PI)(K+PI),
where

H=%(M_+Mf)=[A 0], 1 [0 BT]‘

— _ Ty _
o C K=5M--M)=| p o

It was shown in [3] and, under more general assumptions, in [27] that all the eigen-
values of the preconditioned matrix P, ' M are real for p sufficiently small. In [27]
we observed (experimentally) that for the discretized Stokes problem, the eigenvalues
of P’ M are actually real for all values of p > 0. We are now in a position to
rigorously prove this fact.

Let (X, [u;v]) be an eigenpair of the preconditioned problem for C' = O. It was
shown in [27], formula (2.4), that if 8 = A\p/(2 — A), then (6, [u;v]) is an eigenpair of
the problem

[A+%_4;1?BTB BOT][Z]:G[Z]’ (5.3)

and conversely. Hence, the eigenvalues of P~ L M_ are real if and only if the eigenvalues
of the matrix

T =

A+AB'B BT | _[ AF BT
-B o| |-B O

1
], F=1I,+-BTB
P

are real.

Note that F is SPD and commutes with BT B (and so do F~! and F~2). Arguing
as in the proof of Proposition 2.5 (with 8 = 0 and A replaced by AF) we obtain the
equation

0*u —0AFu + BTBu=0

for the eigenvalue 6. Performing the change of variable w = Fu and multiplying on
the left by w* we obtain the quadratic equation

Cw*Fw — bw* Aw + w*BTBF lw =0,

which has real coefficients since F', A and BT BF~! are all real symmetric. The roots
will be real provided that

*Aw \? *BTBF 1
WA ) S 4Y v, (5.4)
w*F—1lw w*F—lw
Letting z = F~2w, we can rewrite (5.4) as
2
(z*F2:4F2z> > 4z*B*TBz. (5.5)
2*z 2*z
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Condition (5.5) is equivalent to

SF3AFS - z*zlaTle :4q*(A‘%F‘%BTBF—%A_%)q’ (5.:6)
2*z 2*F2AFzz qarq

where ¢ = A2 F22. We have

*F3 AF? o 1
: Z*Z : Z )\mm(FEAFE) = )‘miﬂ(AF) = >\min <A + ;ABTB)

and
¢*(A"3F~3BTBF 34 3)q
q*q

< Amax(A"EF ZBTBF 24" %)

1 —1
= Amax (B(AF) ' BT) = A\pax (B (A + —ABTB) BT> .
p
Observing that (for all p > 0) the eigenvalues of BA~'B” are bounded below by
those of B(A + ;ABTB)~'B” and that the eigenvalues of A are bounded above by

those of A + %ABTB, it follows that T satisfies the condition for the reality of the
eigenvalues if M_ does. In particular, for the Stokes problem discussed in section 4
the preconditioned matrix has only real eigenvalues, for all p > 0. We have thus
proved the following result.

PROPOSITION 5.2. Assume the same notation as in Proposition 2.5 holds. If
Amin(A4) > 4 Apnax(BA Y BT), then all eigenvalues of the HSS-preconditioned matriz
P, 'M_ are real, for all p > 0.

Bounds on the eigenvalues of P, ! M_, including clustering results, can be found
in [27]. Finally, we remark that the matrix T' above is symmetric with respect to the
indefinite symmetric matrix

F 0
O —(I+:BBT) |’

so that the theory of the previous sections applies.

6. Conclusions. In this paper we have investigated the spectral properties of
a class of nonsymmetric matrices M_ with a special 2 x 2 block structure. Such
matrices arise in the numerical solution of saddle point problems. We have obtained
sufficient conditions for the eigenvalues of M _ to be real and positive, and for the
matrices to be diagonalizable. In many cases such conditions can be satisfied, at
least in principle, by appropriate scalings or by augmented Lagrangian techniques.
Positive real eigenvalues together with diagonalizability is equivalent to the existence
of a non-standard inner product relative to which M_ is SPD and therefore there
exists a conjugate gradient method to solve linear systems involving M_. We have
given an explicit expression for an SPD matrix G that generates such inner product.
Furthermore, we have derived eigenvalue bounds for M_ and a lower bound on the
spectral condition number of G which can be used to estimate the rate of convergence
of the (non-standard) conjugate gradient iteration. Implications of the theory for
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various types of preconditioners have been discussed. We have illustrated some of our
results using matrices arising from the numerical solution of the generalized Stokes
problem.
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