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DENSITY THEOREMS AND EXTREMAL HYPERGRAPH
PROBLEMS

V. RODL, M. SCHACHT, E. TENGAN, AND N. TOKUSHIGE

ABSTRACT. We present alternative proofs of density versions of some combina-
torial partition theorems originally obtained by H. Furstenberg and Y. Katznel-
son.

These proofs are based on an extremal hypergraph result which was recently
independently obtained by W. T. Gowers and B. Nagle, V. Rddl, M. Schacht,
J. Skokan by extending Szemerédi’s Regularity Lemma to hypergraphs.

1. INTRODUCTION

In 1977, Furstenberg [2] gave an alternative proof of Szemerédi’s celebrated the-
orem [10] regarding the upper density of sets containing no arithmetic progres-
sion of fixed finite length. Refining the techniques of this proof Furstenberg and
Katznelson were later able to derive several other density versions of combinato-
rial partition theorems. The following, which can be viewed as a density version
of Gallai-Witt’s theorem, is one of them (see [3]). We denote by [—N; N] the set
{-N,-N+1,...,N}.

Theorem 1. Let T be a finite subset of R%, and let § > 0. Then there exists a finite
subset C' of R such that any subset Z C C with |Z| > §|C| contains a homothetic
copy of T, i.e., a set of the form z + AT for some z € R? and some X € R\ {0}.

Furthermore, if T C [—t;t]? for some positive integer t, then C = [~N; N|? has
the above property for every sufficiently large N = N (t,d, ).

For a fixed d, the special case of the above result allows us to find a homothetic
copy of a full-dimensional cube [—#;#]? in a dense subset of a sufficiently large
cube [-N; N]¢. Two other results in a similar vein, also due to Furstenberg and
Katznelson [4], address the complementary case when the dimension is allowed to
grow.

Theorem 2. Let F, be the finite field with q elements. Then for every positive
integer d and every § > 0, there exists My = Moy(q,d, ) such that, for M > My,
any subset Z C FY with |Z] > S|FM| = 6¢™ contains a d-dimensional affine
subspace.
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Theorem 3. Let G be a finite abelian group, and let 6 > 0. Then there exists My =
My (G, 8) such that if M > My and Z is a subset of GM with |Z| > §|G|M, then Z
contains a coset of a subgroup of GM isomorphic to G.

The proofs by Furstenberg and Katznelson of the above theorems rely on ergodic
theory and do not yield any bounds on N and M.

The purpose of this note is to present proofs of these theorems based on the
following extremal hypergraph result. We write Kt(k) for a clique of order ¢, namely
the complete k-uniform hypergraph on ¢ vertices.

Theorem 4. Lett and k be fixed integers witht > k > 2. Suppose that a k-uniform
hypergraph H®) on n vertices contains only o(n?) copies ofKt(k) as a subhypergraph.
Then one can delete o(n*) edges of H*) to make it Kt(k)—free.

We will also use the following immediate corollary of Theorem 4.

Corollary 5. Let H*®) be a k-uniform hypergraph on n vertices. Suppose that
for each edge H of H'®) there exists precisely one clique K,g?l in H*®) which con-
tains H. Then |E(H"™)| = o(n*) (where E(H®)) denotes the edge set of the
hypergraph H*) ).

Proof. Since every edge of H*) sits in precisely one copy of K ,(Ji)l, the number of

copies of K,(Clj_)l in H®) is |[E(H®)|/(k+1) < (})/(k+1) = o(n**1). By Theorem 4
(applied with ¢ = k 4 1), we can delete only o(n*) edges of H*) in order to make
it K ,(Ci)l—free. On the other hand, we need to remove at least one edge per clique,

that is, at least |[EF(H®*))|/(k + 1) edges. Therefore, |E(H*))| = o(n*). O

Theorem 4 is a consequence of the method independently developed by Gow-
ers [5] and Nagle, R6dl, Schacht, and Skokan [6, 8]. This method is based on an
extension of Szemerédi’s Regularity Lemma [11] from graphs to k-uniform hyper-
graphs. The formal proof of Theorem 4 is given in [7]. The proof of Theorem 4 is
purely combinatorial and combined with the arguments below give the first quan-
titative proofs of the density theorems stated above (Theorem 1-3).

The essential part of the reduction of Theorem 1 to Corollary 5 was already
discovered by Solymosi in [9]. We present this proof in Section 2 (see also [5]).

Our proof of Theorem 2 and Theorem 3 extends an idea of Frankl and Ro6dl
from [1].

2. PROOF OF THEOREM 1

In this section we present a proof of Theorem 1. We first prove the special
case when the finite configuration T is a subset of the integer lattice (see Lemma 6
below). This proof of Lemma 6 is based on Corollary 5 of Theorem 4. This reduction
was first considered by Solymosi in [9].

Lemma 6. For all positive integers t, d and every § > 0, there exists Ny =
No(t,d, ) such that for N > Ny any subset Z C [—N; N|* with |Z| > §(2N + 1)¢
contains a homothetic copy of [—t;t]¢.

Proof. Suppose, on the contrary, that there exists Z C [~N; N| with | Z| > §(2N +

1)¢ which contains no homothetic copy of [~#;#]4. Set k = (2t + 1)4 — 1 and
W = Z x [-N; N]*=¢. Then |W| > §(2N + 1)*. We shall show that W contains



DENSITY THEOREMS AND HYPERGRAPH PROBLEMS 3

no homothetic copy of a simplex S defined below, but this contradicts Corollary 5
as we will see.
Let eg, eq, ..., ex denote all the elements of [—t;¢

e():(o,(),...7())7 e :(170,...,0),...,ed:(0,07...,1).
(We do not need to specify e; for i > d.) Fori =0,...,k —d, set (k — d)-tuples
Fo=1(0,0,...,0), f; = (1,0,...,0),..., frq=1(0,0,...,1).
Let us define a k-dimensional simplex S with points {sq, ..., sx} by

(ei7f0) if Z':O7...7d7
S; —
(e, fig) if i=d+1,... k.

14 where

Since Z contains no homothetic copy of [—t;t]4, W contains no homothetic copy
of S. Let {Fp,..., Fi} be the facets of S, and for i = 0,...,k let V; be the set of
all hyperplanes in R* which are parallel to F; and intersect [—N; N]¥.

Let us show that |V;| = O(N) for each i. A normal vector w = (wy,...,wy) of a
facet (which is an affine span of k vectors among s, ..., S;) is a non-zero solution
of the system

ri-w=0 1=1,....k—1
where each r; is a difference of 2 distinct s;’s and hence is an integer vector whose
coordinates have absolute value less than 2¢.

Therefore we may assume that the w; are given, up to sign, by determinants of
integer matrices whose entries are coordinates of r;’s. Hence |w;| does not exceed
(k — 1)!(2t)*—1. Consequently the hyperplanes of the form

w & =wi& Fwebo + -+ wpky =0,

where b is an integer so that |b] < k!(2t)*~1 N, cover all the points € = (£1,...,&;) €
[-N; N]*. We conclude that at most 2k!(2t)*"'N 41 = O(N) hyperplanes parallel
to the given facet are needed to cover all the points of [—N; N¥.

Next we are going to define a (k + 1)-partite k-uniform hypergraph H® with
vertex partition VoU---UVy. Let H be a set of k vertices of H(*) with the property
|[HNV;] <1 for all i. Then those k hyperplanes corresponding to H determine a
point p € R*. We put H in H® if and only if p € W.

Each H € E(H™) determines a point p € W. On the other hand, for each
i=0,...,k, each point p € W determines a vertex v € V;, which corresponds to
a hyperplane parallel to F; and passing through p. In this way, p determines the
k + 1 vertices of a clique K,(Cﬁ_)l in H®).

Suppose that k + 1 hyperplanes determined by a clique K lglj_)l do not meet one

point. Then these planes define a simplex homothetic to S in W, which is a contra-
diction. Thus every clique K ,(j_)l must determine a point p € W. This means that

for every H € E(H®)) there is precisely one clique K ,(f:l which contains H. This
implies that |[E(H®)| = (k+1)|W|. Finally, we have |IW| = o(N*) by Corollary 5.
This contradicts our earlier assumption |W| > §(2N + 1), O

‘We now deduce Theorem 1 from Lemma 6.

Proof of Theorem 1. Let § > 0 be given. Let T be a finite subset of R?. Let r =
r(T) be the Q-dimension of T, i.e., the largest number of linearly independent
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vectors of T over Q. Choose r such vectors wi,...,w, € R? so that T C Zw, +
-+ + Zw,. We define the map v: Z" — R?

(aty...,a0) — arwy + -+ + arwy .

Since wy,...,w, are linearly independent over QQ, the map v is injective. Now
choose a positive integer ¢ large enough so that ¥ ~(T) C [~t;t]" and define N =
No(t,r,6) by Lemma 6. Let C' = ¢([-N;N|"); if Z € C and |Z] = [¢~1(2)] >
3|C] = 6(2N + 1)", then ¢y ~1(Z) contains a homothetic copy of [—t;t]", say 2z’ +
A[—t;t]" for some 2z’ € [-N;N|" and some A > 0. Thus Z D (2’ + A\[-¢t;t]") =
(Z') + Mp([—t;t]") D P(2") + AT, as required. O

3. PROOF OF THEOREM 2 AND THEOREM 3

The following lemma, Lemma 7, is more general than Theorem 2 and Theorem 3.
Its proof elaborates on a construction first considered by Frankl and R6dl [1, Propo-
sition 2.3].

Lemma 7. Let A be a finite, commutative ring with q elements. Then for every § >
0, there exists My = My(q,d) such that, for M > My, any subset Z C AM with
|Z| > §|AM| = 5¢™ contains a coset of an isomorphic copy (as an A-module) of A.

In other words, there exist v, uw € AM such that v + o(A) C Z, where ¢: A —
AM p(a) = au for a € A, is an injection.

Remark. We later only use Lemma 7 for a commutative ring A. We remark that
commutativity of the ring A is not used in the proof below. In fact, the proof below
works verbatim for an arbitrary finite non-commutative ring and left modules, as
well.

Proof of Lemma 7. Let ¢ = |A| and let a9 = 0, oy = 1, ag,...,q—1 be the
elements of the ring A. Let V = A™ and suppose Z is a subset of V' which does not
contain a coset of an isomorphic copy of A. We shall define a g-partite, g-uniform
hypergraph H (9 whose vertex partition classes Vj, . . ., Vy—1 are disjoint copies of V.
For vy,...,v4—1 €V and z € Z, let

q—1
}1'(172,...,1)q_1,,z):(h,07...,hq_1)El—IVi7 where

1=0
z+ 300, ajv; if i=0
h; = z—l—zg;%(aj—l)vj if i=1

v; if i=23,...,q—1.
Set
E(HD) = {H(va,...,v41,2): Va,...,0,1 €V and z € Z}. (1)

(Since, H'9 is g-partite and g-uniform we may view its edges as ordered g-tuples
as defined above.) Clearly, H(® has ¢|V| = ¢™*! vertices and ¢"(9~2?)|Z| edges.
Consequently, Lemma 7 follows from Claim 8 below. O

Claim 8. Let H'9 be the hypergraph defined in (1), then |E(HD)| = o(g™a—1).
Proof. First we verify that
|Hy N Hy| < q—2 for any distinct edges H;, Hy € E(H?). (2)
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For that let Hy = H(vs,...,v4-1,21) and Hy = H(ws, ..., wq_1, 22) be a pair of
distinct edges in H(9). Tt is easy to see that if they intersect in ¢ — 1 points, we
must have v; = w;, 2 <i < q— 1, and z; = zo, which implies H; = Hs.

Let F(q) be the g-uniform hypergraph on 2q vertices ag, . ..,aq-1, Do, ..., bg—1
and g edges F; = {ao,...,ai—1,bi,ai41,...,aq-1} for i = 0,...,9 — 1. We shall
show that H(? contains only “few” copies of F(q) (see (14)).

Suppose that aq,...,a,_1,bo,...,by_1 are the vertices of some F(q) in H(?,
with a;, b, eV,
We first consider Fy = {bg,ai,...,aq-1}. There are va,...,v4—1 € V and
z' € Z such that Fy = {bo,a1,...,a4-1} = H(va,...,v,4_1, 2") and consequently
-1
bo = Z/ + Zq Oéj’Uj 5 (3)
=2 + ZJ . 1), (4)
a;=v;, for i=2,...,¢q—1. (5)
Next, we consider F; = {ao,b1,a2,...,a4-1}. Since Fo N F1 = {as,...,a,-1}
by (5) we have Fy = H(va,...,v4-1,2") for some z” € Z such that
q—1
ag = z// + ijg ;v , (6)
q—1
by = 2" + ijQ(aj — v, . (7)
Similarly, for 2 <14 < ¢ — 1, we infer that F; = {ao,...,a;—1,b;,a;41,...,aq-1} =
H(va,...,0i—1,W;,Vit1,...,Vq-1,%;) for some w; € V and z; € Z such that
ag = z; + a;(w; — v; +Z ozjfuj7 (8)
a1 =z + (v — 1) (w -—'vl—l—z (aj — 1wy, (9)

From (6) and (8) we infer that for 2 < ¢ < g — 1 we have

2=zt a(w; —v;) = 2’ —z;=a;(w; —v;). (11)

Moreover, comparing (4) and (9) yields

Z=zi+ (i — )(w; —v;) <= 2 —z;= (s — 1)(w; —v;) (12)
for 2 <4 < ¢ — 1. Combining equation (11) and (12) for 2 < i < g — 1 gives

a2 —z)=(a; = 1)(2" —2z;) &= z;=;(z' = 2")+2". (13)
Note that the last equation also holds for i = 0, 1 with 29 = 2" and z; = 2/, since
ap = 0 and a3 = 1. We also observe that due to (3), (6), and ag # by we have
2 # 2.

Now let
Airreg ={a € A: ab =0 for some b € A,b# 0}

be the set of zero-divisors in A and set ¢ = |Ajrreg|- Since 1 € Ajyyeg, t < q. If
u=2z —2"¢ AL, then p: A — AM given by p(a) = au is an injective A-
module homomorphism, and hence (13) implies 2" + ¢(A) C Z, which contradicts

our assumption on Z. Hence if H(9) contains some F(q) = {Fy,...,F,_1}, there
exist va,...,v4-1 € V and 2/,2" € Z with 2’ — 2" € Al}, such that (3)-(10)

irreg
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hold. Conversely, given such quantities, at most one F(q) is determined: from (4)
and (6), we find ag and aq; subtracting (9) from (8), we obtain ay — a1 = w; —
v; + ZQSjSQ*l v;, whence the w;’s are determined. Finally (8) determines the
z;’s. Hence the number #{F(q) C H?} of copies of F(g) in H(@ is bounded
by the number of tuples (vs,...,v4-1,2’, 2") satistying the above conditions, and
therefore

#{F(q) CHD} < ™07 x |Z] x t™ = o(q™7), (14)

where the last assertion used |Z| < |V| =|A™| =¢™ and t < q.
Let H@~1) be the (¢ — 1)-th shadow of H(®

HOD =IH": |H'|=q—1and H C H for some H € E(H?)}.

Due to (2) for any set @) of g vertices spanning a clique Kéq_l) in H@=D the
following holds: either @ is an edge in H(? or Q C V(F(q)) for some copy of F(q)
in H(@. Therefore, due to the definition of H(? in (1) and (14), the number of
cliques K7V in H@=Y is bounded by |E(HD)| + o(q™?) = | Z|g™1=2) + o(g™9).
Since |Z| < ¢™ and |V (H@~Y)| = |V(H@)| = ¢™*+!, we infer that the number of
copies of Kéqil) in H@=1 is o(¢™?) which is o(q" 1) = o(|V (H1=D)|9).
Hence, Theorem 4 (applied to H(@~Y with n = [V(H@ V)| = ¢+ t = g,
and k = ¢ — 1) yields that it suffices to delete at most o(|V (H(@~1)|la=1) =
o(qm*Da=1) = o(g™a=1) edges from H~Y to make it clique free. But due
to (2) each deleted edge destroys at most one copy of Kgq_l) in H(¢=Y originating
from an edges of H(? and, therefore, |E(H(®)| = o(¢™(9~Y) as claimed. O

In the rest of this paper we derive Theorem 2 and Theorem 3 from Lemma 7.

Proof of Theorem 2. Consider the ring A = F, & --- ¢ F, = @le Fy;. Then
Am = F;”d as an F,-vector space, and a submodule of A™ isomorphic to A is
a d-dimensional subspace of F;”d. Therefore, Lemma 7 implies Theorem 2 for every
sufficiently large M =0 (mod d).

In general, if M = md+7r,0<r <d, ]Ff]w is the disjoint union of UF,]JV[/IF’qnﬂ =q"
copies of Fg"d; therefore one of these translates, say V, intersects Z in more than
3¢M /q" = 5g™¢ elements and hence Z NV (thus Z) will contain a d-dimensional
subspace. O

Finally, we close this paper with the proof of Theorem 3.

Proof of Theorem 3. Since G is abelian, we may write
G=L/py" x -+ X L/prr

where p; are (not necessarily distinct) primes and e; are positive integers. Using
this isomorphism, we want to view G as the additive group of the ring A = Z/p7* x
X Lper.

Then A™ and G™ are isomorphic abelian groups. Similarly, a submodule A
of A™ is isomorphic to G, also as an abelian group. The theorem then follows from
Lemma 7. U



DENSITY THEOREMS AND HYPERGRAPH PROBLEMS 7

REFERENCES

[1] P. Frankl and V. Rodl, Eztremal problems on set systems, Random Structures Algorithms

20 (2002), no. 2, 131-164.

H. Furstenberg, Ergodic behavior of diagonal measures and a theorem of Szemerédi on arith-

metic progressions, J. Analyse Math. 31 (1977), 204-256.

H. Furstenberg and Y. Katznelson, An ergodic Szemerédi theorem for commuting transfor-

mations, J. Analyse Math. 34 (1978), 275-291 (1979).

[4] — |, An ergodic Szemerédi theorem for IP-systems and combinatorial theory, J. Analyse
Math. 45 (1985), 117-168.

[5] W. T. Gowers, Hypergraph regularity and the multidimensional Szemerédi theorem, submit-
ted.

[6] B. Nagle, V. Rodl, and M. Schacht, The counting lemma for regular k-uniform hypergraphs,
submitted.

[7] V. R6dl and J. Skokan, Applications of the regularity lemma for uniform hypergraphs, sub-
mitted.

[2

3

8] , Regularity lemma for k-uniform hypergraphs, Random Structures Algorithms 25
(2004), no. 1, 1-42.

[9] J. Solymosi, A note on a question of Erdds and Graham, Combin. Probab. Comput. 13
(2004), no. 2, 263-267.

[10] E. Szemerédi, On sets of integers containing no k elements in arithmetic progression, Acta
Arith. 27 (1975), 199-245, Collection of articles in memory of Juril Vladimirovi¢ Linnik.

, Regular partitions of graphs, Problemes combinatoires et théorie des graphes (Colloq.

Internat. CNRS, Univ. Orsay, Orsay, 1976), CNRS, Paris, 1978, pp. 399-401.

[11]

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, EMORY UNIVERSITY, ATLANTA, GA
30322, USA
E-mail address: rodl@mathcs.emory.edu

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, EMORY UNIVERSITY, ATLANTA, GA
30322, USA

Current address: Humboldt Universitat zu Berlin, Institut fiir Informatik, Unter den Linden
6, 10099 Berlin, Germany

E-mail address: schacht@informatik.hu-berlin.de

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, EMORY UNIVERSITY, ATLANTA, GA
30322, USA

E-mail address: etengan@mathcs.emory.edu

COLLEGE OF EDUCATION, RYUKYU UNIVERSITY, NISHIHARA, OKINAWA, 903-0213, JAPAN
E-mail address: hide@edu.u-ryukyu.ac.jp



