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A SHORT PROOF OF THE 3-GRAPH COUNTING LEMMA

BRENDAN NAGLE, VOJTECH RODL, AND MATHIAS SCHACHT

ABSTRACT. Szemerédi’s Regularity Lemma proved to be a powerful tool in extremal graph theory.
Many of its applications are based on a so-called ‘Counting Fact’ which allows the embedding of small
subgraphs in the context of an appropriately given e-regular partition.

Frankl and Rodl [3] extended Szemerédi’s Regularity Lemma to 3-graphs and Nagle and Radl [11]
established an accompanying Counting Lemma. In this paper, we provide an alternative proof to the
3-graph Counting Lemma far shorter and more transparent than the original.

1. INTRODUCTION

Szemerédi’s Regularity Lemma [19] is one of the most powerful tools in combinatorics with significant
applications in Extremal Graph Theory, Combinatorial Number Theory and Theoretical Computer Sci-
ence (see the excellent surveys [9, 10] for many of these applications). Szemerédi’s Regularity Lemma
makes the beautiful assertion that all large graphs can be decomposed into constantly many edge-disjoint
subgraphs, almost all of which behave in a “random-like” way (see Theorem 1.1 below).

The broad applicability of Szemerédi’s lemma to graph problems suggests that a regularity lemma for
hypergraphs might render many applications. Frankl and Rodl [3] established an extension of Szemerédi’s
Regularity Lemma to 3-graphs (hereafter refered to as the FR-Lemma for short), guaranteeing that all
large triple systems admit a decomposition into constantly many edge-disjoint subsystems, almost all of
which behave in a “random-like” way. Applications of the FR-Lemma to 3-graphs ensued [3, 5, 6, 8, 18,
12, 15, 17].

That the FR-Lemma is perhaps an useful extension of Szemerédi’s Lemma follows from the fact that
this lemma admits a structural counterpart, a so-called Counting Lemma (see Theorem 3.3.1, [11]),
required for the applications above. As a cogent example, the Counting Lemma, working within the
framework of the FR-Lemma, gives a quick but non-obvious proof (cf. [3]) that every set Z C {1,...,n}
without arithmetic progressions of length 4 satisfies |Z| = o(n).

The first proof of the 3-graph Counting Lemma was obtained by the first two authors in [11] (see
also [14] for a different approach). The aim of this note is to give a substentially shorter proof of the
same result. To be more precise about our work here requires some discussion. We begin by making
Szemerédi’s Regularity Lemma more precise.

1.1. Szemerédi’s Regularity Lemma. Szemerédi’s lemma pivots on the concept of an e-regular pair.
Let bipartite graph Gxy be given with bipartition X UY. We say the pair X,Y is (d,e)-regular
(with respect to Gxy) if for all X’ C X and Y’ C Y where |X'| > £|X]| and |Y'| > £]Y|, we have
dGxy (X', Y") = d £ & where dgy, (X', Y") = |Gxy[X', Y']||X|71Y’|7! is the density of the bipartite
graph Gxy[X’,Y'] induced on X' UY’. We say the pair X,Y is e-regular if it is (d, ¢)-regular for some
d.

In this paper, we use a well-known invariant of Szemerédi’s Regularity Lemma for k-partite graphs
G = U1§i<j§k G, and therefore present Szemerédi’s lemma in this context. Let k-partite graph G =
Ui<ici<k GY be given with k-partition V = V(G) = V1 U---UV}. We say a partition V; = Wi U---UW},
1 <i <k, is t-equitableif |[W{| < --- < |W}| < |[W{|+1. We say a t-equitable partition V; = Wiu- - -UW{,
1 <4<k, is e-regular if for all 1 < i < j < k, all but et? pairs W; and ij, 1 <a,b<t, are e-regular.
Szemerédi’s Regularity Lemma (for k-partite graphs) is then stated precisely as follows.
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Theorem 1.1 (Szemerédi’s Regularity Lemma). Let integer k and € > 0 be given. There exist positive
integers No = No(k,e) and Ty = To(k,e) such that any k-partite graph G = U1§i<j§k GJ,V=V(G)=
ViU« UVi, [Vil,- .-, [Vk| > No, admits an e-regular t-equitable partition V; = Wiu---UW}, 1<i <k,
where t < Ty.

Central to many applications of Szemerédi’s Regularity Lemma is the assertion that any subgraph F’
of constant size may be embedded into an appropriately given collection of “dense and regular” pairs
{Wé}(i,a)e 1, I = I(F), from an e-regular t-equitable partition. This observation is due to the following
“Counting Fact” for graphs where, for sake of presentation, IC§2>(P) denotes the set of all s-tuples from
V(P) spanning cliques K% ina graph P.

Fact 1.2 (Counting Fact). For every integer s and d > 0 there exists € > 0 so that whenever P =
U1§i<j§s P4 is an s-partite graph with s-partition Vi U --- UV, satisfying that all PY, 1 <i < j < s,

are (d,e)-regular and |Vi| = -+ = |Vi| = n, then |IC£2)(P)| = d(g)ns(l +0(e)) where () — 0 ase — 0.

Both the Szemerédi Regularity Lemma and Fact 1.2 may be generalized to 3-uniform hypergraphs.
This was done in the form of the FR-Lemma [3] and it accompanying Counting Lemma [11], respectively.
While we omit a formulation of the FR-Lemma!, we proceed to present its accompanying Counting
Lemma, the main topic of this paper.

1.2. 3-uniform hypergraphs. The following definition originates from [3] and provides an extension
to 3-graphs of the concept of an e-regular pair.

Definition 1.3 ((d,r)-regularity). Let a positive integer r and d,0 > 0 be given along with 3-graph
‘H and graph P. We say that H is (d,d,r)-regular with respect to P if for any r-tuple of subgraphs
Q=(Q(),...,Q(r), Q(s) S P, 1 <s<r:

U &2@en|>sj?n| - = (@ —di <

where
_[HouLi K@)
U K2 Q)|

is the density of Q. We say H is (0, r)-regular with respect P if it is (d, 0, r)-regular with respect to P
for some d.

dn (Q)

The Counting Lemma takes place in the following technical environment in which we work for the
remainder of this paper. The environment below is produced by an application of the FR-Lemma when,
as in Fact 1.2, there is a coincidence of “dense parts” within the partition the FR-Lemma guarantees.

Setup 1.4. Let integers k, r and n be given. Let positives ds, d3, do and d2 be given. Suppose
(1) V=Viu-- UV, Vi| =+ = |Vi| = n, is a partition of vertex set V =V (P) = V(H).
(2) P=U<icj<p, P¥ is a k-partite graph where all P, 1 < i < j <k, are (d2, 03)-regular.
(3) H=Uicheicj<x " C Kéz)(P) is a k-partite 3-graph where all H" | 1 < h < i < j < k, are
(ds, 83, 7)-regular with respect to P U P U PhJ.

In the environment above, we wish to estimate the number of hypercliques K ,(63) in H. This estimation is
precisely the content of the Counting Lemma, and for the sake of this presentation, let IC,(:’) (H) denote
the set of all k-tuples from V(H) spanning hypercliques K ,53) .

1The FR-Lemma is centered about Definition 1.3, however, to present this lemma fully requires some rather technical
auxiliary considerations. As we don’t need the FR-Lemma to present the Counting Lemma, we omit the formulation of
FR-Lemma for simplicity and refer the reader to [3].
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Theorem 1.5 (Counting Lemma, [11]). For all integers k and for all d3 > 0 there exists 65 > 0 so that
for all dy > 0 there exist integer r and 6o > 0 so that with n sufficiently large, if H and P are as in
Setup 1.4 with these constants, then

k

e ()| = al)dln (14 565
where f(63) — 0 as 03 — 0.

Proving Theorem 1.5 is the content of this note and we proceed to this proof in Section 2. We conclude
our Introduction with the following remarks which address certain aspects of proving Theorem 1.5.
The sole technicality of proving Theorem 1.5 is working with the given quantification of constants:

Vdg 3(53 : Vdg 362 dr :...

This quantification, consistent with the output of the FR-Lemma, allows for the hypergraph H to be
very “sparse”. If, on the other hand, the quantification of constants were allowed as Vds, do 393, d2,
then this “dense” version of Theorem 1.5 is easier to prove and, in fact, is done in [7] (see Theorem 6.5).
We mention that no appeal to parameter r is required in the dense case.

The sparse case, which we consider here, seems to resist standard approaches of proof. Two different
approaches of proving Theorem 1.5 were considered in [11] and [14], but both were rather technical. In
this paper, we pursue a third approach, more appealing than the former two being fairly simple and
short.

As in the dense case, a natural place to start with proving Theorem 1.5 is looking into the links
of H. Fix vertex v € V; and fix 1 < i < j < k. The (i,j)-link graph L% is defined as LY =
{{vi,v;} € P7: {v,v;,v;} € H}. Note that LY has vertex set Npi:(v) UNp1;(v), 1 <i< j <k, and is
a subgraph of P;/ = PY[Np1i(v), Np1;(v)]. The link graph L, of v is then set as L, = U, ;< LY/
Since

2y = 3 |k, (0K @) | (1)
veVy

one would like to count |Kr_1(H N ICéQ) (Ly))|, v € Vi, by induction. However, as one can show (see
upcoming Fact 1.2 and also [3, 11]), for almost all v € V4, with 1 < ¢ < j < k fixed, the links L are
‘regular’, but not nearly as regular as the original graphs P were, as would be required by an induction
hypothesis.

We overcome this difficulty outlined above by simply applying the Szemerédi Regularity Lemma,
Theorem 1.1, to the graphs L,, v € Vj. The Regularity lemma partitions the graphs L,, v € Vi,
into extremely regular classes. While we must take a few technical details into consideration, the
advantage here is that Regularity Lemma then allows the outlined induction approach above to work.
The regularization of the links is the central message of our current paper.

2. PROOF OF THEOREM 1.5

We begin by saying that we focus only on the lower bound of Theorem 1.5. It shall be fairly transparent
that our method for proving the lower bound also gives the (asympotically) matching upper bound. As
well, it may be mentioned that it was shown in [11] that for proving Theorem 1.5 it suffices to prove the
lower bound only.

Our proof of Theorem 1.5 proceeds by induction on k > 3. The base case k = 3 is trivial. Indeed, by
Definition 1.3, H = H'23 has density (d3 % d3) with respect to P = P12 U P23 U P13, Fact 1.2 asserts
|IC§2)(P)| = din3(1 £0(52)), 6(62) — 0 as do — 0. The Counting Lemma for k = 3 then follows.

We assume Theorem 1.5 holds through & — 1 and consider Theorem 1.5 for k. We first describe the
constants k, ds, d3, dz2, 02 and r involved. With integer & given in our induction, let ds > 0 be given.
We take 0 < 03 = d5(k,ds) < 1/k,d3 to be a small constant implicitly defined by the calculations in
the sequel. Let da > 0 be given. We take auxiliary constant dy = d2(k, ds, 3, dz2, 62) < min{ds, d2} very
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small and auxiliary integer r = r(k, ds, d3, d2, 02) > max{1/d3,1/d2} very large, although to precisely
describe the orders of constants do and r requires brief discussion.

With k, ds, 3 and da given as above, we introduce small auxiliary constant eg = go(k, ds, d3,d2) <
min{ds, dz} and large integer ' = r/(k, ds, 03, d2) > max{1/d3,1/d2}. We will use the constant 9 when
applying the Regularity Lemma to the link graphs L,, v € Vi, as indicated in the Introduction. The
role of parameter r’ will be easily understood in contex. Let Ty = Tp(eg) be the constant guaranteed by
Szemerédi’s Regularity Lemma, Theorem 1.1.

We take 0 < dy = da(k, ds, d3,d2,c0,7",Tp) < min{eg,1/r',1/Tp} very small and take integer r =
r(k,ds, 03, da, 0,7, To) > max{1l/eg,r’,To} very large. The following hierarchy then summarizes all
constants we use in our proof.

1 1 1 1

1
d 03 > min{ds, d —,— > 09, — —. 2
k7 3>> 3_11111’1{ 3 2}>>507r,7T0>> 277“>>TL ( )

All constants k, ds, d3, do, €9, 7/, Ty, 02, 7 and n are fixed for the remainder of the paper.

k k
Suppose H and P are as in Setup 1.4. We show |IC,(€3) (H)| > d§3)d§2)nk(1 — f(d3)) where f(d3) — 0
as 03 — 0. We now proceed to the main idea of our proof.

2.1. Regularizing the links. Fix vertex v € Vj.

e With constant g9 > 0 in (2), apply Szemerédi’s Regularity Lemma, Theorem 1.1, to the ((k—1)-
partite) link graph L, = U1<71<j§k LY to obtain eg-regular, t,-equitable partition P,,, ¢, < Ty,
where Tj appears in (2).

e Let partition P, be given by Npi (v) = W U- - -UT/VZ,’i7 1< i<k whereforeachl <i < j <k,
all but eot2 pairs 1 < a,b < t, satisfy that LYW, W;’j} is gg-regular.

As we show in this paper, the advantage of regularizing the links is that for a “typical” vertex v € V1,
we may apply our induction assumption on Theorem 1.5 (for k£ — 1) within “typical (k — 1)-sausages”
(cf. Figure 1) of the partition P,. This point is crucial, but to discuss it more precisely, we need a bit
more notation.

2.1.1. Sausages of P,. As above, let v € V; be fixed and fix (k — 1)-length vector @, = (ag,...,ax) €
[to] X -+ X [ty] = [to]*~F (cf. Figure 1).

e Set
L@y = |J o Wi wed| = Lo [wed . wik] 3)
1<i<j<k
to be the subgraph of L, = U1<Z.<j<,C L¥ induced on the sets W;f, e W:k’k.
e Set N
H@)=Hnkd L, (@)= | HY(@) (4)
1<h<i<j<k

where "I (@) = HM (K (Lo [WEM WEL WEI)), 1< h <i<j <k

ap
We refer to the objects H(@,) and L,(@,) as sausages.
Observe that (1) can be reformulated as

3 3
KPo0[ =3 3 |koua). (5)
VEVI @y Efty]F
Note also that as L, was regularized, all but & (kgl)tﬁ_l < gok?tk=1 vectors @, = (az,...,ax) € [t,)F !
satisfy that all (kgl) bipartite graphs L [Wg', W7], 1 < i < j < k, are go-regular.
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FIGURE 1. A sausage of the partition P,.

2.2. Properties of sausages in P,. We present the following assertions about “typical” sausages of
P,, veV.

Fact 2.1. For all but 2kdan vertices v € Vi, |[Np1i(v)| = (da £ d2)n for all 1 < i < k. Consequently, for
each such vertex,

< {M] < (ds +252)tﬂ.

v v

Claim 2.2. For all but 5§/4n vertices v € Vi, all but 5§/20t§*1 vectors @, = (ag,...,ax) € [t,]* ! yield
sausages L,(@ ) and H(@ ) satisfying that
* Part A. all (kgl) bipartite graphs LY W2, W;’;j], 1 <i<j<k, have density dads(1 £ 5;“).
* Part B. all (*;') S-partite graphs LE[WE> Wiv| U LU [WEe, WP LR [WEY Wiv), 1 < h <
i < j <k, are (ds, 5;/207r’)—regular with respect to H" (@) where v’ is given in (2).

Fact 2.1 is folklore (cf. [10]) and we therefore omit its proof. While technical looking, Part A of Claim
2.2 is actually easy to prove and we address its proof in Section 3.1. Part B, on the other hand, is
non-trivial to prove and may be considered the central burden in the current proof of Theorem 1.5. We
devote Section 4 to its proof.

Let Vltyp denote the set of “typical” vertices v € V; to which Fact 2.1 and Claim 2.2 refer. For each
v E Vltyp, let [tv]fy;l denote the set of “typical” vectors @, € [t,]*~' to which Claim 2.2 refers.

2.3. Fundamental conclusion. We conclude from Fact 2.1 and Claim 2.2 above that for any vertex

v € VPP, all sausages H(@,) and L, (@), @o € [tv]f;pl, satisfy the hypothesis of Setup 1.4 with the

constants® k — 1, ds, 6§/20, dads(1 £+ 5§/4)7 go, ' and %"(1 +243). Indeed, as in Setup 1.4, observe that

2We admit that symbol dod3(1 + 5§/ 4) allows slightly different densities over distinct (but typical) graphs

LY [Wé;v, Wg;“] Similarly, the symbol df" (1 4 252) allows slightly different sizes over distinct (but typical) vertex sets

WP, These small fluctuations only superficially make our reduced setup H(@v) and L, (@) slightly different from our

i
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H(@,) replaces H, L,(@ ) replaces P, k — 1 replaces k, d3 remains ds, 0; 120 eplaces 03, dods(1 £ 51/4)
replaces da, €9 replaces 02, 1’ replaces r and dQ”(l =+ 242) replaces n.
We make the critical observation from (2) that the constants above satisfy

1 t
od > 63/% > min{6y/ %, dads} > o, — > ——. 6
1% in{d5"™, dads} > €0, B (6)
As such, for fixed v € V;* and @, = (ag,...,a;) € [tv}fy;l, we may apply the induction hypothesis to

the sausages H(@ ) and L,(@,). Upon doing so, we find

KD (@) = dl ) (dad (1i5;/4))( )<d2” (1i262)>k_1(1—fk1(53))

v

k k nkfl .
_ dgs)dgz)tk__l (1 . fk_l(ag)) (7)

where fr_1(d3) — 0 as d3 — 0 is inductively guaranteed and fk,l(ég) — 0 as §3 — 0 is implicitly defined
from fr_1(d3) and remaining multiplicative error terms.
Now the proof of Theorem 1.5 for k is nearly complete. We return to (5) and apply Fact 2.1 and

Claim 2.2 to see
t }k*l’

‘IC,(CS) (H)’ > dgg)dgg)nkfl (1 - fk—1(53)> Z Hv%

Y v
veV,¥P

> dgg)dgg)n’co - fk,l(ég)) (1 - 5§/2°) (1 . 21«32) — ) g (1 - fk(§3))

for an implicitly defined function fi(d3) — 0 as 3 — 0. Thus, our proof of Theorem 1.5 is complete
upon justifying Claim 2.2.

3. PARTS A AND B oF CLAIM 2.2

In this section, we reformulate Parts A and B of Claim 2.2 in a precise language and then prove Part
A. To begin, we find the following notation helpful to discuss both parts of Claim 2.2 and use it in the
remainder of this paper.

Notation 3.1. Fixv € V;. For fixed 1 <i < j <k, set

LY () = {(a, b) € [t,]2 : L9 [WY W) is eg-regular with density dads(1 + 65/ 4)}

and set Lgad(v) = [t,)? \Lgood( v). For fixed 1 < h <i < j <k, set

Li,(0) = {(@,6,0) € [t + (0.0) € Lfioa(v), (b,) €LY 1), (0,) € L, (0)}

and set L (v) = [t,]* \ LI | (v). Similarly, set

Hgéjod( )= {(a, b,c) € [tu]® 2 Ly [WhY W)Y Wi is (ds, 5§/20, r’)-regular with respect to H}”j}

and set Hgijd( ) = [t \ Hgg{)d( ).

It suffices to prove Parts A and B from Claim 2.2 in the following form.
Proposition 3.2 (Part A). All but 4/625;/271 vertices v € Vi satisfy that for all 1 <i < j <k,

1 4
L7 4(v) /

< 304

induction hypothesis on Theorem 1.5. We stress that what is crucial to apply the induction hypothesis is that the hierarchy
of constants in upcoming (6) (cf. (2)) is satisfied. As for the slight lack of uniformity of densities or vertex class sizes, we
could easily alter our induction hypothesis to accomodate the small fluctuations we may incur. For simplicity, we supress
handling these minor details.
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Proposition 3.3 (Part B). All but k36%/2n vertices v € V1 satisfy that for all 1 <i < j <k,

[HE ) VLA (0)] < 263/,
Indeed, Propositions 3.2 and 3.3 together imply that all but

4k25§/2n + k35;/2n < 651,/471
vertices v € V] satisfy

D DI | F O DI AT

1<i<j<k 1<h<i<j<k
k—3 ij k—4 hij hij k—4 hij hij
LD DI 0] R DI - A RO BT SR A O I TG
1<i<j<k 1<h<i<j<k 1<h<i<j<k
<2i7 3 L)+t Y HE ) N L)
1<i<j<k 1<h<i<j<k

k k
< 655" (Q)t’;‘l + 265/ (3)#;‘1 < 55/ 0Bk

as promised by Claim 2.2.
Proposition 3.2 is easy to prove and we give this proof below. Proposition 3.3 is more challenging to
prove and we devote Section 4 to its proof.

3.1. Proof of Proposition 3.2. With the constants k, ds, d3, da, €0, To, 7/, d2 and r given in (2), recall
H and P are as in Setup 1.4 with associated family of eg-regular partitions and {P,},cv,. We prove all
but 4k2§§/2n vertices v € V7 satisfy that for all 1 < i < j <k, |Lifdd(v)| < 36§/4t12,. Let us clarify this
goal. Fix 1 < i < j < k. Since P, is eg-regular for every v € V4, at most got2 < (5;/415% pairs W2, va’j,
1 <a,b <t,, can be irregular. Thus, the burden of proving Proposition 3.2 concerns establishing the
density assertion. This assertion is easily handled using the following (easy) material in [3] and [11].

3.1.1. Good vertices. We begin with the following definition.

Definition 3.4. Let L C P be bipartite graphs with bipartition U; U Uy and let o,y > 0 and integer r
be given. We say L is («,~,r)-regular with respect to P if every r-tuple B = (B, ..., B,) of induced
subgraphs B; C P satistfying ||J._, Bs| > 7| P| also satisfies |[L N J,_, Bs| = (o« = 7)|U._, Bs|-

The following Fact 3.5 appeared (in slightly different language) as Fact 4.3.2 of [11], pg 281, and
asserts that for H and P as in Setup 1.4, most vertices v € V; satisfy that their links L%, 1 <4 < j <k,
are (a, 25§/2, r)-regular.

Fact 3.5 (most links are regular). Let k, d3, 83, do and r be given® as in (2). With 6o = 62(dz) > 0
sufficiently small as in (2), whenever H and P are as in Setup 1.4 with constants k, ds, 3, d2, d2 and

r, then all but 2k25?1,/2n vertices v € V4 satisfy that for all 1 <i < j <k, LY is (d3,26§/2,r)—regular
with respect to P,

As can be seen in [11], Fact 3.5 is quite easy to prove and follows easily from the condition in Setup 1.4
that all 3-graphs H'¥ 1 <i < j <k, are (ds, 03, r)-regular.

As in Fact 3.5, we say that a vertex v € V; is a good vertex if for all 1 < ¢ < 57 < k, LY is
(ds, 26§/2, r)-regular with respect to P¥ and if it is typical in the sense of Fact 2.1 (see previous section).
Let VlgOOd = Vlgood(k:7 ds, 03, dz, 82, 1) be the set of all good vertices v € V;. Facts 2.1 and 3.5 assert that

with 8, = 6,(dy) sufficiently small, [V > (1 — 3k263/%)n.

3Fact 3.5, as it appears in [11], has a very loose quantification of constants. All that is required is that d2 < d3, 93, d2
and integer r can be arbitrary.
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3.1.2. Fact 3.5 = Proposition 3.2. The proof of Proposition 3.2 is now immediate. In the context of
Setup 1.4, almost every vertex v € V] is a good vertex. Indeed, from (2), do is sufficiently small. Now,

fix 1 <i < j < k. The key observation is that every good vertex v € V;#°°? satisfies that all but 251/ 42
pairs W2, Wg’], 1 < a,b <t,, have density dods(1 £ 5§/4).

Indeed, let v € VgOOd but suppose {W2>¢, W,” .}{a,b}el is a collection of pairs, each with density, say,
smaller than dyds(1—63/ 4) such that 7] > 65/*#2. We claim the vector B = (P¥ W2+, W7 {a,b} € 1)
contradicts the (ds, 2(53 ,r)-regularity of L w1th respect to PY.

Note that (2) gives that r>Tg >t2 > |I| The vector B is thcrcforc an r-tuple of induced subgraphs
of P7. We claim B is an r-tuple of induced subgraphs of P} satisfying

U powetwpd]| > 202 Py (8)
{ab}el
and
Lin |J P9 [W“ Wy ,g} < (d3—25§/2) U Py [W“ Wy ’J} . 9)
{ab}el {a,b}eI

Once (8) and (9) are established, we see the vector B contradicts the (ds, 25§/ ? r)-regularity of L% with
respect to P%¥. This will prove Proposition 3.2.

Both of (8) and (9) are easily established and we sketch their proofs, beginning with the former.
Observe that

U peweiw)| = 3 (10)

{a,b}el {a,b}el

Fix {a,b} € I. Recall that d2 < 1/Ty < 1/t, in (2) and that by Fact 2.1

wyl |

v,1 v,J
‘Wa |y

= (dp £ zaz)tﬁ

Consequently, the (da, d2)-regularity of P¥ implies that

2 2
pii [W“ Ww] ] = (dy % ) ‘W“ W3] = (dy + 62) ((dz + 252)tﬁ) =(d2 % 252)37;—2
! v (1)
The (dg, d2)-regularity of P also implies
g 2
‘Py‘ = (d2 + 62) ((dg + (52)7’1) = (d2 + (52)3712. (12)

Consequently, with || > 51/4 , (10), (11) and (12) easily establish (8).
Observe that (9) is equlvalent to
3 ’L” (s, wpd|| < (as —265%) 3
{a,b}el {a,b}el

Ppii [W“ Wy ’J] .

Fix {a,b} € I. Our assumption is that

L [ wd| < dads (1= 63/ |||y

which, with (11), implies
1_ s/
1 — dody "

v

Ly [ wy ]| < ds

P (Wt Wi | < (ds —263/%)

[W“ W J” (14)
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where the last inequality follows from d; < do and 03 < ds in (2). As (14) holds for each {a,b} € I,
(13) (ctf. (9)) follows.

4. PROOF OF PART B

With the constants k, ds, d3, da, €0, To, r’, d2 and 7 given in (2), recall H and P are as in Setup
1.4 with the associated family of eo-regular partitions {P,},cv,. We show all but k35§/ 2 vertices

v € Vq satisfy |ng)d(w) N Hﬁgd( )| < 261/20t3 forall 1 < h < i < j < k. In the remainder of this

paper, we fix 1 < h < i < j < k. It suffices to prove that all but 5;/2n vertices v € V; satisfy
LY (v) N HI ()] < 264/%°#3 for the fixed indices 1 < h <i < j < k.

good
Assume, on the contrary, there exists a set Ap;; C Vi of size
|Apij| > 65/ %n (15)
consisting of vertices for which
hi hi 1 20
Lyaa(v) NHEZ (0)] > 253 (16)

We show that (15) contradicts our hypothesis of Setl_lp 1.4__that the 3-graph HM, 1 < h<i<j<k
fixed above, is (ds, d3,7)-regular with respect to P" U P¥ U P". Our approach, while technical in
appearance, is straightforward. We outline our approach in the following remark.

Remark 4.1. Fixv € Api; and fix (a,b,c) € Lgé{)d( ) NVHY (v). Since (a,b,c) € ng)d( ) VHY () C
Hﬁ;]d(v), we appeal to Notation 3.1 and Definition 1.3 to infer that there exists a vector (witness)

QM = (QM) ()11 <p <), QUA (p) C L[Who, Wy*, Wiv), satistying

vabc vabc vabe

U’C(” Qihe(p))| > 20/ [ (L, Wil i wze ] )] (7)
but
e Qi) — ] 2 2017 (1)

over (a,b,¢) € L' (v) N H' (v) and

In upcoming Construction 4.3, we collect the witnesses Q good

vabe

v € Ap;j to create a “big witness” Qp; that will contradict the (ds, 83, 7)-regularity of H"* with respect
to Phiu PY U Phi.

In the process of collecting the witnesses mec over (a,b,c) € ngﬂd( )QHZ;Jd( ) and v € Ap;j, we do
not need the entire set Ap;;, and in fact, we need only a small subset thereof. Over two separate rounds,
we refine the set Ap;; into two nested subsets AY. C A} .. C Ap;; where the final subset Aj},. produces

hij hij hij
the big witness Qp,;; promised.
4.1. Refining the set Aj;;. We begin with the first round.

4.1.1. Round 1. We obtain the intermediate subset A}, . ; © Anij using the following fact. The easy fact
below states that from Aj;; we may find a fairly large subset of vertices A}, ., every pair of which has
the “right” shared P'9-neighborhood, q € {h,i,5}.

Fact 4.2. Set

hij’

52/0
d3d3'
There exists A}, ={v1,...,var} C Apgj satisfying that for each q € {h,i,j}, for each 1 < s <" <2f,

f=256—3— (19)

Nplq (’Us) N Nqu(Usl) = (d2 + 62)2n. (20)
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Observe that Fact 4.2 is only an assertion on the behaviour of the graphs P, P'* and P'. Due to the
(da, 62)-regularity of these 3 graphs where 2 < d in (2), Fact 4.2 is easy to prove from the hypothesis

n that |Ap;i| > n. In particular, Fact 4.2 is essentia roved in on . .
in (15) that |Ap;;| > 65/*n. In particular, Fact 4.2 i ially proved in [3] on pp. 155

4.1.2. Round 2. To identify the subset A}

hij C Ahij = {v1,...,var}, we use the following considerations.
Fix v € {v1,...,v25}. Let

(Lgéid (v) N H}bL;]d(v)) - Lg;]od( )N Hg;{i(v)

denote the set of triples (a, b, ¢) for which the density in (18) is too small, i.e., dH(Qﬁ;{)C) <ds— 25§/20,
which is to say

0 (6P (@i o] < (ds = 203) | K5 (@it (0))] (21)

p=1 p=1
Let
(L83 0) ML () € L o)
denote the set of triples (a, b, c) for which the density in (18) is too large, i.e. dH(in]z;c) > d3 — 2(5§/20.
Now, let

{1}17 e ,’sz}i g {’Ul, N 7’[}2f}
denote the set of vertices v for which

(L) N B @) | 2 3 L) n B 0] > 53 (22
where the last equality holds from (16). Let
{v1,... ,vgf}+ C{v1,...,v2p}
denote the set of vertices v for which
(L) NI @) ] 2 § L) n B 0] > 83

Clearly, one of
‘{U17~"7U2f}_’2fa ‘{v1>"'7v2f}+‘2f

holds. In our proof, it does not matter which holds as the cases are symmetric. We assume, without
loss of generality, that the former holds. By reordering the vertices, we take

h” ={vy,..., 05} C{v1,...,v2¢} " (23)
and construct the witness Qp;; based on Ahij ={v1,...,v5}.
4.2. The promised witness. With the set A’,{ij = {v1,...,vs} above, we construct the promised

witness Qpqj-
Construction 4.3. Fix 1 <p <7’ and 1 < s < f. Define the graph
h
Qv (p) = U Qe (). (24)

(a,b,c)€(LM9 (v )NHP, (v2)) ™

goo

Define the r' f-tuple
Quij = (Qy7(p): 1<p<r', 1<s< f). (25)
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We assert Qp; is the promised r-tuple witnessing the (ds, d3, r)-irregularity of H"* with respect to
Phiy Py PR, We first observe Qp; is a vector of appropriate length. Indeed, by construction Qp,; is
an 1’ f-tuple of subgraphs from P" U P¥ U P". Recall f = 2566§/5d§3d2_3 given in (19). Since r > r/
and 7 > dy* from (2), we see r > 7/ f, making Qp; an r-tuple of subgraphs.

Since Qp; is an r-tuple of subgraphs from Py P4 U PM | the following Claims 4.4 and 4.5 provide
a direct contradiction to the (ds, 83, r)-regularity of 7" with respect to P"* U P% U P,

Claim 4.4. \U {/Cé”(@ﬁjf@)) 1<p<i, 1<s< f}‘ > 63 )icg")(phi U Pii U Phi)| .

Claim 4.5.
HaU{KEP @) 1<p<r 1<s <}

U{cP @) 1<p<rm1<s <}

< ds — 03.

Since Claims 4.4 and 4.5 provide a direct contradiction to the (ds, 03, r)-regularity of H"” with respect
to PR U PY U P, our proof of Proposition 3.3 will be complete upon proving these two claims.
4.3. Proof of Claim 4.4. Observe that

U{c2 @) :1<p<i1<s<s)] > 3 U,Cm @)

s=1 =

v

_ Z UK@) th] U,C(Q)( hag ) .

1<s<s'<f |p=1

We bound the two terms on the right hand side of (26) in the following two facts.
Fact 4.6. For 1 <s < f fized,

1/10
LTJ (2) Qhw 5/ d6 3
Vs - 128

Fact 4.7. For 1 <s < s < f fized,

U £2(@%7 (p) n | £52(Q1 (p))| < 16d3n°.
p=1 p=1

Facts 4.6 and Fact 4.7 conclude the proof of Claim 4.4. Indeed, applying Facts 4.6 and 4.7 to (26),
we see

51/10 . ) . d3d361/10
]U {IC‘Q) Mip)):1<p<r,1<s< f}\ > f5g didon®~8f%dyn® = din’ "03# —8/%d5 | .

2/5,

Inserting the value f = 2566’ "d5 ®dy® from (19), we infer the further lower bound

. 219 5 219 1
3 3

where the last inequality follows from the fact that d3 < ds from (2). On the other hand, we conclude
from Fact 1.2 that

‘ g , 3

’/c§2> (PM U P U P’”)‘ < (d2 n 9(52)) n® < 2d3n®
where 0(d2) — 0 as d3 — 0. Comparing this inequality against (27) proves Claim 4.4. Thus, it remains
to verify Facts 4.6 and 4.7.
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4.3.1. Proof of Fact 4.6. Fix 1 < s < f. Observe from (24) that

'
r

UK (@) = > UK (@) |- (28)

p=1 (a,b C)E(Lh” l(vs)ﬁHhij (’Us)) p=1

gooc bad

Using (17), we further conclude

s

UK (@) 2 > % | (o W wimwee)| e

p=1 (a,b,c)E(Lgoiid (vs )mead(US))

We further estimate (29) by appealing to Fact 1.2.

Fix (a,b,c) € (Lgé{jd(vs)ﬁHﬁ;ﬁ(vs)) C Lgéjod( s). By the definition of Lgood( s), each of the bipartite

graphs LI [W/hvs WU, LI [Wpvs, Wive], Lhi[Whvs Wiv], is eg-regular with density dsd (1 + 531)/4).
Applying Fact 1.2 to L,[W?, Wbl Y W3?], we therefore conclude

1,V J, Vs
Wy, % [|[W2os|,

e (Lo [ i wie ] )| = (dada (1= 651) = Ousa, (50))3 |Whve

3
o (dads)
4

W vs [ Wy e | |Wivs

2

3 -
(d3d2)3 <d2n) _ dgdg n3 (30)

128 ty 128 13

where the last inequality follows from Fact 2.1 in Section 2.2. Applying (30) to (29), we conclude

1/20
s/ djds
128 3

U K2 (QM (p))| >

p=1

| (o) i) .
We use (22) to conclude the proof of Fact 4.6.

4.3.2. Proof of Fact 4.7. Fix 1 <s < s’ < f. We use the notation P}, , = P}’ N P}, where we recall

VsVgt

Pt = PM[Npu.(vs), Npii (vs)]. Define Pj7,  and P9,  similarly. Then,

T’ .. T/ ..

U P (@) n K2 @ )| < [ (P, u P, U P, )| (31)
p=1 p=1

To bound the right hand side, we apply Fact 1.2 to the graph P’” P” PJ”U

(via (20)) each of Plf”v s Pyv and Pli{)s, is (da, 6;/ )-regular?. Applylng Fact 1.2,

and may do so as

s/

’

[ (pr,, U P, U P, )]

VsVgr VsVgr VsVgr

[Npin (s, 05 ) |[Npri (vs, 050 )| [Nps (vs, vsr

3
/ < 943
)‘ < (dg +9d2 < 62)) < 2d2
from which it follows (via (20)) that
e (R, 0P

VsVgt VsVgt

u Pjg;s,)’ < 16d3n3. (32)

Combining (31) and (32) proves Fact 4.7.

A1t is easy to show that each of P&iv ,s Pﬁivs, and P&jvs, is (da, 6;/2)-regular from the hypothesis that each of P,

P and P is (da, 82)-regular.
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4.4. Proof of Claim 4.5. The proof of Claim 4.5 is easy and follows largely from work in Claim 4.4.
We bound

HAU{K? (@) 1<p<r 1<s<
U{K? (@) s 1<pr 125 < £

and begin with the numerator.
Clearly

HAU{E? (@) s1<p<r 1<s << > (JHHIC§2>(Qij(p>) :

1<s<f |p=1
We infer from (24) and (25) that for fixed 1 < s < f,

r’ r
UHnE? (@ ()| = > nn|JKkP (@ ( Zjibc(p))
p=1 (a,b,0)€(LE | (v)NH}Y (v,)) p=1

and hence, from (22),

’

Unnkl @) < (-5 % UK (@)

p=1 (a:b,0)€ (LI (va)NH} (vs)) T [P=L

goo

= (ds ™) U'C(” (@)

where the last equality follows from (24). Consequently7

HAU{K® @) s1<p<r 12527} < (-5) ¥ UKD @ 6))|.
1<s<f |p=1 (33)

Using (26) and (33), we see

HU{kP @wo)r<psracasg)|
‘U{/C§2)(ij(p)):lgpgr’,lgsgf}‘ < (da =0 )17§

where A=, o< [Upmy K57 (@15 ) N Uy, K7 (@13 () | and B = 21, JUpZ, K§2(QU9 ()|
Using Facts 4.6 and 4.7, we obtam further upper bound

—1 —
2d9 3 218 d3
(dS - 5?1,/20) 1= 1/108f - = (d3 - 5§/20) 1= 1/1{) ?‘
(fo5" " d3d3n?)/(128) o5’ d3

-1
3/10
Using the value of f in (19), we obtain further upper bound ( 51/20) ( — 218% ) . Claim 4.5

then follows the fact that d3 < ds in (2). O
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