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Abstract

Kronecker product and tensor decompositions are used to construct approximations of severely
ill-conditioned matrices that arise in three-dimensional image processing applications. Computa-
tionally efficient methods to construct the approximations are developed by exploiting structure
that is inherent in many image processing problems, such as those arising in microscopy and
medical imaging. It is shown that the resulting approximations provide a general, powerful tool
that can be used to improve efficiency of image reconstruction algorithms.

1 Introduction

Many image processing applications model the image formation process as an integral equation,

g(t) =

∫

Ω
k(s, t)f(s)ds + e(t) , (1)

or after discretization,
g = Kf + e , (2)

where the vector g and matrix K are known, and the goal is to compute an approximation of
the unknown vector f . The vector e, which represents errors or noise in the measured data g, is
generally not known. These equations are used, for example, to model the image formation process
in image restoration, as well as the projection data collection process of medical imaging devices
[1, 2, 9, 15, 23, 24, 25]. In general, f is a vector representation of the true (unknown) image. Thus,
for m × n × p (three-dimensional) images, f is a vector of length N = mnp. For simplicity of
notation, we assume throughout this paper that g and e are also vectors of length N , and thus K
is an N ×N matrix. However, we emphasize that this restriction is just for notational convenience,
and is not a requirement for any of the results and algorithms presented in this paper.

Equation (1), and its discrete analog, (2), are classical examples of ill-posed inverse problems
whose properties have been well studied [7, 10, 12, 27]. In particular, the matrix K is typically
severely ill-conditioned, making it very difficult to compute accurate approximations of f . For
example, if e is small, it is tempting to simply ignore it, and use standard approaches to solve
Kf = g. However, if K is ill-conditioned, the resulting inverse solution, finv = K−1g, is likely to
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be a very poor approximation of the true vector f . In order to compute a decent approximation of
f , some form of regularization must be employed. Such a solution may be expressed as

freg = K†
rg

where K†
r can be thought of as a regularized pseudo-inverse of K.

A useful tool in constructing and analyzing regularization methods is the singular value decom-
position (SVD). In most cases it is not computationally feasible to compute the SVD of a large
scale matrix K. One exception is when K can be decomposed into a Kronecker product of smaller
matrices. A Kronecker product of two matrices A,B is defined as:

A⊗B =











a11B a12B · · · a1nB
a21B a22B · · · a2nB

...
...

...
an1B an2B · · · annB











.

In image processing applications, such as deconvolution, image restoration, and image recon-
struction, it is necessary to solve large scale inverse problems of the form (2), and although it may
not be possible to decompose K into a Kronecker product form, it is often the case that K is highly
structured. For example, in image restoration the kernel (k(s, t) in (1)) or point spread function
(PSF), often satisfies the property k(s, t) = k(s− t); that is, it is spatially invariant. In many real-
istic problems, a theoretical model of the PSF is not known, and it must therefore be constructed
experimentally from the imaging system by generating images of “point sources”. What constitutes
a point source depends on the application. For example, in atmospheric imaging, the point source
can be a single bright star [13]. In microscopy, though, the point source is typically a fluorescent
microsphere having a diameter which is about half the diffraction limit of the lens [6]. In either
case, it is the PSF that can be used to construct the matrix K.

In medical imaging applications, such as computerized tomography (CT), positron emission
tomography (PET) and single photon emission tomography (SPECT), the collected data, g, is
not an image, but rather a collection of projections [15, 23, 24, 25]. A theoretical model for these
projections is often expressed in terms of the radon transform (i.e., line integrals through the object).
The specific structure of the matrix K in the discrete model (2) depends on many things, such as
the scanning geometry (e.g., parallel, fan, or cone beam), and whether attenuation and scatter,
collimator blur, and noise have been incorporated into the model [2, 18]. Obtaining good quality
images relies on accurately modeling these factors, but the tradeoff comes in computational costs.
An interesting observation is that in many cases, the matrix KT K has a structure very similar to
those found in image restoration [24]. Thus approximation techniques (e.g., for preconditioning)
used in image restoration can often be used in image reconstruction [8].

In this paper we focus on three-dimensional problems where the matrix K (or KT K) is defined
by a known PSF (i.e., an m × n × p array, P ). Our aim is to describe an approach to factor a
structured matrix, defined by a PSF, into a sum of Kronecker products:

K =
∑∑∑

Ak ⊗Bj ⊗ Ci . (3)

The factorization is obtained from an orthogonal tensor decomposition of the PSF, P . In section 2
we discuss orthogonal tensor decompositions of three-dimensional arrays, and show how they can
be used to efficiently factor K into a sum of of Kronecker products. In section 3 we show that the
factorization (3) can be used to efficiently construct an approximation of the SVD of K, and how
this approximate SVD can be used in regularization methods. Some numerical experiments are
presented in section 4. Section 5 contains some concluding remarks.
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2 Kronecker Factorizations

A general approach to compute factorizations of the form (3) was first presented by Van Loan and
Pitsianis [26]. Efficient algorithms that exploit structured matrices arising in 2-dimensional image
processing applications can be found in [16, 21]. The specific structure of the matrix depends on the
imposed boundary conditions, and can involve Toeplitz, circulant and Hankel matrices. To motivate
our approach for the 3-dimensional problem, and to see how the Toeplitz, circulant and Hankel
matrices arise, we first review how a Kronecker factorization can be computed for 2-dimensional
imaging problems.

2.1 Kronecker Factorization for 2-Dimensional Problems

Consider a 2D shift invariant problem involving images with m × n pixels. The PSF is the image
of a point source, and thus can be represented as an m × n array, P . In this paper, we restrict
ourselves to the case that the kernel k has compact support; this means that as we observe below,
our matrices will have a banded structure in the Toeplitz case and an anti-banded structure in the
Hankel case.

Suppose P is a rank-1 matrix; that is,

P = baT ,

where a and b are vectors of length m and n, respectively. Since P is the image of a point source
and we have assumed k has compact support, P contains the components of the Nth column of K,
where the index N depends on the i, j location of the point source. Therefore K can be written as
a Kronecker product:

K = A⊗B ,

where A is an n × n matrix and B is an m × m matrix, which are defined as follows. Suppose
that the center of the PSF is at location (i, j) and pij is the value at the center of the PSF. Then,
depending on the boundary conditions, we have [16, 21]:

• Zero boundary conditions imply A and B are Toeplitz matrices defined by a and b, respec-
tively. In particular,

A =



















aj · · · a1
...

. . .
. . .

an
. . . a1

. . .
. . .

...
an · · · aj



















and B =



















bi · · · b1
...

. . .
. . .

bm
. . . b1

. . .
. . .

...
bm · · · bi



















.

• Similarly, for periodic boundary conditions, A and B are circulant matrices defined by a and
b, respectively.

• In the case of reflexive boundary conditions, A and B are Toepliz-plus-Hankel matrices defined
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by a and b, respectively. In particular,

A =



















aj · · · a1
...

. . .
. . .

an
. . . a1

. . .
. . .

...
an · · · aj



















+



















aj+1 · · · an
...

·

·

·

an a1

·

·

·

...

a1 · · · aj−1



















,

and

B =



















bi · · · b1
...

. . .
. . .

bm
. . . b1

. . .
. . .

...
bm · · · bi



















+



















bi+1 · · · bm
...

·

·

·

bm b1

·

·

·

...

b1 · · · bi−1



















.

Notice that in each case, the indices i and j that specify the center of the PSF are important in
determining how A and B are formed from a and b.

If P is not rank-1, then we could compute a rank-one approximation of P , and construct A and
B as described above. That is,

P ≈ baT ⇒ K ≈ A⊗B .

Note that it is easy to get this approximation by simply using the dominant singular value and
corresponding vectors of P (keep in mind that although K is a large mn×mn matrix, the dimension
of P is only m× n). In general, we can efficiently decompose K into a sum of Kronecker products
as follows. Suppose P = U∆V T is the SVD of P . Let uk and vk denote the kth columns of U and
V , respectively, and assume δ1 ≥ δ2 ≥ · · · ≥ δr > δr+1 = · · · = δn = 0 (i.e., the rank of P is r).
Then,

P =
r
∑

k=1

δkukv
T
k ⇒ K =

r
∑

k=1

Ak ⊗Bk ,

where Bk is defined by bk =
√

δkuk, the center of the PSF, and the imposed boundary condition,
as described above. Ak is constructed similarly by ak =

√
δkvk. With this representation, we see

that A1 ⊗B1 gives, in some measure, a “best” Kronecker product approximation of K.
It is important to emphasize that this Kronecker product decomposition of K can be computed

fairly efficiently. Specifically, if the images are m × n pixels (and thus K is mn × mn), then it
requires at most O(m3 + n3) operations to compute the matrices Ak and Bk.

2.2 Kronecker Factorization for 3-Dimensional Problems

In the 3-dimensional case, images are represented as 3-dimensional arrays; that is, m×n×p voxels.
If we say P is a rank-1 tensor, we mean P can be expressed as

P = c ◦ b ◦ a

where a, b and c are vectors of lengths m, n, and p, respectively. The notation ◦ is a generalization
of outer product to higher dimensions. Specifically, the (i, j, k) entry of c ◦ b ◦ a is given by

(c ◦ b ◦ a)ijk = cibjak
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In this situation, the matrix K can be represented as a Kronecker product:

K = A⊗B ⊗ C ,

where A, B and C are matrices whose structures depend on the imposed boundary condition,
analogous to 2-dimensional imaging problems.

We remark that one can mix boundary conditions. For example, if we use zero boundary
conditions on the x and y directions, but reflexive boundary conditions in the z direction, then C
and B are Toeplitz matrices, whereas A is a Toeplitz-plus-Hankel matrix.

In the case when P is not rank-1, obtaining the best rank one approximation is a bit more
difficult. In particular, there is no known tensor extension of the Eckart-Young SVD approximation
theorem [20]. However, attempts have been made to generalize the SVD to high order tensors, and,
moreover, approaches have been proposed to compute best rank one tensor approximations; see,
for example [4, 5, 29]. If P is an m×n× p array, our first attempt might be to try to find a scalars
δk and vectors uk, vk and wk such that

P =

r
∑

k=1

δkuk ◦ vk ◦wk ,

but this turns out not to be the most convenient way to represent the tensor decomposition,
because it is not always possible to orthogonally “diagonalize” a 3-dimensional tensor. However,
an orthogonal decomposition can be constructed from the high order singular value decomposition
(HOSVD) suggested by de Lathauwer, de Moor and Vandewalle [4]. The HOSVD has the form:

P =

r1
∑

i=1

r2
∑

j=1

r3
∑

k=1

δijkui ◦ vj ◦wk . (4)

Using (4), we can construct a factorization of the matrix having the form:

K =
∑∑

δijk 6=0

∑

Ak ⊗Bj ⊗ Ci ,

where Ak is defined by the vector ak = δ
1/3
ijk wk, Bj is defined by bj = δ

1/3
ijk vj , and Ci is defined by

ci = δ
1/3
ijk ui.

The HOSVD decomposition of a 3-dimensional array P , given by equation (4), is computed as
follows (we use Matlab colon notation to specify blocks of columns, rows, etc.):

• Suppose P is an m × n × p array. To describe the procedure from [4] for computing the
HOSVD, we need to define certain matrices by “unfolding” P . In particular, we consider:

P(1) = unfold(P, 1) =
[

P (:, 1, :) P (:, 2, :) · · · P (:, n, :)
]

∈ R
m×pn

P(2) = unfold(P, 2) =
[

P (:, :, 1)T P (:, :, 2)T · · · P (:, :, p)T
]

∈ R
n×pm

P(3) = unfold(P, 3) =
[

P (1, :, :)T P (2, :, :)T · · · P (m, :, :)T
]

∈ R
p×nm

We will also need to “fold” matrices into 3D arrays, for example:

P = fold(P(1), 1) = fold(P(2), 2) = fold(P(3), 3) .
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• The next step is to compute the compact SVDs of each of the matrices P(1), P(2) and P(3):

P(1) = U∆(1)Q
T
(1)

P(2) = V ∆(2)Q
T
(2)

P(3) = W∆(3)Q
T
(3),

where U, V,W are square orthogonal matrices and the ∆(i) are square and diagonal. Then
the vectors uk in the decomposition (4) are the columns of the matrix U (i.e., the left singular
vectors of P(1)). Similarly, the vectors vk are the columns of V (the left singular vectors of
P(2)), and the vectors wk are the columns of W (the left singular vectors of P(3)).

• The scalars, δijk are entries in the m× n× p array:

∆ = fold
(

UT P(1)(V ⊗W ), 1
)

We note that if P is an m× n× 1 array (i.e., a matrix) then the HOSVD produces the SVD of
P . To see this, observe:

• P(1) = P , so the left singular vectors of P(1) are the left singular vectors of P .

• P(2) = P T , so the left singular vectors of P(2) are the right singular vectors of P .

• P(3) is a 1×mn matrix, so W = 1.

• ∆ = fold
(

UT P(1)(V ⊗ 1), 1
)

= UT PV , and so P = U∆V T .

We refer the interested reader to [4] for more details on the properties of the HOSVD, and the
derivation of the algorithm outlined above.

3 Computations with Kronecker Products

Now that we have a factorization of K into a sum of Kronecker products, we return to the original
problem of computing solutions to the discrete ill-posed problem (2). As stated in the introduction,
it is very difficult to compute accurate approximations of f , and regularization methods must be
employed to reduce sensitivity of the solution to noise in the data. A class of regularization methods,
called filtering, can be defined using the SVD1 of the matrix K [12, 27]. In particular, suppose
K = UΣV T , where where U and V are orthogonal matrices and Σ =diag(σ1, σ2, . . . , σN ). A naive
approach to approximate f is to compute the inverse solution:

f̂ = K−1g = V Σ−1UTg =
N

∑

i=1

uT
i g

σi
vi = f +

N
∑

i=1

uT
i e

σi
vi ,

where ui and vi are the ith columns of U and V , respectively. Note that division by small singular
values amplifies the noise. Filtering methods dampen these effects by computing a solution of the
form:

ffilt =

N
∑

i=1

φi
uT

i g

σi
vi ,

1The SVD of K should not be confused with the HOSVD of P nor the SVDs of the P(i) in the previous section.
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where

φ ≈
{

1 for large σi

0 for small σi
.

For example, the truncated SVD (TSVD) method chooses a truncation tolerance, τ , and defines
the filter factors as:

φ =

{

1 if σi ≥ τ
0 if σi < τ

. (5)

Note that we could choose τ to be a specific singular value, such as τ = σk. In this case, we refer
to k as the truncation index, and we write the TSVD solution as

ftsvd =

k
∑

i=1

uT
i g

σi
vi .

Choosing the truncation tolerance, τ , is a nontrivial topic; some approaches that can be used
include the discrepancy principle, generalized cross validation method and the L-curve [7, 12, 27].

We remark that other well known regularization methods, such as Tikhonov regularization, can
be expressed in terms of an SVD filtering approach. Note that in our application, the matrix K is
too large to explicitly compute an SVD. An exception, however, occurs when the PSF, P , is rank-1.
As we have seen, in this case, we can obtain the factorization

K = A⊗B ⊗ C ,

where A is a p × p matrix, B is an n × n matrix, and C is an m × m matrix, by looking at the
three-dimensional PSF. It is possible to explicitly compute SVDs of A, B and C, and use properties
of Kronecker products [14] to obtain

K = A⊗B ⊗ C

= (UaΣaV
T
a )⊗ (UbΣbV

T
b )⊗ (UcΣcV

T
c )

= (Ua ⊗ Ub ⊗ Uc)(Σa ⊗ Σb ⊗ Σc)(Va ⊗ Vb ⊗ Vc)
T

= UΣV T .

When implementing filtering algorithms, such as the TSVD, we do not need to explicitly form U ,
Σ and V , but instead we can work with the smaller factors corresponding to A, B and C.

A problem arises when P is not rank-1, in which case K can only be factored into a sum
of Kronecker products. As described above, we can easily handle a single Kronecker product,
but unfortunately the SVD of a sum of matrices is not (in general) the sum of its SVDs. To
overcome this difficulty, we use an approach advocated in [16] to construct an approximate SVD
decomposition. Using the approach outlined in section 2, factor K as

K =
∑∑

δijk 6=0

∑

Ak ⊗Bj ⊗ Ci .

Suppose δi0j0k0 = max δijk, and compute the SVDs

Ak0 = UaΣaV
T
a , Bj0 = UbΣbV

T
b , Ci0 = UcΣcV

T
c .

Then an approximate SVD, K ≈ UΣV T , is given by

U = Ua ⊗ Ub ⊗ Uc , V = Va ⊗ Vb ⊗ Vc , Σ = diag
(

UT KV
)

.
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By exploiting properties of Kronecker products, the computation of Σ is relatively inexpensive,
provided there are only a few δijk 6= 0. That is, since UT KV =

∑∑

δijk 6=0

∑

UT
a AkVa ⊗ UT

b BjVb ⊗
UT

c CiVb and we only need the diagonal elements of this matrix, Σ can be computed in O(mnp)
arithmetic operations. In our applications, we have found that we need only use terms in the
decomposition corresponding to |δijk| ≥ γ, where γ is some prescribed tolerance.

Using this approximate SVD in filtering methods, we can compute approximate solutions to (2).
Of course, it may be possible to compute better solutions with a different regularization method
that does not require an SVD. For example, we might consider using an iterative algorithm, such as
the conjugate gradient method, where regularization is enforced by truncating the iterations (i.e.,
early termination) [7, 12, 27]. Preconditioning (which amounts to constructing an approximation
M ≈ K and applying the iterative method to M−1K) can be used with these methods to accelerate
convergence, but care must be taken for ill-posed problems since linear systems of the form Mz = w

must be solved at each iteration. If M is a good approximation of K, then M will be ill-conditioned,
and therefore inverting M may cause extensive noise amplification during the early iterations.

One preconditioning approach for ill-posed problems, proposed in [11], uses a TSVD like ap-
proach with an approximate SVD of K. Specifically, define a preconditioner Mτ = UΣτV

T , where
K ≈ UΣV T , and Στ =diag(σ1, . . . , σk, 1, . . . 1). To understand why this approach works, we need
to understand a little about truncated iteration regularization. It can be shown (see [7, 12, 19, 27])
that the early iterations filter out components of the solution corresponding to the small singular
values of the matrix. That is, the early iterations tend to reconstruct mostly the good part of the
solution, and noise components of the solution are filtered out. It is this part of the iteration that
we want to accelerate. At some point, though, the noise components start to be reconstructed,
and the iterations begin to be corrupted with noise; this part of the iteration we do not want to
accelerate.

For a preconditioned iterative method, it is the singular values of the preconditioned system
M−1K that we must consider. By clustering all of the singular values around one, we no longer
have the information to distinguish between the signal and noise subspaces. However, if we use the
preconditioner Mτ with a good approximation of the SVD, then the preconditioned system has the
form:

M−1
τ K ≈ V ∆V T ,

where ∆ ≈diag(1, . . . , 1, σk+1, . . . , σn). In this case, the large singular values (i.e., those correspond-
ing to the signal subspace) are clustered at one, and are well separated from the small singular
values (those corresponding to the noise subspace). Iterative algorithms, especially conjugate gra-
dient type methods, tend to converge very quickly in this situation.

4 Numerical Experiments

In this section we present some numerical experiments that illustrate the effectiveness of our Kro-
necker product and SVD approximations on two test problems. In each example a known true
image is artificially blurred with a known PSF, and 1% Gaussian white noise is added to the
blurred image. That is, for f as in (2), we determined e so that

‖e‖2

‖Kf‖2
= .01.

When describing the PSF, we assume spatial invariance, and use the notation

k(x, y, z) = k(sx − tx, sy − ty, sz − tz) = k(s− t) .

All experiments were done using Matlab 7.0.
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4.1 Example 1. Medical Imaging

In this example we simulate blurring effects caused by partial volume averaging in spiral CT [28],
where it has been shown that the PSF can be approximated well by a three-dimensional Gaussian.
We note that a Gaussian is separable, and thus our approximation techniques are ideally suited for
this kind of problem. To construct such a PSF, we averaged three different Gaussians,

k(x, y, z) = (k1(x, y, z) + k2(x, y, z) + k3(x, y, z))/3 , (6)

where

ki(x, y, z) =
1

√

(2π)3σ3
i

e−(x2+y2+z2)/2σ2
i ,

and each σi was chosen randomly to satisfy 1 ≤ σi ≤ 2. The true image, which is included in
Matlab, consists of 27 image slices, each 128 × 128, of a human head. Fig. 1 shows slices of the
true image, and Fig. 2 shows the corresponding noisy blurred slices.
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Figure 1: True image for example 1.

Figure 2: Noisy blurred image for example 1.
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The PSF in this example cannot be represented as a single Kronecker product factorization,
A ⊗ B ⊗ C. This can be seen in Fig. 3, which shows a plot of the largest 20 δijk values of the
HOSVD of the PSF. Recall that our algorithm requires that we first choose the number of terms
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Figure 3: Largest 20 δijk values computed by the HOSVD method (see equation (4)) for the PSF
in example 1.

in our HOSVD expansion to use to get an approximate factorization K as a sum of Kronecker
products. From that factorization, we use the approximate (or exact, if only one term is used)
SVD to build the TSVD regularized solution using a truncation tolerance of τ . The computed
reconstruction using one term in the Kronecker product SVD approximation scheme with τ = 0.05
is shown in Fig. 4. This result clearly shows that, for this example, one term of the Kronecker
product SVD approximation works very well in restoring the image using the TSVD methods.
Additional terms in the triple sum were taken in the approximation, but the computed restorations
remained essentially the same. This is likely due to the fact that the largest δijk value (see Fig. 3)
is well separated from the others, and therefore very little information is added to the dominant
singular values when more terms are taken in the approximation.

Although the quality of the TSVD restorations are encouraging, as mentioned in section 3,
better reconstructions might be computed with algorithms that use the original matrix, K. Iterative
methods can be implemented efficiently, given the spatially invariant structure of the kernel from
which K is derived, using fast Fourier transforms (FFT) for the matrix-vector multiplication. There
are many choices for iterative methods, including conjugate gradient type algorithms. For our tests,
we use the conjugate gradient method for least squares problems (CGLS) [3], and its preconditioned
version (PCGLS). For a preconditioner, we use the approximate SVD discussed in section 3 with
one term in the Kronecker product approximation of K. As with the TSVD results reported above,
we use the truncation tolerance τ = 0.05. The convergence history (i.e., a plot of the relative
errors between the exact and computed solution at each iteration) is shown in Fig. 5. The dashed
horizontal line on this plot shows the error level of the best TSVD reconstruction computed earlier.
Although not dramatic for this particular example, the preconditioner is effective at reducing the
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Figure 4: TSVD computed restoration (for example 1) using 1 term in the Kronecker product SVD
approximation scheme.
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number of iterations2 needed to compute very good restorations. Fig. 6 shows the result after 6
iterations of PCGLS. We remark that the cost per iteration of PCGLS is about 1.7 times that of
CGLS, which implies that 6 iterations of PCGLS is about the same cost as 10 iterations of CGLS.
Therefore, although the difference is not especially dramatic, the gain in convergence speed offsets
the extra work required by the preconditioner.
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Figure 5: Convergence history of CGLS and PCGLS for example 1.

2Of course, in practice the relative error is not available and one must decide when it is time to stop iterating.

The stopping parameter is a regularization parameter, just as τ is a regularization parameter for TSVD, and some of

the methods mentioned earlier for choosing the TSVD parameter are applicable for choosing the stopping parameter.
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Figure 6: Slices of the restored image (for example 1) after 6 iterations of PCGLS.
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4.2 Example 2. Microscopy

In this example we simulate blurring effects caused by optical limits in 3D microscopy. In particular,
we consider a simulation of two-photon microscopy [6], where it is known that the PSF has a
parametric form given by

k(x, y, z) =
e−4r2(x,y)/ω2(z)

ω4(z)
,

where

ω2(z) = ω2
0

(

1 +

(

z

zR

)2
)

, and r2(x, y) = x2 + y2 .

Typical values for the constants are ω0 = 0.25µm and ω0 ≤ zR ≤ 10ω0. In the simulation described
in this example, we used ω0 = 0.25 and zR = 1. The true image, which was obtained from
http://www.wadsworth.org/spider 3d/page two.html, consists of a stack of 20 images, each
128× 103, of a dendrite. Fig. 7 shows the true image, and Fig. 8 shows the noisy blurred image.

Figure 7: True image for example 2.

As with the previous example, the PSF in this example cannot be represented as a single
Kronecker product factorization, A ⊗ B ⊗ C. This can be seen in Fig. 3, which shows a plot of
the largest 50 δijk values of the HOSVD of the PSF. In fact, in this example, the δijk values decay
more slowly, suggesting that it may be necessary to use more terms in the Kronecker product SVD
approximation. To illustrate that this is indeed the case, we computed simple reconstructions with
a TSVD filter, with a truncation tolerance τ = 0.01, using 1 and 3 terms in the Kronecker product
SVD approximation scheme. The results are shown in Figs. 10 and 11, respectively.
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Figure 8: Noisy blurred image for example 2.
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Figure 9: Largest 50 δijk values computed by the HOSVD method for the PSF in example 2.
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Figure 10: TSVD computed restoration (for example 2) using 1 term in the Kronecker product
SVD approximation scheme.

Figure 11: TSVD computed restoration (for example 2) using 3 terms in the Kronecker product
SVD approximation scheme.
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It is possible that slightly better restorations can be obtained by increasing the number of terms
in the approximation. However, as with the previous example, we are more likely to obtain better
reconstructions by using an iterative algorithm, or by incorporating additional information into the
formulation of the problem. As an illustration, we computed restorations using a modified residual
norm steepest descent method (MRNSD) [17, 22], and its preconditioned version (PMRNSD),
which enforces a nonnegativity constraint at each iteration. The cost per iteration of this method
is essentially the same as CGLS and PCGLS. For a preconditioner, we use the approximate SVD
with 1 term in the Kronecker product approximation of K, and truncation tolerance τ = 0.01.
The convergence history (i.e., a plot of the relative errors at each iteration) is shown in Fig. 12.
The dashed horizontal line on this plot shows the error level of the best TSVD reconstruction
computed earlier. This plot illustrates the slow convergence of MRNSD, and the dramatic effect
that can occur when using an appropriate preconditioner. The computed solution after 9 iterations
of PMRNSD is shown in Fig. 13.

0 5 10 15 20 25 30 35 40 45 50

0.35

0.4

0.45

0.5

0.55

0.6

0.65

Iteration

R
el

at
iv

e 
er

ro
r

MRNSD
PMRNSD
TSVD error level

Figure 12: Convergence history of MRNSD and PMRNSD for example 2.

5 Concluding Remarks

The results we obtained with the Kronecker product and SVD approximations are very promising.
We note that approaches other than the HOSVD can be used for computing a tensor decomposition
of the PSF. For example, de Lathauwer, de Moor and Vandewalle [5] suggest using a power method
that can, in particular, be used to find the best rank-1 tensor approximation of the PSF. Zhang
and Golub [29] also study generalizations of the SVD to higher dimensions, and consider several
algorithms for tensor decompositions.

We attempted to use the power method proposed in [5]. Some examples presented in [5] show
that the power method can improve the HOSVD rank-1 approximation, but we did not observe any
improvement in our application. Moreover, our numerical experiments indicate that the HOSVD
performed very well for Kronecker product approximations. However, we have not fully investigated
other orthogonal tensor decompositions, and it is possible that an alternative approach may produce
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Figure 13: Restored image (for example 2) after 9 iterations of PMRNSD.

better results.
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