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Abstract
For a subset S of a finite ordered set P, let

St={x€P:x>sforsomeseSt and S| ={zre€ P:x<sforsomeséeS}.

For a maximal antichain A of P, let

_ UT]+D] |
SA) = w1

the maximum taken over all partitions U U D of A, and

(4)

skp(P) = min s
ACA(P),| A=k

where we assume P contains at least one maximal antichain of k elements. Finally, for a

class C of finite ordered sets, we define

sk(C) = Ji)réfcsk(P).

Thus s, (C) is the greatest proportion r satisfying: every k-element maximal antichain of a
member P of C can be “split” into sets U and D so that U T U D | contains at least r|P]
elements.

In this paper we determine s (Gy) for all £ > 1, where G, = {k x n : n > k} is the family
of all k& by n “grids”.

1 Introduction

Given a maximal antichain A of an ordered set P, say that A splits if there is a partition
A=UUD such that P=UTU D |, where

Ul={zeP:x>uforsomeuecU} and D|={xe P:x<dforsomed e D}.



Say that P has the splitting property if every maximal antichain of P splits. Ahlswede, Erdds
and Graham introduced these notions in [1], and proved that every finite Boolean lattice has
the splitting property. In [2] we used the splitting property to study maximal antichains in
distributive lattices. More recently, in [3], we characterized the set of distributive lattices with
the splitting property, and also introduced the idea of a splitting number for any finite ordered
set and any class of finite ordered sets. We restate the required definitions.
For a maximal antichain A of a finite ordered set P, let
UT[+ID]]

s(4) = AZ00D |P| ’

the maximum taken over all partitions U U D of A. Define the splitting number of P to be

s(P) = A s(4) ,
where A(P) is the set of all maximal antichains of P. Furthermore, if C is a class of finite ordered
sets, we define the splitting number of C to be
s(C) = }gréfcs(P).
We also make analogous definitions when the antichains involved are restricted to a certain size:
for a finite ordered set P, or a class C of finite ordered sets, let
sk(P) = AeAgﬂA\:ks(A) and sk(C) = Jljréfc sk(P),
where k is a positive integer such that P contains at least one maximal antichain of k elements.
Thus sx(C) is the greatest proportion r satisfying: every k-element maximal antichain of a
member P of C can be “split” into sets U and D so that U T U D | contains at least r|P|
elements. The same condition with the restriction on antichain size removed yields s(C). It is
clear that s(P) < si(P) and s(C) < si(C) for all k.

Note that the Ahlswede-Erdés—Graham theorem [1] could be stated as: s(B) = 1 where B
is the class of all finite Boolean lattices. Also, it’s not difficult to see that if P is the class of all
finite ordered sets, s(P) = s,(P) = 1/2 for all k. The problem of determining s(C) and s;(C) for
various classes is an interesting order-theoretic and combinatorial task. When C is the family
of all finite distributive lattices, for instance, we only have bounds (and not very good ones) in
[3]. But the more restricted family G = {k X n: n > k} of all k by n “grids”, where k is fixed
and n > k, appeared to us to present a challenging but attainable goal, and in [3] we began to
determine si(Gg). It is not difficult to show that limy .. sk(Gr) = 1, and at the time we had a
guess for what s (G) was, linked closely to the Pell numbers and a “Pascal-like” triangle. Here,
we present verification of our guess.

Theorem 1 For all positive integers k,

1 1
sp(Gr)=1— -4+ —
(G =1+ o
where yi is defined by: y1 =2, y2 = 3, y3 =6, and
_ ) 2yk1—yk—a fork odd,
Yk = 2p—1 — Yp—o for k even.



Thus the sequence yi, yo, . . . starts
2,3,6,9,16,23,40,57,98,139,238, ....

and we get . ) .

s1(G1) = 3 52(G2) = 30 s53(93) = 1—2 , s4(Ga) = g ;
and so on, as reported in [3]. The first two values are derived from general results for distributive
lattices. The values for £ = 3 through k£ = 6 were obtained with an early version of the strategy
fully developed in this paper.

Actually, the result we obtain is stronger: for each odd k there is, in a certain sense, a
“unique” antichain which realizes the minimum splitting value. This is made precise in Theorem
2 in Section 5. For even k, there does not appear to be uniqueness, unless perhaps symmetry is
imposed.

The rest of the paper is organized as follows. Section 2 contains the necessary definitions
and notation. It is convenient to employ matrix notation in the proof of Theorem 1 and the
required material is provided in Sections 2 and 3. Section 3 also contains the verification that
the value given in Theorem 1 is a lower bound for s;(Gg). The converse inequality is verified in
Section 4. In Section 5 is the promised description and proof of uniqueness. Finally in Section
6 we show that for even k& we can not obtain the same uniqueness result and state some open
problems.

2 Preliminaries

We use a representation of k-element maximal antichains in the lattice L = k x n via a vector
of nonnegative integers. Assume that the chains are labelled so that k = {1 <2 < ... < k}
and n = {1 < 2 < ... <n}. Given a k-element maximal antichain A = {aj,as,...,ax}, we
can put a; = (k,n1), ag = (k — 1,n1 +ng), and in general a; = (k+1—4,n1 + no +--- + n;),
where n; > 1 forall 1 < ¢ < k and Zle n; < n. Letting ng4 = n — Ele n; > 0, we have
a representation of A by the vector m = (n1,n9,...,nkr1). It is clear that this provides a 1-1
correspondence between k-antichains of L and (k + 1)-vectors of integers @ = (n1,n2, ..., Nk11)
where Zf+11 ni=mn,n; >0 (i=1,2,...,k) and ng4q > 0.

Given a maximal antichain A of L, there is a corresponding natural partition
NG, j): 1<i<k1<j<k+1}

of L into intervals N (i, j), where

Jj—1 J
N(z’,j):{(i,v)eL:Znt<U§Znt} for 1<i<k and 1<j<k+1.
t=1 t=1

For all 4,7, |N(i,7)| = nj. (See Figure 1.)

An orientation o of a maximal antichain A is an ordered pair (U, D) where A is partitioned
by U and D. We say that o captures the elements in U T U D |. It is convenient to assign T’s to
the elements of U and |’s to the elements of D. For instance, if o is given by U = {aq, a3, as, ...}
and D = {ag,aq4,ag, ...}, we denote o by the sequence a1 T as | asl ag] ... . In fact, with the



elements of A in their natural order, the a;’s can be dropped and an orientation can be defined
by a k-sequence of 1’s and |’s — the “alternating” orientation above is just T[T|[T] ... .

1
Figure 1: an interval N (3, j)

The reverse of an orientation o is the orientation o" obtained by both reversing the order of
the arrows and replacing each T by a | and vice versa; so for o = 71| we would get o" = T]|
for example. (See Figure 2.) Intuitively, o" is what o becomes when L is rotated 180°. An
orientation is self-reversing if it is equal to its reverse.

Figure 2: an orientation and its reverse



Most of the time, if any element of N (i, j) is captured by an orientation o then all are. The
only exception is that o can capture the greatest element (i,n; + --- 4+ n;) of N(i,j) without
capturing all of N (4, j). This happens for such an N (i, j) precisely if i+j > k+1, a; T, and a, |
for all r such that k+ 1 — ¢ < r < j; in this case all elements (r, Z{Zl ny) for k+1—5<r<i
are exceptional. In fact, o captures rini + rong + - -+ 4 ry41ng41 + ro elements of L, where r;
(j > 1) is the number of indices ¢ such that N(i,5) is captured by o, and ry is the number
of exceptional elements (r,n1 + --- + n;) captured by o but not in an interval captured by o.
Note that 0 < rg < k, since there is at most one such exceptional element with a given first
coordinate. Define the capture vector T, induced by o to be the (k+ 1)-vector (r1,7r2,...,7k+1)-
Then the number of elements captured by o is 7, - @ + ¢, the dot denoting the dot product of
the vectors.

Here is a simple result which we will need later. The reverse " of a vector v is obtained by
writing the components of ¥ in reverse order.

Lemma 1 For any orientation o,
= — \T
Vor = (Uo) .

Finally, the methods we develop to prove Theorem 1 do not apply in case k = 2. As noted
above, for small values of k, the result in Theorem 1 was obtained in [3]. Where needed, we are
free to assume k # 2 in Sections 3 and 4.

3 The lower bound

Let
=1 l + L
o k- kyr
be the quantity given in Theorem 1. Our goal here is to prove that every maximal k-antichain
of a lattice L = k x n € Gj, can be oriented so as to capture at least si|L| elements of L. This
will prove that si(Gxr) > sk.

To establish the lower bound, we show that given any antichain A with associated vector 7
as defined above, there is an orientation o such that v, - 7 > si|L| = sgkn. Our method is to
find a nonempty set O = {o1,...,0,,} of orientations, and positive numbers \;, 1 < i < m, so
that

m

Z)\i(ﬁoi ﬁ) = SkanAi (1)
=1

i=1
for all m. It follows that at least one of the o;’s in O must satisfy v,, - @ > spkn, so sg(Gk) > sk
as desired. It will turn out that we can select O and the A;’s independently of 7.
Arranging the capture vectors of the m orientations in the set O as rows of a matrix, we
obtain the m by k + 1 capture matriz My, of O. Now we can rewrite (1) in matrix form as

AMI\ = nspkJ,

where 7 is a 1-by-(k 4 1) row vector, A = (A1,..., \p) is an m-by-1 column vector, and .J is a
matrix of 1’s of appropriate size, in this case (k 4 1)-by-m. This equation can be written as

(M} — spkJ)X =0,



so it certainly suffices to prove that
(M} = sihJ)X =T, (2)

where 0 is a zero column vector of length m.

Now we will define the set © of m orientations and the associated m-vector X. It turns out
that we can let m = k + 1.

Define the orientations

ar { TITITL ... T for k odd, { Tl ...l for k odd, (3)

TUTITL ... | for k even, “WEY 111l ... 1 for k even,

and '
TLTl...l%TLTl...TL for k odd, 1 <i < k/2, i odd,

TLT - l%TlTl ... 17 forkodd, 1 <i<k/2, ieven,
TITl ... lﬁl” ... 11 for keven, 1 <i<k/2 iodd,
VT oo LITLTL .o 1L for k even, 1 < i < k/2, i even.

Also, for k even and at least 4, define the orientation

oo TTLTLT .. LT

05 :

Note that the capture vectors of these orientations are:

if k£ is odd,
orientation o capture vector v,
ar k—1+(0,1,—-1,1,—1,...,—-1,1)
a k—1+(1,-1,1,—1,...,—1,1,0)
01 k—1+(-1,0,1,-1,1,-1,1,...,—1,1,0)
o 1<i<k/2iodd | E—1+(0,1,-1,1,—1,...,~1,1,-2,0,1,~1,1,~1,...,~1,1,0)
o 1<i<k/2ieven | E—1+(1,—-1L1-1,...,—1,1,-2,0,1,~1,1,~1,...,~1,1),
if k is even,
orientation o capture vector v,
ar k—1+(0,1,-1,1,-1,...,-1,1,0)
a E—1+4(1,-1,1,-1,...,-1,1)
01 k—1+(-1,0,1,—-1,1,—1,1,...,—-1,1)
o 1<i<k/2iodd | E—1+(0,1,-1,1,-1,...,-1,1,-2,0,1,~1,1,~1,...,~1,1)
o 1<i<k/2ieven | E—1+(L,—1,1,-1,...,—1,1,-2,0,1,-1,1,-1,...,-1,1,0),
00 k—1+(-1,0,1,-1,1,—1,...,—1,1,0,-1)
where all vectors, including the constant vector k —1 = (k— 1,k —1,...,k — 1), are of length

k+1. For instance, Figure 3 shows the alternating orientation aq applied to a maximal antichain
of an arbitrary lattice in G, when k is odd. The antichain elements are shown as small solid



circles, and larger hollow circles show intervals which are not captured by the orientation. One
sees that exactly k — 1 intervals (out of k) of length nq are captured, all k of the length ng
intervals are captured, k — 2 of the length ng intervals are captured, and so on, giving

oy = (k— Lk k— 2,k k=2, kk—2k) =k —1+(0,1,-1,1,~1,...,—1,1)

as claimed. The other capture vectors can be similarly checked.

Figure 3: finding the capture vector of ay

Note that a| is the reverse of a; when k is odd, but not when % is even. When £ is even, the
orientations at, a) and oo are all self-reversing.

For k£ odd, we let

0= {aT7 O(k—1)/25O(k—3)/2) - - -1 02,01, 071“7 057 B 0&:—1)/27 al}

Note that |O] = k+1. As noted in Lemma 1, the capture vector of 0" is the reverse of the capture
vector of o. Thus with the orientations of O ordered as listed, we obtain the (k + 1) x (k + 1)
capture matrix

My = (k —1)Jgq1 + C,

where Jg11 is the square all-ones matrix of order k + 1,



o 1 -1 1 -1 ... -1 1 -1 1 -1 | 1 =1 1 -1 -1 1 -1 1
1 -1 1 -1 1 ... 1 -1 1 -2 0 | 1 -1 1 -1 -1 1 -1 1
o 1 -1 1 -1 ... -1 1 -2 0 1 | -1 1 -1 1 1 -1 1 0
1 -1 1 -1 1 1 -2 0 1 -1 ] 1 -1 1 -1 -1 1 -1 1

1 -2 0 1 1 -1 1 -1 1 | -1 1 -1 1 ... 1 =1 1 0
1 -2 0 1 -1 -1 1 -1 1 -1 ] 1 -1 1 -1 ... =1 1 -1 1
-1 0 1 -1 1 1 -1 1 -1 1 | -1 1 -1 1 1 -1 1 0

Cp =
o 1 -1 1 -1 ... -1 1 -1 1 -1 ] 1 -1 1 -1 -1 1 0 -1
1 -1 1 -1 1 1 -1 1 -1 1 | -1 1 -1 1 1 0 -2 1
0 1 -1 1 -1 -1 1 -1 1 -1 | 1 =1 1 -1 0 -2 1 0
1 -1 1 -1 1 1 -1 1 -1 1 | -1 1 -1 1 -2 1 -1 1
o 1 -1 1 -1 ... -1 1 -1 1 -1 | 1 0 -2 1 ... 1 -1 1 0
1 -1 1 -1 1 ... 1 -1 1 -1 1 | 0 -2 1 =1 ... -1 1 =1 1
1 -1 1 -1 1 ... 1 -1 1 -1 1 | -1 1 -1 1 ... 1 =1 1 0
when £ = 1 mod 4, and
o 1 -1 1 -1 ... 1 -1 1 -1 1 | =1 1 -1 1 ... -1 1 =1 1
0 1 -1 1 -1 1 -1 1 -2 0 | 1 -1 1 -1 ... 1 =1 1 0
1 -1 1 -1 1 -1 1 -2 0 1 | -1 1 -1 1 ... -1 1 —1 1
0o 1 -1 1 -1 1 -2 0 1 -1 ] 1 -1 1 -1 1 -1 1 o0
o 1 -2 0 1 .. -1 1 -1 1 -1 | 1 -1 1 -1 ... 1 -1 1 0
1 -2 0 1 -1 .. 1 -1 1 -1 1 | -1 1 -1 1 ... -1 1 =1 1
-1 0 1 -1 1 -1 1 -1 1 -1 | 1 -1 1 -1 1 -1 1 0
C =

o1 -1 1 -1 .. 1 -1 1 -1 1 | -1 1 -1 1 ... -1 1 0 -1
1 -1 1 -1 1 ... -1 1 -1 1 -1 ] 1 -1 1 -1 .. 1 0 -2 1
o1 -1 1 -1 .. 1 -1 1 -1 1 | -1 1 =1 1 ... 0 =2 1 0
1 -1 1 -1 1 -1 1 -1 1 -1 ] 1 -1 1 =1 -2 1 -1 1
1 -1 1 -1 1 ... -1 1 -1 1 —=11] 1 0 =2 1 .. -1 1 =1 1
o 1 -1 1 -1 ... 1 -1 1 -1 1 | 0 -2 1 -1 ... 1 -1 1 0
1 -1 1 -1 1 ... -1 1 -1 1 —=1] 1 -1 1 =1 ... 1 =1 1 0

when k& = 3 mod 4. [Note: the horizontal and vertical lines divide C, into four square submatrices
of order (k+1)/2.]
For k even and at least 4, we similarly define

O = {ay,0(k/2)-1: O(k/2)—2, - - - 1 02,01, 00,01, 0, ..., O y9)_1, 4| }-
Again |O] = k + 1, and this time the (k + 1) x (k + 1) capture matrix is
My = (k—1)Jgs1 + Ck

where



o 1 -1 1 -1 ... -1 1 -1 1 -1 1] 1 | -1 1 -1 1 1 -1 1 0
1t -1 1 -1 1 .. 1 -1 1 -2 0 | 1 | =1 1 —=1 1 1 -1 1 0
0 1 -1 1 -1 -1 1 -2 0 1 | -1 | 1 -1 1 -1 -1 1 -1 1
1 -1 1 -1 1 1 -2 0 1 -1 ] 1 | -1 1 =1 1 1 -1 1 0
1 -2 0 1 1 -1 1 -1 1 | =1 ] 1 -1 1 -1 -1 1 -1 1
1 -2 0 1 -1 -1 1 -1 1 -1 | 1 | -1 1 =1 1 1 -1 1 0
-1 0 1 -1 1 1 -1 1 -1 1 | =1 ] 1 -1 1 =1 -1 1 -1 1
Cpr=| -1 0 1 -1 1 1 -1 1 -1 1 | =1 | 1 -1 1 -1 -1 1 0 -1
1 -1 1 -1 1 1 -1 1 -1 1 | -1 1 -1 1 -1 .. -1 1 0 -1
0o 1 -1 1 -1 -1 1 -1 1 -1 ] 1 | =1 1 -1 1 ... 1 0 =2 1
1 -1 1 -1 1 1 -1 1 -1 1 | -1 ] 1 -1 1 -1 ... 0 =2 1 0
0 1 -1 1 -1 -1 1 -1 1 -1 | 1 | =1 1 =1 1 -2 1 -1 1
1 -1 1 -1 1 1 -1 1 -1 1 | =1 ] 1 0 =2 1 1 -1 1 0
0 1 -1 1 -1 -1 1 -1 1 -1 | 1 | 0 =2 1 -1 -1 1 -1 1
1 -1 1 -1 1 1 -1 1 -1 1 | -1 ] 1 -1 1 -1 -1 1 -1 1
when k£ =2 mod 4, and
0o 1 -1 1 -1 1 -1 1 -1 1 | =1 ] 1 -1 1 -1 1 -1 1 0
0o 1 -1 1 -1 1 -1 1 -2 0 | 1 | -1 1 -1 1 -1 1 -1 1
1 -1 1 -1 1 -1 1 -2 0 1 | -1 ] 1 -1 1 -1 1 -1 1 0
0 1 -1 1 -1 1 -2 0 1 -1 ] 1 | -1 1 =1 1 -1 1 -1 1
0 1 -2 0 1 -1 1 -1 1 -1 | 1 | =1 1 =1 1 -1 1 -1
1 -2 0 1 -1 1 -1 1 -1 1 | =1 ] 1 -1 1 -1 1 -1 1 0
-1 0 1 -1 1 -1 1 -1 1 -1 | 1 | =1 1 =1 1 -1 1 -1 1
¢g=(-1r 0 1 -1 1 ... -1 1 -1 1 -1 ] 1 | -1 1 -1 1 ... -1 1 0 -1
1 -1 1 -1 1 ... -1 1 -1 1 =1 | 1 | -1 1 -1 1 -1 1 0 -1
o 1 -1 1 -1 ... 1 -1 1 -1 1 | -1 | 1 -1 1 =1 1 0 -2 1
1 -1 1 -1 1 ... -1 1 -1 1 =1 | 1 | -1 1 -1 1 0 -2 1 0
0 1 -1 1 -1 1 -1 1 -1 1 | =1 ] 1 =1 1 -1 -2 1 -1 1
o 1 -1 1 -1 .. 1 -1 1 -1 1 | =1 | 1 0 -2 1 ... -1 1 =1 1
t -1 1 -1 1 .. -1 1 -1 1 =1 1] 1 | 0 -2 1 -1 ... 1 =1 1 0
1 -1 1 -1 1 ... -1 1 -1 1 -1 | 1 | -1 1 -1 1 ... -1 1 -1 1

when k£ = 0 mod 4. In each matrix the central row and column are flanked by four k/2 x k/2
submatrices.

The next step is definition of the vector A. For this we will use the sequence of integers
(yx) defined in Theorem 1, and also the well-known Pell numbers (ug), defined by: w; = 1,
ug = 2, and u; = 2u;—1 + u;—o for i > 3, so that (ux) = (1,2,5,12,29,70,...). We will also need
the initial value ug = 0 in some circumstances. In case that k is even, we require yet another
sequence of integers, closely related to the Pell numbers. Define (vy) by: v; = u; + u;—1, so that

(v1,v9,...) = (1,3,7,17,41,99, . ..).

See [5], for example, for information on these sequences.




The following results are routine, and their proofs are left to the reader.

n n
Lemma 2 (a) Uy = 2Zu%_1, Up+1 = 22’&21‘ + 1.
=1 =1

(b) tny1 = _vi +1.

1=
(c) Un =201 + Vp—2.

(n+1)/2
2 Z Uj for n odd,
@y={ 5
QZW + U(ny2)—1 + Uny2 for n even.
i=1

(e) Yon = 221}1‘ + 1.
i=1
Now define the (k 4 1)-vector

2 2

>
I

k
<uk/2 + 5 + 109,03, .., Vg 2) -1, Wry2)—1 T 1 ug)2,

k _
W21+ 1,04 2)-1, Vk/2)—2: - - -5 V2, 5T 1) -1

Note that, for k£ odd,

(k+1)/2 (k+1)/2
S X=2 Z wit (k+1)—(k+1)=2 > uwi=uy
i=1

by Lemma 2(d), and for k even,

(k/2)—1
DX = |2wp+E+4+2 > vit 21 | - (k+1)
i=2
(k/2)—1
= Q(Uk/g + U(k/g),l) +2 Z v, +3
i=2
k/2

2> v 1=y,
i=1

the last equality following from Lemma 2(e). So >_ X = y;, for all k, and (2) becomes

>|

_ - 1 K
0 = (Mg —kspJis1)' A= (Mk - {(k -1+ ﬁ] Jk+1>

1 b _ R _
= (CL——=J )\:Ct/\—<— /\>1=Ct>\—1.
(k Uk k“) g 2 g

Yk

10

k+1 k+1 —
<U1 T U2, U, e Ut 1) /25 Ukt 1) /25 U(k—1) /25 - - - U2, UL T —> —1 for k odd,

for k even.



Thus we want to prove CiX = 1.

We will do this by showing that the dot product of each column of Cj, with A equals 1. Let
col;(C) denote the ith column of Cy. Our proof treats the four congruence classes of k¥ modulo
4 separately.

Case (i): k =1 mod 4.

Note that, for each 4, the ith row of Cj is the reverse of the (k + 2 — i)th row by Lemma 1,
since the corresponding orientations are reverses of each other. Thus it is also true that col;(Cy)
is the reverse of colyo_;(Cy) for each i. Since A is symmetric, col;(Cy) - X = colpyo_i(Ck) - A, so

we need only show that col;(Cy) - A=1for 1 <i < (k+1)/2. We first consider column 1:

C011(Ck) A= (UQ - 1) + (U4 - 1) + -+ (u(k—l)/2 — 1) - (U(k+1)/2 — 1)
k—1
+(ug—1y/2 = 1) + (Ug—sy2 — 1) + -+ (u2g — 1) + <u1 + 2)
(k—1)/4 L1
= 2 ; (U2i—1)—u(k+1)/2+l+U1+T
(k—1)/4
= 2 Z u2i — Uky1)2 +2=1
i=1

by Lemma 2(a). To handle the other columns, it seems easiest to show that [col;(Ck) +
coli+1(Cr)] - A = 2 for each i € {1,2,...,(k — 1)/2}. Since coli(Cy) - X = 1, it then follows
that col;(Cy) - A =1 for all i < (k+ 1)/2 and thus for all 4. A similar strategy will be adopted
for the other three cases.

Thus we first note that

coly (Cy) + coly(Cy) = (1,0,1,0,...,1,0,1, —1,-1|1,0,1,0,...,1,0,0)

(where the midpoint of the (k 4 1)-vector is indicated by a vertical line), so

[COh(Ck) + COlQ(Ck-)] A = <’LL1 + %) +(us—1)+(us —1)+---+ (U(k_g)/z —1)

*(U(k—1)/2 -1) - (U(k+1)/2 -1)
+H(ugsryz =1 + (wp—3y2 = 1) + -+ (uz — 1)
(k—1)/4 b1
2 ; (uzi-1 — 1) —ug_1y2 +1+u1 + —
(k—1)/4
2 Z U2i—1 — Uk—1)/2 T2 =2
i=1

by Lemma 2(a). For any i € {2,3,...,(k —3)/2},

coli(Cy) + coly1(Cy) = (0,0,...,0,—1,-2,1,0,0,...,0)
where
_k+s
j=— i

11



Thus

[coli(Ck) + COli_H(Ck)] X = *(uj_z — 1) — 2(1,6]'_1 — 1) + (u]‘ — 1)
Uj; — 2’u]’71 —uj—2+ 2=2.

Finally,
COl(k_l)/2<Ck) + COl(k_H)/Q(Ck) = (07 —-2,1,0,0,... ,0),
SO
[colie—1)/2(Ck) + cOlrsn)2(Ch)] - A = —2(ug — 1) + (uz — 1)
= —244=2

Case (ii): k£ = 3 mod 4. B
Once again we need only show that col;(Cy) - A =1 for 1 <i < (k+ 1)/2. Proceeding as in
Case (i),we first get

coli(Cr) - A = (uz = 1)+ (us = 1) + - + (ugp—1yy2 — 1) = (Ug1yy2 — 1)
+(ug—1y2 = 1) + (Up—sy2 — 1) + -+ (us — 1) + <U1 + k—;)
(k1) /4 P
= 2 ,:ZQ (u2i-1 = 1) = upqry2 + 1 +ur + 5
(k+1)/4
= 2 Z U2i—1 = Ukt1)/2 +1 =1
i=1

by Lemma 2(a). Then
coli (C) + cola(Cy) = (1,1,0,1,0,...,1,0,1,—1,~1]1,0,1,0,...,0,1,0),

SO

[COh(Ck) + COlQ(Ck-)] A = (ul + %) +(ug—1) 4+ (ua—1)+---+ (U(k_g)/z —1)

*(U(k—1)/2 -1) - (U(k+1)/2 - 1)
(g2 — 1) + (Ug—gy2 — 1) + -+ (u2g — 1)
(k—3)/4

k—1
= 2 Zl (u2i_1)_u(k—1)/2+1+ul+T
(k—3)/4
= 2 Z Ui _U(kfl)/2+3:2
i=1

by Lemma 2(a). Now note that for any i € {2,3,...,(k — 1)/2}, col;(C) + col;+1(Cy) in Case
(ii) equals the sum of the same two columns in Case (i), so we must have

[COli(Ck) + COli_H(Ck)] . X =2
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for 2 < ¢ < (k—1)/2 here as well, which completes the proof for this case.

Case (iii): k¥ =2 mod 4.

For this and the final case we must work a little harder, because we do not have quite the
same symmetry in Cy and A when k is even as we had when k is odd.

First,

coli(Cg) - A = (v2— 1)+ (va— 1)+ + (Vry2)-1 — 1) —u@2)-1 — (up2 — 1)

k
Fugg -1+ (Vrs2-2 = 1) + (Wgm-a =1+ + (i3 -1+ 5

(k/2)—1

k
= Z (Ui_l)_uk/2+1+§
i—2
(k/2)-1

= Z ’Ui*’u,k/2+2:1
=1

by Lemma 2(b). Then
coly (Cy) + cola(Cy) = (1,0,1,0,...,1,0,1,—1, 1| — 1]0,1,0,1,...,0,1,0),

where the central ((k/2) + 1)st element has been sandwiched by vertical lines. So

[Coh(ck) + COlQ(Ck)] 5\ <’U,k/2 + ;) + (1)3 — 1) + (’U5 — 1) + -+ (U(k/g)_g — 1)

(21 — 1) = w@2)—1 — (upy2 — 1)
+(Wks2)—1 — 1) + (V23 — 1) + -+ (v2 = 1)
(k/2)—2

k
= Z (i = 1) = us2)—1 + 5 +1
=2
(k/2)—2

= D iUy t3=2

i=1
by Lemma 2(b). Also
cola(Cy) + col3(Ck) = (0,0,...,0,—1,-2,1/1]0,0,...,0),
SO
[cola(Ck) 4 cols(Cr)] - A = —(vy2)—2 — 1) = 2(v(2)—1 — 1) + ug2)—1 + (w2 — 1)

= —Vr/2)-2 — 2V(k2)-1 T (Ugrj2)—1 + Up2) + 2
= Up/2 — 2V(k/2)-1 — V(k/2)—2 T2 =2

by Lemma 2(c). For any ¢ € {3,4,...,(k/2) — 2},
CO]Z‘(Ck) + CO]Z‘_H(Ck) = (0, 0,...,0,—1,-2, i, 0,0,... 70)
where

k

13



and we get

[COli(Ck) + COli_H(CkH A = *(’Uj_g — 1) — 2(’1)]'_1 — 1) + (Uj — 1)
= vj— 2051 —vj2+2=2
by Lemma 2(c). Next
col(/2)-1(Ck) + coly/2(Ck) = (0,-2,1,0,0,...,0),

SO

[COl(k/Q)_l(Ck) + COlk/Q(Ck)] A= —2(1)2 — 1) + (Ug — 1)
= —4+6=2.

And one more:
coly2(Ck) + colx/2)11(Ck) = (0,1,0,0,...,0),

SO
[coli2(Ch) + col(ry2)41(Cr)] - A = w2 — 1= 2.

Now notice that for i € {2,3,...,k/2},
colgio_i(Ck) + colgr1_4(Ck) is the reverse of col;(Cy) + coli11(Cy).

Since the first and last entries of col;(C) + coli+1(Cy) equal zero for all 2 < i < k/2, and since
A is symmetric except for its first and last entries, it follows that

[col+2-4(Ck) + colir1-i(Cr)] - A = [coli(C) + coli1(Cy)] - X =2
for 2 <4 < k/2. This means that we will be done with this case once we verify that
[coly(Cr) + colpy 1 (Cr)] - X =2 and colpy1(Cp) - A = 1.
So what are we waiting for?
col,(Cg) + colg41(Cy) = (1,1,0,1,0,...,1,0 — 1| —= 1,-1,1,0,1,0,...,1,0,0),

SO

[col(Ck) + colpy 1 (Ck)] - A = (Uk/Q + g) +we—1)+ (va— 1)+ + (vgy2-1 — 1)

—(ugs2 — 1) = ugs2y—1 — (Vay2)-1 — 1)
+(w2y—2 = 1) + (Vrj2)—a — 1) + -+ (v3 = 1)
(k/2)-2 k
= Z (vi_l)_u(k/2)71+§+1
i—2
(k/2)—2

= Z Ui—U(k/2)71+3:2
i=1

14



by Lemma 2(b). Finally,

colpy1(Cr) A = (3= +(vs—1)+---+ (U(k/g)_Q -1+ U(k/2)—1 — (uk/2 -1)
k
~U(k/2)-1 + (k21 = 1)+ (W23 =)+ H (2 =1+ 5
(k/2)-1 k
= Z (vi—l)—uk/2+1+§
1=2
(k/2)—1
= Z Ui—uk/2+2=1
=1

by Lemma 2(b).

Case (iv): k£ =0 mod 4.
This case works almost the same way as in Case (iii). For column 1,

coli(Cr)- A = (v3—=1)+ (vs = 1)+ + (V21 — 1) — Ugeyay—1 — (ugy2 — 1)
k
Fugs2) -1+ (Vw22 — 1)+ (Vy2—a — 1)+ + (v2 = 1) + B}
(k/2)—1 "
(k/2)—-1
= Z v —up;p+2=1
i=1

by Lemma 2(b). Then
col; (Cy) + cola(Cy) = (1,1,0,1,0,...,1,0,1,—1,—1| — 1/0,1,0,1,...,0,1,0,0),

SO

[COh(Ck) + COIQ(C}C)} Y (uk/g + g) + (1)2 — 1) +(vg—1)+---+ (U(k/g),Q — 1)

—(Vy2)—1 — 1) = w2)—1 — (U2 — 1)
+(Wks2)—1 — 1) + (V2 -3 — 1) + -+ (v3 — 1)
(k/2)—2

k
= Z (Ui—l)—U(k/g)_1+§+1
=2
(k/2)—2
= Z Vi — Ug/2)-1 +3 =2
i=1

by Lemma 2(b). But now we have that for any i € {2,3,...,k — 1}, col;(Ck) + col;11(Cy) in
Case (iv) equals the sum of the same two columns in Case (iii), so

[Coli(Ck) + COli+1(Ck)] “A=2

15



for 2 <1i < k — 1 in this case too. Thus we once again need only show

[colp(Ck) +colpy 1 (Crp)] - A =2  and  colpy1(Ck) - A= 1.

This time,
col(Cy) + colps1(Cr) = (1,0,1,0,...,1,0| — 1| — 1,—1,1,0,1,0,...,1,0)
results in
— k
[colk(Ck) + colg1(Ck)] - A = (Um + 5) +s—1)+ (vs = 1)+ + (vyz)-1 — 1)

—(ugs2 — 1) = w@s2y—1 — (Vay2)—1 — 1)
+(w2y—2 — 1) + (Vrj2)—a — 1) + -+ (v2 = 1)
(k/2)—2

k
— Z (Ui—l)—U(k/g),l-i-g—Fl
=2
(k/2)—2
= Z vi_u(k/Z)—1+3:2
i=1
by Lemma 2(b), and
Colk+1<ck) A= (UQ — 1) + (1)4 — 1) + -+ (U(k/g)_Q — 1) + Uk/2)-1 — (Uk/Q - 1)
k
~U(k/2)-1 F (k21 = 1)+ (Vs = 1)+ H (3= 1)+ 5
(k/2)—1 L
= Z (vi—l)—uk/2+1+§
=2
(k/2)-1
= Z vi—uk/2+2:1
=1

by Lemma 2(b). This finishes the last case, and the verification of the lower bound in Theorem
1.

4 The upper bound

Suppose that a k-antichain A in L = k x n is defined by the (k 4 1)-vector @ (so > 7 = n).
We noted in Section 2 that the number of elements of L captured by an orientation o of A is
T, - T+ ro, where rg < k. Thus to prove si(Gr) < si for any fixed k, where s is given at the
beginning of §3, it is enough to verify that, for each € > 0, there is some % depending on € so
that

To -+ 10 < (S + €)(kn)

for all 2% orientations o of the k-antichain A associated with 7.
For this we use a particular symmetric (k + 1)-vector 7, (k > 1), namely

i = { (w1, ug, ... 3 U(k41) /20 Y(k41)/2 Y(k—1)/25 - - - , Uz, U1) for k odd, } ()
(u1,us, ... » U /2, Uk 2 + U(k/2)—15 Uk/2, U(k/2)—15 - - -yug,u1) for k even.
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Note the remarkable similarity between 7y and A (§3) in the case that k is odd. Note also that,
for all k, the sum of the entries of 71), equals precisely y, by Lemma 2(d).
In fact, we prove that for all k, the vector 7 satisfies

To - T < s(ky) (5)

for all 2% orientations o of A. Then for any positive integer ¢, the vector @ = t7iy,, corresponding
to a maximal k-antichain A in k x n (where n = ) 7 = ty;), satisfies

Uo T < s (ktyg) = sg(kn)
and thus )
Uo-T+1o < sp(kn) +k = <sk + t> (kn)
Yk
for all 2% orientations o of A. Letting t — oo, we are done.
We prove (5) by showing that

e for each o, there is an alternating orientation a [one of the four orientations defined in (3)]

such that
To - Ty < Vg - gy (6)
and
e for every alternating orientation a,
Vo Tk = Sk(kyk). (7)

Our proof of (6) requires that we alter orientations in a stepwise fashion. Suppose o is not
an alternating orientation. So, upon identifying o with a k-sequence of 1’s and |’s, we see that
o has two consecutive |’s or two consecutive |’s. Since 7y, is symmetric, and by Lemma 1, we
have U, - i, = Ty - T, and therefore we may assume that o has two 1’s in positions » — 1 and r,
where

Case (i): 7 < (k+1)/2 and the first » — 1 entries of o are alternating, or
Case (ii): 7 —1 > (k +1)/2 and the last &k — (r — 1) entries of o are alternating, or

Case (iii): k is even, r = k/2 4+ 1, and o is alternating except for consecutive 7’s in positions
r—1and 7.

In each of (i) — (iii), and depending upon the parity of k and r, we shall define a new orientation

0 by reversing all the arrows in the first » — 1 positions [in Cases (i) and (iii)] or all arrows after
and including the r*® position [in Case (ii)]. This is made precise in each case following. Set

Uo = (a1,...,ak+1) and Vs = (b1, ..., bgi1).

Assume that Case (i) holds and r is odd. Then o and 6 are of this form:

17



o UM ... 60 TLINT ... .

o)

Figure 4: intervals lost and gained in switching from o to 6

See Figure 4, where o is indicated with shorter arrows and 6 with longer arrows (where they
differ); hollow circles indicate intervals captured by o but not 6; solid circles indicate intervals
captured by 6 but not o; and question marks are intervals that are captured by 6 and may or
may not have been captured by o. It is easy to see that b, = a; for all t > r + 1, and

br=a,—1, b12>2a-1+3, bo2=a2-2, bz=a—3+2, ...,

bs=a3—2, bo=as+2, b =a —1.

Therefore, by Lemma 2(a) and the Pell recurrence u; = 2u;—1 + u;—2 (and since the components
of Ty, are all positive),

Vs Mk — VoM = (V5 — Vo) - N,
> (21,2,-2,2,...,-2,3,-1,0,...,0) -7
= —uy +2us —2u3z +2ug — -+ + 2Up_3 — 2Up_9 + 3Upr_1 — Uy
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—2(ur +ug + - Fup) Fur Fup +2u2 Fug A upo1) + upg
= —’LLT+1+’LL1+UT+’LLT—1+’LLT,1
= 0.

On the other hand, if Case (i) holds and r is even, then o and 6 are of the form:
or TN .oy 65 LTI -
Then by = a; for all t > r + 1, and
br = ar — 1, b1 2> a1+ 3, br—o = ar_2 — 2, br—3 = ar_3 + 2, ...

bs=a3+2, bo=ay—2, by =a+1.

Therefore
U T — Vo -, = (Us— Do) T,
-
> (1,-2,2,-2,...,-2,3,—1,0,...,0) - 7ig
= u; —2uo+2uz — -+ 2Up_3 — 2Up_o + 3Ur_1 — Up

2(ur +ug + - Fupo1) —urp +up—y — 2(ug +us + o Fup) + U
Up — UL + Up—1 — Upg1 + 1+ Uy
= 0.

Next, assume that Case (ii) holds. If kK — r is even, then o and 6 are of the form:
T R T
o: T, o L TITITTL
This time we have b; > a; for all t < r — 2, and
br—1=ar—1+1, b=a+1, errl = Qr41 — 2, br+2 = Qrq2 + 2, ...

bp—1=ar-1—2, bp=ar+2, bry1=ary— 1

Therefore, since for (k +3)/2 <t < k 4+ 1 the t*" component of 7, is ug_;1o, we get

Vo Mg — VoM = (Vs — D) - T
> (0,0,...,0,1,1,-2,2,...,-2,2,—1) -7,
= W+ Ug—ri2 — 2Ug—pi1 + 2Upp — - — 2u3z + 2ug — uq,
where
Uk 713 ifr>(k+4)/2,
w =19 Up;p+upp—1 if kiseven and r = (k+4)/2,
U(k+1)/2 if kis odd and r = (/{Z + 3)/2
Thus

Vs - N — Vo * N
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—2(ur +uz + - Fup—rg1) Fur +2(ug Fug + o Up—py2) — Up—py2 + W
= —Ug—py2 U1+ Uk—py3 — 1 —Ugp—pro T W
= Ug—rt1 +w >0,

again applying the recurrence relation and Lemma 2(a).

If Case (ii) holds and k& — r is odd, then

o: . ITUTTL o . TITLTIT .
We have by > a; for all t < r — 2, and
b1 =0a,—1+1, by=ar+1, byi=ar+1—2, bio=ar2+2, ...,

bp1=ar_1+2, bp=ar—2, b1 =aps1+1.

Therefore we get

To Tk — Vo Tk, = (Ts — Vo) - T,
> (0,0,...,0,1,1,-2,2,...,2,—2,1) - iy
= Wt Uk—rt2 — 2Ug—pt1 + 2Up—p — -+ 2uz — 2ug + uq,

with w defined as above. Thus once again
Vg - Mg — Vo - N,

> 2(up tug+ ot Up_pio) — UL — Up_pao — 2(Us + UL+ F U)W
= Up_py3 — UL — Ug—py2 — Ug_p2+ 1+ w
= Up_ry1 +w > 0.
Finally, assume that Case (iii) holds. In this case, we reverse the first k/2 arrows in o to
obtain 6, so the latter is an alternating sequence. Then b; = a; for all t > k/2 + 2, and

bpjor1 = agjop1 — 1, brjp=agpe+3, brp 1 =agp 1—2, bypo=agp2+2, ...,

ending with
b3y=a3+2, bo=ay—2, by=a;+1 (k/QOdd),

or
bsy=a3—2, bo=as+2, by=a;—1 (k/? even).

The case is finished with two more easy calculations: if k/2 is odd, then

Tp Mg — VoMt = (Vs — V) - Mg,
= (1,-2,2,...,-2,3,-1,0,...,0) - 7ig
= uyp —2up +2u3 — -+ — 2u(r/2)—1 + 3uge — (U2 + Uks2)-1)

2uy +uz + - + Uk/2) —up —2(ug +ug + - - + U(k/z)_1) — U(k/2)-1

Uk/2)+1 — U1 — Ugj2 + 1 — Ug/2)-1
= Uk > 0;
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and if k/2 is even then

Vs Mk — Vo Mk = (Vs — V) - N,
= (-1,2,-2,...,-2,3,—1,0,...,0) - 7y
= —up+2ug —2uz + - — 2 2)—1 + 3uge — (U2 + Uk/2)-1)

—2(u1 +uz + - Fugy—1) ur + 2(ug +ug 4+ ug2) = Ugg2)—1
= —upptur +ug)er — 1 — U1
= uk./z > 0.
By successively applying Cases (i) - (iii), and appealing to symmetry to deal with consecutive
1’s, we have verified (6).

Note that, by the above proof, equality can only hold in (6) in Case (i), and then only for
orientations o such that b,_1 = a,_1 + 3, where a,_; and b,_1 are the (r — 1)th components of
the capture vectors of o and 6 respectively. The reader can check that this happens precisely if
the two consecutive 1’s in o are followed by a |.

Let’s turn to the proof of (7), namely that T, -7t = si(kyy) for all alternating orientations a.
First notice that sx(kyx) = (k—1)yx + 1. The capture vectors of the alternating orientations are
given in Section 3. For k odd, one vector is the reverse of the other, so, since m; is symmetric,
we need only check one, say as:

Tay M = (k—1+(0,1,-1,1,-1,...,-1,1)) -7,
= (k—Dyr+1

because Y 7y = yg and all terms of the second dot product cancel except the last term of 7.

For k even, we first consider orientation a = a4 and k = 0 mod 4:

Tay M = (k—1+(0,1,-1,1,-1,...,—1,1,0)) - 7
= (k=1Dyp +2(ug +ug 4 -+ upyo) — 2(ur +uz +us + - + Ugp_2)/2)
+ 2u1 — (Ugr—2)/2 + Upy2)
= (k= Dyr +u@gs2)2 — 1 — o +2 — up_2)/2 — Ug/2
= (k—1Dyp+1

using Lemma 2(a) and the recurrence defining ug. The case with & = 2 mod 4 is just about
identical:

. = (k—1+(0,1,-1,1,—1,...,-1,1,0)) -

= (k= 1Dy +2(ug +ug + - +ugyay—1) — 2(ur +uz +us + -+ ug2)
+ 2uy + (wg—2)/2 + ug/2)

Vay

(k= Dyk +upj2 — 1 — ugsoys1 + 2+ wg—2y/2 + ups2
= (k= Dy + 1

Now consider the orientation a = a|. If ¥ = 0 mod 4:

Eal.ﬁk = (k_1+(17_1717_177_1’1))ﬁk
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= (k= Dyr +2(ur +uz + -+ +ug_gy2) — 2(uz +ug + -+ up )
+(ur—2)/2 + tr/2)
(k= D)yk + upj2 — ps2)/2 + 1+ Up—2)/2 + Ug/2
= (k—1Dyr+1

again using Lemma 2(a) and the recurrence defining ug. The case with k¥ = 2 mod 4 is the same:

Tg, T = (m+(1,—1,1,—1,...7—1,1))-ﬁk
= (k= Dyr +2(ur +uz + - +uppo) — 2(ug +ug + -+ u/2—1)
—(u—2)/2 + Up/2)
= (k—1Dy, + Uk/2)+1 — Uy2 + 1 —ugyo)—1 — Upyo
— (k — l)yk + 1.

This completes the proof of (7) and verification of the upper bound. The proof of Theorem
1 is complete.

Note that, by (7) and the remark following the proof of (6), all the orientations o in the
families O defined in §3 satisfy T, - x = sp(kyg) and so capture essentially the maximum
number of elements of the lattice defined by the vector my. This helps to explain how we chose
these orientations. It has also helped to suggest an open problem (Problem 3) recorded in §6.

Also note that, as we observed in [3], the vectors 715, can be arranged in a Pascal-like triangle
(defining 779 = (1) as the first row):

5 Uniqueness of n; for k odd

Here we establish that for odd k, the vector 7y defined in the previous section is unique up to
scalar multiples. As mentioned in §1, this will mean that a grid k x n for fixed k and “large” n
has, in a sense, only one maximal antichain with the minimum splitting number. We will need
the following standard results from matrix theory.

Lemma 3 (a) For all matrices A, B of the same size, rank(A + B) < rank(A) + rank(B).

(b) Consider a square block-matriz { ], where A and D are square and A is nonsin-

C D
gular. Then
A B

det{c D

] = det(D — CA™'B)det(A).
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For example, see [4], Proposition 2 page 96 for (a) and Exercise 15 page 46 for (b).

Suppose that A is a k-element antichain in L = k X n, where k is odd, and that 7 is its
associated (k 4 1)-vector. Suppose also that for all 2* orientations of A, at most sz|L| = spkn
elements of L are captured by each orientation. From §2 the number of elements of L captured
by any orientation is at least T, - 71, and so T, - 7 < sgkn for all orientations of A. From (1) we
have constants A\; > 0 so that

k+1 k+1

D Ao, 1) = spkn > g (8)
=1 =1

for all orientations o; in the family O defined in Section 3. It follows from the last two sentences
that v,, - @ = spkn for all o; € O. Thus

Mpn = spkJn

for the capture matrix M of O defined in §3, and where now we consider 7 to be a column
vector.

We claim that 7 is a scalar multiple of the vector 7 defined in Section 4, and so the
corresponding antichain A defined there is the only antichain in L whose splitting number is s.
In other words,

Theorem 2 For any odd integer k, the vector my, s, up to scalar multiples, the unique solution
of M@ = spkJT.

Proof. First we check that 7y is a solution of MyZT = sipkJT. We know that (8) holds for
n = n,. We also know from §4 that n = Y 7 = yi and that for all 4

To, - T < Sipkyp 9)

by (5). So as above, we have equality in (9) for all ¢, and Myn; = spkJny by the definition of
M.
We wish to show that for odd integers k, rank(Mj, — spkJ) = k. Since from §3

1
My, — spkJ = Cp + (k= 1) — spk)J = Cj, — y—J
k
and rank(cJ) = 1 for any nonzero scalar ¢, rank(Mj, — sipkJ) is within 1 of rank(C%) by Lemma

3(a). Thus, Theorem 2 will follow once we prove that det(Cy) is nonzero.
To do this, we prove in fact that det(C%) is an odd integer! Simple computations show that

0 1 -1 1
det(C’l):‘(l) (1)‘:—1 and  det(Cy) = | (f (1) _01 _3
1 -1 1 0

so the claim holds for £ = 1 and 3. Proceed by induction on k.

The matrices Cy, displayed in Section 3, have an obvious recursive structure, once a few rows
and columns are moved. Notice that if rows 2 and k and columns (k + 1)/2 and (k + 3)/2 are
deleted from C%, what we get is just Ci_o, in both of the cases Kk = 1 mod 4 and k = 3 mod 4.
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This prompts us to define the matrix C}, from Cj by moving rows 2 and k to rows k and k + 1
[respectively] and moving columns (k+1)/2 and (k+3)/2 to columns k and k+ 1 [respectively].

Then
/ Ck—2 B
-(%" 5)

where B is (k—1) x 2, C'is 2 x (k—1) and D is 2 x 2. In fact, for £ = 1 mod 4,

-1 1 -1 1 ... -1 1 -1 1 0 1
t __ —
B_<1 -1 1 -1 ... 1 -1 1 1)’ D_(l 0>’ and
h=1
2
c=[1 -11 -1 -1 -1 1 -2 -1 1 -1 - 1 -1 1],
1 -1 1 -1 -~ 1 =1 1 =1 =2 1 =1 - 1 =1 1

For k = 3 mod 4, the results are similar: D is again <(1) é),

Bt — 1 1 -1 1 -1 1 ... -1
" \-17 -1 1 -1 1 -1 ... 1 -1 1 -1 1 1

—
\
[y
—
\
[y
\
—_
N————

and (for k > 3)

k-1

2
=101 -11 -1 .1 -11 -2 -11 -1 -1 -1 10
01 -11 -1..1-11 -1 -21 -1 -1 -1120

The number of consecutive transpositions needed to move row 2 of Cj to the bottom of the
matrix is k— 1, an even number, and two more transpositions are then needed to move (original)
row k to the bottom. The number of transpositions needed to move column (k + 1)/2 to the
right edge of Cf is the same as the number subsequently required to move column (k + 3)/2 to
the right edge. Thus an even number of row or column transpositions are required to change
Cy, into C}, so det(C') = det(Cy).

Suppose k > 5 and that det(Ck—_2) is an odd integer. Using Lemma 3(b) and noting that
Cj_o is invertible from the induction hypothesis, we have

det(Cy) = det(C},) = det(Cj_z)det(9)
where S =D — CC,;}QB. To simplify notation, let A = Cj_o, and

CA_1: ay az ... ak_1>.
(b1 b2 bkfl

Then for j =1,2,...,k—1,

bj —a; = rowy(C)-colj(A™) —row;(C) - col; (A7)
= [rows(C) — row1(C)] - col; (A1)

1

2
= (0...0 1 —10...0)-colj(A71)

|
—
g
~
>
L
|
—~
ol
—
~
>
+
=

24



so each b; = a; + o;.

For odd indices k, it is immediate from the definition of the matrices Cj that rowy_;(A) is
the reverse of row;(A) (or, more picturesquely, that A is unchanged if rotated 180°). It follows
by symmetry that A~! must have the same property. Thus

-1 1
a; = (A 1. — (A
j (A7) ;= (A7 )ep
= (Ail)k 1 -—(Ail) -1
o ok—g “ook—g
= _ak?—]
Therefore, CA™! =
ai a; A k-1 A k+1 Af—j Qp—1
3 2
a1tay ... @it ... Gkl FOE-1 Gkl —Qk=1 ... Qf—j—Qj ... Qf_]1—Q]
3 2 2 )

Now we give the complete argument that det(Cy) is an odd integer in case k¥ = 1 mod 4 —
the other case is almost identical. We wish to find C A~ B, which is a 2 x 2 matrix. If we let

k-1 4 (k—1)/2 '
a=>» (—1)a; and a=2 Z (=)'
i=1 i=1

then
cA'B={ ¢ 4
at+a —(a+a)
and
g = 0 1 B a —a _ —a 1+a
~\1 0 at+a —(a+a)) \l—(a+a) at+a/’
Therefore

det(S)=—ala+a)—(1+a)+(1+a)(la+a)=a—1.

We need to take a closer look at a; to show that det(Cj) is an odd integer. For each

1
pu— _1 — . — _1 L —_ i - j .
a5 = (A )iy = (A = 350 [(aah(A)) o, (i) %}
[We are using standard notation: adj(A) is the classical adjoint of A.] Observe that

= (adi()) = (adi)

5

5] J

is an integer since A and thus adj(A) is an integer matrix, so r = Zgi}l)ﬁ(—l)iri is an integer.
Now we have

(k=1)/2 9 (k—1)/2 5
i | _ 1V | — r
@=2 ; (=D'ei | = Gy ; (=D | = G5 -
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Apply the induction hypothesis: det(A) = 2s — 1 for some integer s, so
det(Ck) = det(A)det(S)

= (2s—1)(a—1)

= (25—1) <282i - 1)
= 2r—(2s—1)

= 2(r—s)+1,

an odd integer. This completes the proof of Theorem 2.

Incidentally, from the above proof we have
1 _
(Mk — Skkj)ﬁk = (Ck — —J) e = Cyg — 1,
Yk

so the property Mpny, = sikJny is equivalent to
Cyrg = 1.

Compare this to the property C’};X = 1 which we derived in §3.

6 Nonuniqueness of n;, for £ even; the set of capture vectors;
open problems

In §5 we proved that, for odd k, the vector 7y of §4 is, up to scalar multiples, the unique vector
satisfying MyZ = sxkJT and so it determines the unique (up to proportions) antichain in k x n
with minimal splitting number. However, this is not true for all even k. One difference is that
the matrices Cj, do not appear to be invertible for even k.

We look at the case k = 4 as an example. Here, the splitting number is s, = 7/9, and any
vector T = (2 —t,4 — 2t,3,2t,t), where 3/5 <t < 7/5, turns out to satisfy v, - T < s4(dys) =
4(7/9)9 = 28 for all 2 orientations o of A. (Since .7 = 9 = y, this is (5) for k = 4 and with
n4 replaced by Z.) Therefore scalar multiples of each such vector will yield, in the corresponding
grid, a maximal antichain which can capture at most 7/9 of the grid in the limit.

To show this we can mimic the methods of §4, although the lack of symmetry in T means we
have more work to do. To establish the counterpart of (7) when k = 4, we need to prove that
Vo - T = 28 for each of the two alternating orientations a. For a = a; we get

Tay - T = [3+(0,1,-1,1,0)] - (2—£,4—2t,3,2t,1) =93+ 1 = 28,

and similarly for a = a| we get

Tg, - T=[3+(1,-1,1,-1,1)] - (2—¢,4—-2t,3,2,t) =9-3+1=28.

To prove that 7, - T < 28 for all orientations o, we could just do the calculation for each of
the remaining 14 orientations separately. However for the most part we can use the same idea
as in §4. That is, we define, for every non-alternating orientation o, another orientation 6 which
is “closer” to being alternating, and prove the counterpart of (6), namely that

(U5 —T,) - T > 0.
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Again we will write T, = (a1,...,a5) and U5 = (b1,...,b5). We consider the orientations in
groups.

Case (i): o = 11 11 (where each of t and I will mean either 7 or |, so this case handles four
orientations at once). Then we let 6 = |1 11, where only the first symbol has been changed. It
is easy to check that by > a1 + 2, b = a9 — 1, and b; = a; for ¢ > 3, so

(Vs —To) - T > (2,—1,0,0,0) - (2 — ¢,4 — 2t,3,2t,t) = 0.

Case (ii): 0o = || 7. Then we similarly let 6 = T] 11, and we get by = a1 — 1, be = a2 + 1,
b3 =az+ 1, and b; > a; for ¢ > 4. Thus

(s — o) T > (—1,1,1,0,0) - (2 —t,4 — 2¢,3,2t,t) =5 —t > 0.

Case (iii): o = [171. Let 6 = 1|11, for which by = a1 — 1, be > as+ 3, b3 =as — 1, and b; > a;
for 1 > 4. Thus

(s — ) T > (—1,3,—1,0,0) - (2—t,4 — 2t,3,2t,t) = 7 — 5t > 0,

since ¢t < 7/5.
Case (iv): o=T1]l1. Let 6 = |11, and we get by = a1+ 1, ba = as—2, b3 = as+1, by = as +1,
and bs > as. Thus

(T — o) - > (1,-2,1,1,0) - (2 — t,4 — 2¢,3,2¢, ) = 5t — 3 > 0,

since t > 3/5.
This leaves two remaining orientations, which we handle directly:
Case (v): For o = 1|11, we have

To T = (3,4,1,3,4) - (2—t,4— 2t,3,2t,1) = 25 — t < 28.
Case (vi): For o = |1]], we have
To T = (4,2,4,3,2) (2—t,4—2t,3,2t,t) = 28.

This shows that T = (2 — t,4 — 2t,3,2¢,t) for 3/5 < t < 7/5 always defines a maximal
antichain with minimum splitting number. If we set t = 1, then we get the symmetric vector
ny = (1,2,3,2,1) given in §4 and included as row 5 of the triangular array at the end of §4. But
other values of ¢ give nonsymmetric solutions.

We did not consider the case k = 2 in this paper, as the matrix M}, is not defined for k£ = 2.
But the value sy = 2/3 was derived in [3], and the reader can easily check that, for any vector
(t,1,2 — t) where 1/2 < t < 3/2, at most 2/3 of the 2 x n grid is captured by any of the
four orientations of the corresponding two-element maximal antichain. When ¢ = 1 we get the
symmetric vector (1,1, 1) which makes up the third row of the triangular array at the end of §4.
However, other permissible values of ¢ give nonsymmetric vectors (and thus antichains) with the
same splitting number.

Problem 1. For k even, is T, the only vector Z (up to scalar multiples) which is symmetric
(that is, T" = T) and satisfies MyT = sikJZ?

In this paper we have determined the number s (Gy), which tells us how much of the k x n
grid can be captured by splitting a k-element maximal antichain. It seems to us, however, that
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other maximal antichains of k x n, which must necessarily contain fewer elements, should split
so as to capture even more elements, for instance since they are “further away” from the middle
of the lattice. We have not succeeded in proving this, so the following is a second open question:

Problem 2. Is s(Gy) = si(Gx) for all k?

Finally, let’s look briefly at what we could call the full set of capture vectors for each positive
integer k. For each of the 2F orientations o of an antichain in Gj, = k x n, there is an associated
(k 4 1)-element capture vector T,. Let Oy denote the set of all orientations, and let Vj, denote
the set of 2¢ (k + 1)-element capture vectors.

While it is easy to generate the 2F vectors in Vj recursively, we do not have a pleasing
characterization of these integer vectors. We do have a couple of observations about this family
of vectors that are worth recording, particularly as they lead to some interesting open problems.

As was noted at the beginning of §2, any member o of O can be regarded as a k-sequence
of 1’s and |’s. Identify T with 0 and | with 1, so Oy, is the set of all binary sequences of length
k. Let < denote the usual lexicographic ordering of Of. Let’s also take < to be the usual
lexicographic ordering on the integer vectors in V. We claim the following;:

o <o0in O if and only if T, < U, in Vj. (10)

We should say that an orientation is easily recovered from its capture vector: if 7, = (a1,...,ax+1)
then the i*" arrow in o is 7 if and only if a; > a;;1. To establish (10), let’s consider the value
a;. Note that a; = a} + af where a' is the position of the closest T to the left of, or at, position
i —1 and a;-i is k 4+ 1 minus the position of the closest | to the right of, or at, position i. Let
Uy = (b1,-..,bky1) and suppose that o' < 0. Suppose that the first difference occurs in position
i: thus, o’ has 1 in position ¢ and o has |. Then b = a¥, since the sequences o and o’ are
identical to the left of position 7, and agl =k+1-—1> bg, so b; < a;. It is easy to see that for
J <1, bj < aj, establishing (10).

The componentwise order on vectors is likely the most familiar. Using < to denote this, O
under < is just the usual Boolean k-cube. On the other hand, we assert that

Vi, under <, is an antichain. (11)

To prove (11), let 0 and o’ be exactly as in the verification of (10). In particular, o < o' and
b; < a;. Consider a;y1 and bjy1. Then bj ; = i and aiyy < i, so either bi11 > a;41, or
ngrl < afﬂ, that is, the nearest | to the right of position i is closer in o than in o’. If the latter,
say this | in o is in position r. If r = k then o’ has | in position k& and o does not, meaning
bpy1 =k+1>apy. Ifr <k, by =7 anda;,; <7, sowe can replace ¢ by r and continue. In
some coordinate Ty is greater than T,, proving (11).

We know (see the remark at the end of §4) that given any capture vector T, for o in either
of the families O defined in §3, and vector 7y as defined in §4,

To - Mg = Sg(kn) > U - i

for all 7 € V.. We wonder if this is true more generally, particularly as (11) does not militate
against it.

Problem 3. Given any capture vector v in Vj, will there always exist a vector 7 of positive
integers so that v -7 > w - 7 for all capture vectors w € Vi, w # 07
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If true, this would say that for every orientation o there is some maximal antichain (as defined
by the vector 7) of some grid k x n for which o captures at least as much of the grid as any
other orientation.

Problem 4. Given any capture vector U in Vi, can there ever exist nonnegative real numbers
M1y -y fhok_q satisfying Zfi{l p; = 1 so that 7 < E?i;l w;W;, where {W1, ..., Wyr_1} is the set
of all vectors in Vj not equal to ©7

This asks whether any capture vector can be dominated by a convex combination of the other
capture vectors. A negative answer would seem a considerable strengthening of the observation
n (11); for k < 4, we have obtained a negative answer.

Actually, these last two problems may be related. The following may turn out to be a
somewhat reckless combination of both.

Problem 5. For arbitrary vectors v, 71,9, ...,0 in R”, is it always true that either
(i) there are nonnegative real numbers ¢;, 1 <1 < k, such that

k

k
Zci =1 and 7< Zcﬁi,
i=1

i=1
or
(ii) there exists a nonnegative nonzero vector & € R™ such that 7-u > v; - u for all i?

This is easily proved for £ = 1 and for n = 1 and we have a proof in the case k = 2.
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