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TUR�AN'S THEOREM FOR PSEUDO-RANDOM GRAPHSYOSHIHARU KOHAYAKAWA, VOJT�ECH R �ODL, MATHIAS SCHACHT,PAPA SISSOKHO, AND JOZEF SKOKANDedi
ated to Professor R.L. Graham on the o

asion of his 70th birthdayAbstra
t. The generalized Tur�an number ex(G;H) of two graphs Gand H is the maximum number of edges in a subgraph of G not 
on-taining H. When G is the 
omplete graph Km on m verti
es, the valueof ex(Km; H) is (1�1=(�(H)�1)+o(1))�m2 �, where o(1) ! 0 as m!1,by the Erd}os{Stone{Simonovits Theorem.In this paper we give an analogous result for triangle-free graphs Hand pseudo-random graphs G. Our 
on
ept of pseudo-randomness isinspired by the jumbled graphs introdu
ed by Thomason [31℄. A graph Gis (q; �)-bi-jumbled if��eG(X; Y )� qjXjjY j�� � �pjXjjY jfor every two sets of verti
es X, Y � V (G). Here eG(X;Y ) is thenumber of pairs (x; y) su
h that x 2 X, y 2 Y , and xy 2 E(G). This
ondition guarantees that G and the binomial random graph with edgeprobability q share a number of properties.Our results imply that, for example, for any triangle-free graph Hwith maximum degree � and for any Æ > 0 there exists 
 > 0 so that thefollowing holds: any large enough m-vertex, (q; 
q�+1=2m)-bi-jumbledgraph G satis�esex(G;H) � �1� 1�(H)� 1 + Æ���E(G)��:
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lean embeddings 186.2. Proof of Proposition 12 227. Proof of the Pair-to-Tuple Lemma (Proposition 11) 25Referen
es 301. Introdu
tionWe say that a graph is H-free if it does not 
ontain a 
opy of a givengraph H as a subgraph (not ne
essarily indu
ed). A 
lassi
al area of ex-tremal graph theory investigates numeri
al and stru
tural results 
on
erningH-free graphs. A basi
 problem in this area is to determine, or estimate,the maximum number of edges ex(m;H) that an H-free graph on m verti
esmay have. When H is a 
omplete graph, we know the value of ex(m;H)pre
isely, by Tur�an's theorem [32℄ (hen
e we refer to ex(m;H) as the Tur�annumber of H). When H is arbitrary, an asymptoti
 solution to this problemis given by the 
elebrated Erd}os{Stone{Simonovits theorem, at least when�(H) � 3.Theorem 1 (Erd}os, Stone, Simonovits [12, 10℄). For every graph H with
hromati
 number �(H),ex(m;H) = �1� 1�(H)� 1 + o(1)��m2�; (1)where o(1)! 0 as m!1.Here we are interested in a variant of the fun
tion ex(m;H). Denoteby ex(G;H) the maximum number of edges that an H-free subgraph of agiven graph G may have, i.e.,ex(G;H) = max�jE(G0)j : H 6� G0 � G	:For instan
e, if G = Km, the 
omplete graph on m verti
es, then ex(Km;H)is the usual Tur�an number ex(m;H). Furthermore, by 
onsidering a random



TUR�AN'S THEOREM FOR PSEUDO-RANDOM GRAPHS 3partition of verti
es of G into �(H)� 1 parts, one easily observes thatex(G;H) � �1� 1�(H)� 1� jE(G)j (2)holds for any G and H.Let us mention a few problems and results 
on
erning the \generalizedTur�an fun
tion" ex(G;H). The 
ase in whi
h G is the n-dimensional hyper-
ube Qn and H is a short even 
y
le, say, the four-
y
le C4, was raised byErd}os in the mid-70s, who 
onje
tured that ex(Qn; C4) = (1=2+o(1))jE(Qn)jas n!1 (see [8℄; for the best result in this dire
tion, see Chung [4℄).Three results for the 
ase in whi
h G is a random graph are due to Frankland R�odl [13℄, Babai, Simonovits, and Spen
er [3℄, and F�uredi [14℄. In [13℄,the authors investigate ex(G(m; q);K3) for q around m�1=2, where G(m; q)denotes the binomial random graph on m verti
es with edge probability q,and we write Kt for the 
omplete graph on t verti
es. In [3℄, the authorsinvestigate in detail the fun
tion ex(G(m; 1=2);K3). In [14℄, the authorinvestigates ex(G(m; q); C4) for q around m�2=3.More re
ently, there has been a more systemati
 study of the fun
tionex(G(m; q);H). For a dis
ussion on this topi
, the reader is referred to [17,Chapter 8℄, [20℄, and [15℄, and the referen
es therein. Roughly speaking, themain problem is to identify the threshold for q = q(m) for the property thatthe lower bound in (2) should be asymptoti
ally tight, giving the almost surevalue of ex(G(m; q);H). The thresholds for H = K3 and H = C4 are m�1=2and m�2=3, and these are determined in [13℄ and in [14℄ 
ited above. Theoriginal 
onje
ture about the threshold for H arbitrary, whi
h is still open,may be found in [19℄.For deterministi
 graphs G the known results in this dire
tion are for theso 
alled (m; d; �)-graphs. Let G be a graph and let �1 � �2 � � � � � �m bethe eigenvalues of its adja
en
y matrix. We say that G is an (m; d; �)-graphif it has m verti
es, it is d-regular and maxf�2;��mg � �. Sudakov, Szab�o,and Vu [29℄ proved that, for t � 3,ex(G;Kt) = �1� 1t� 1 + o(1)� jE(G)j (3)for any (m; d; �)-graph G, as long asdt�1=mt�2 � �; (4)that is, limm!0mt�2�=dt�1 = 0. A result of Krivelevi
h, Sudakov, and Szab�o[27, Theorem 1.2℄, inspired by a 
onstru
tion of Alon [1℄, implies that 
on-dition (4) is essentially best possible for t = 3 and basi
ally any d = d(n) =
(n2=3). For t > 3 it is not known whether 
ondition (4) is optimal. For avery re
ent result in this dire
tion, see Chung [5℄.In this paper we prove a similar result for triangle-free graphs H. First,we need to de�ne some simple graph parameters. For any graph H, we



4 Y. KOHAYAKAWA, V. R�ODL, M. SCHACHT, P. SISSOKHO, AND J. SKOKANde�ne the degenera
y dH of H bydH = maxfÆ(H 0) : H 0 � Hg;where Æ(H 0) denotes the minimum degree of the graph H 0. We remark thatdH is the smallest integer d for whi
h there exists an ordering u1; : : : ; uh ofthe verti
es of H (h = jV (H)j) in whi
h ui has at most d neighbors amongu1; : : : ; ui�1, for every 1 � i � h. Any su
h ordering is 
alled a d-degenerateordering.Moreover, let DH = minf2dH ;�(H)g;where �(H) stands for the maximum degree of H. We shall later make useof the following simple fa
t: for any dH -element set F of verti
es of H, thereis a DH -degenerate ordering u1; : : : ; uh of V (H) with F = fu1; : : : ; udHg.Finally, let �H = 12(dH +DH + 1): (5)Remark 2. The parameters DH and �H are somewhat arti�
ial. For sim-pli
ity, the reader may prefer to repla
e DH by �(H) in (5) at the �rstreading, although some statements below are 
onsiderably weaker with this
hange. For example, if H = K2;t and t is large, then dH = 2, DH = 4,�H = 7=2, and 
ondition (6) be
omes mu
h more restri
tive with �H re-pla
ed by (dH +�(H) + 1)=2 = (t+ 3)=2� 7=2.Our main theorem, to be given in a short while, implies the followingresult for (m; d; �)-graphs.Theorem 3. Let a triangle-free graph H and Æ > 0 be given. Then thereexists 
 = 
(Æ;H) > 0 su
h that for any fun
tion d = d(m) < m thereis M0 = M0(Æ;H; d) su
h that any (m; d; �)-graph G with m � M0 verti
esand satisfying 
d�H=m�H�1 � � (6)has ex(G;H) � �1� 1�(H)� 1 + Æ�jE(G)j:Noti
e that to satisfy (6) for graphs with � = O(pd) (e.g., for Ramanujangraphs), it suÆ
es to have d2�H�1 = dDH+dH � mDH+dH�1 = m2�H�2.Theorem 3 is a 
onsequen
e of a more general theorem for pseudo-randomgraphs; see Theorem 5 in the next se
tion.2. The result for pseudo-random graphsA graph is pseudo-random if it resembles (in some well-de�ned sense) arandom graph of the same density. The systemati
 study of su
h graphs wasinitiated by Thomason [31℄, who introdu
ed the notion of jumbled graphs.A graph G is (q; �)-jumbled if for every X � V (G) we have����eG(X) � q�jXj2 ����� � �jXj;



TUR�AN'S THEOREM FOR PSEUDO-RANDOM GRAPHS 5where eG(X) denotes the number of edges in G with both endpoints in X.Here we shall use a 
losely related 
on
ept of pseudo-randomness. Forany sets X, Y � V , we writeEG(X;Y ) = f(x; y) : x 2 X; y 2 Y; fx; yg 2 E(G)g:We also set eG(X;Y ) = jEG(X;Y )j and dG(X;Y ) = eG(X;Y )=jXjjY j. Notethat ea
h edge in X \Y is 
ounted twi
e in eG(X;Y ). Thus, if X = Y theneG(X) = eG(X;X)=2 is the number of edges in G with both endpoints in X.We drop the subs
ript G whenever there is no danger of 
onfusion.De�nition 4. We say that a graph G is (q; �)-bi-jumbled if for every X,Y � V (G) we have ��eG(X;Y )� qjXjjY j�� � �pjXjjY j: (7)It is easy to see that every (q; �)-bi-jumbled graph is also (q; (� + q)=2)-jumbled. Sin
e we 
onsider only 0 � q � 1 < �, we immediately have thatevery (q; �)-bi-jumbled graph is (q; �)-jumbled.To put (7) into some 
ontext, on the one hand, we observe that therandom graph G(m; q) is almost surely (q; �)-bi-jumbled for � = O(pqm)if, say, qm � logm.1 On the other hand, Erd}os and Spen
er [11℄ (seealso Theorem 5 in [9℄) observed that there exists 
 > 0 su
h that every m-vertex graph with density q 
ontains two disjoint sets X and Y for whi
h��e(X;Y )� qjXjjY j�� � 
pqmpjXjjY j, as long as q(1� q) � 1=m.We may �nally state our main theorem, Theorem 5. Our main resultshows that if � is suÆ
iently small, then (2) is asymptoti
ally optimal for anysuÆ
iently large (q; �)-bi-jumbled graph G and any triangle-free graph H.Theorem 5. Let a triangle-free graph H and Æ > 0 be given. Then thereexists 
 = 
(Æ;H) > 0 with the following property: For any fun
tion q =q(m) there is M0 =M0(Æ;H; q) su
h that any (q; 
q�Hm)-bi-jumbled graph Gwith m �M0 verti
es hasex(G;H) � �1� 1�(H)� 1 + Æ� jE(G)j: (8)Remark 6. From 
pqm � � = 
q�Hm we dedu
e that the inequalityq � q
;H(m) := (
�2
2m)�1=(2�H�1) must hold for anym-vertex, (q; 
q�Hm)-bi-jumbled graph. Hen
e, we may assume that the fun
tion q in Theo-rem 5 satis�es q � q
;H(m) for otherwise there is no (q; 
q�Hm)-bi-jumbledgraph G and the statement of Theorem 5 holds trivially.Theorem 5 gives a suÆ
ient 
ondition on the bi-jumbledness of G for (8)to hold. Assuming the best possible bi-jumbledness � = O(pqm), the bi-jumbledness hypothesis � = 
q�Hm in Theorem 5 gives a 
ondition on thedensity q for (8) to hold. We illustrate this on the 
on
rete example H =1This fa
t may be 
he
ked by 
ombining Lemma 3.8 in [16℄ and the fa
t that, almostsurely, all verti
es of G(m; q) have degree (1 + o(1))qm for qm� logm.



6 Y. KOHAYAKAWA, V. R�ODL, M. SCHACHT, P. SISSOKHO, AND J. SKOKANC5. We have �C5 = 5=2. Theorem 5 implies that, for any (q;O(pqm))-bi-jumbled graph G, we have ex(G;C5) = (1=2 + o(1))jE(G)j if q5=2m �pqm, that is, q � m�1=4. However, a fairly simple argument based onthe Sparse Regularity Lemma (Proposition 8) yields that the mu
h weaker
ondition q � m�1=2 a
tually suÆ
es.Let us mention that there exists a C5-free, (q;O(pqm))-bi-jumbled graphA5 with q = �(m�3=5). Thus, the \threshold" for this problem lies be-tweenm�3=5 andm�1=2. Hen
e, even in this 
ase, we do not have an optimalresult. For a general odd 
y
le C2`+1, the \threshold" is betweenm�1+2=(2`+1)and m�1+1=`. The lower end of the gap is proved 
onsidering a C2`+1-free,(q;O(pqm))-bi-jumbled graph A2`+1 with q = �(m�1+2=(2`+1)). The ex-isten
e of the graphs A2`+1 may be proved suitably adapting a beautiful
onstru
tion of Alon [1℄ (see also [26, Se
tion 3, Example 10℄).We believe that it would be interesting to weaken the bi-jumblednesshypothesis in Theorem 5. Moreover, it would be interesting to drop thetriangle-freeness 
ondition on the graph H. In this dire
tion, we only men-tion that in [23℄ a result similar to Theorem 5 for arbitrary graphs H isproved, but a stronger bi-jumbledness hypothesis on G is required. We �n-ish our introdu
tion dedu
ing Theorem 3 from Theorem 5 and giving a briefdes
ription of the stru
ture of this paper.Proof of Theorem 3. It is a well-known fa
t (see Corollary 9.2.5 in [2℄) thatany (m; d; �)-graph G is (d=m; �)-bi-jumbled. Therefore, the graph G willbe (d=m; 
(d=m)�Hm)-bi-jumbled if� � 
(d=m)�Hm; (9)whi
h is equivalent to (6). �This paper is organized as follows. In the next se
tion we present ad-ditional de�nitions and notation and we attempt to give a fairly detailedoutline of the proof of Theorem 5. In Se
tion 3 we also state all the aux-iliary lemmas (in
luding what we 
all the Regularity-to-Pair Lemma, thePair-to-Tuple Lemma, and the Embedding Lemma) needed for the proof ofTheorem 5. In Se
tion 4 we give the proof of Theorem 5 and in Se
tion 5 weprove some te
hni
al fa
ts needed in the proofs of the Embedding Lemmaand the Pair-to-Tuple Lemma. Se
tions 6 and 7 
ontain the proofs of theEmbedding Lemma and the Pair-to-Tuple Lemma.3. An outline of the proof of Theorem 5 and auxiliary resultsIn this se
tion we introdu
e all the ne
essary tools for the proof of The-orem 5. We also try to motivate these tools by dis
ussing the underlyingideas in the proof.3.1. Additional de�nitions and notation. We start with some basi
notation. Let ` be a positive integer. We denote by [`℄ the set f1; 2; : : : ; `g.For a multiset I = fi1; : : : ; irg we write I � [`℄ to mean that i1; : : : ; ir 2 [`℄.



TUR�AN'S THEOREM FOR PSEUDO-RANDOM GRAPHS 7We also adopt the 
onvention that we always write the elements of I innon-de
reasing order, i.e., i1 � : : : � ir. For three real numbers a, b, and
, the expression a = b � 
 means b � 
 � a � b + 
. We also write a=b
instead of a=(b
) whenever there is no danger of 
onfusion. For fun
tionsf = f(n) and g = g(n) we write f � g and g � f if limn!1 f(n)=g(n) = +1.For 
larity, we omit inessential 
oor and 
eiling bra
kets.Let G = (V;E) be a graph. For a vertex x 2 V let N(x) be the set ofall neighbors of x in G. If U � V then NU (x) denotes the set of neighborsof x 2 V belonging to U , that is, NU (x) = N(x) \ U . For an r-set X =fx1; : : : ; xrg � V and a set U � V , we let N(X) = N(x1; : : : ; xr) = N(x1)\: : : \N(xr) and NU (X) = NU (x1; : : : ; xr) = N(x1) \ : : : \N(xr) \ U .We say that J is an (`; n; p)-partite graph if J is `-partite with V (J) =S̀j=1Vj , jVj j = n for all j 2 [`℄, and e(J [Vi; Vj ℄) = pn2 for all i 6= j 2 [`℄.For an (`; n; p)-partite graph J , an integer r � 1, and a multiset I =fi1; : : : ; irg � [`℄, denote by T (I) the set of all r-tuples (x1; : : : ; xr) 2 Vi1 �� � � � Vir su
h that xi 6= xj for all 1 � i < j � r. Note that(n� r)r < (n� r + 1)r � jT (I)j � nr; (10)sin
e ea
h xi 
an be 
hosen in at least n� r+ 1 ways to avoid x1; : : : ; xi�1.Now we de�ne two important properties of (`; n; p)-partite graphs.De�nition 7. An (`; n; p)-partite graph J has property TUPLE`("; d) if forevery integer 1 � r � d, every multiset I = fi1; : : : ; irg � [`℄, and for allj 2 [`℄ n I, we have ��NVj (x1; : : : ; xr)�� = (1� ")prnfor all but at most "nr r-tuples (x1; : : : ; xr) 2 T (I).When d = 2 we say that J satis�es the pair 
ondition PAIR`(").3.2. An outline of the proof of Theorem 5. We now outline the proof ofTheorem 5. We hope that this will motivate the somewhat te
hni
al lookingauxiliary lemmas that will be required. Our proof strategy is natural andpro
eeds as follows: 
onsider an arbitrary spanning subgraph G0 of G withjE(G0)j � �1� 1�(H)� 1 + Æ� jE(G)j: (11)Suppose �rst that the density q of G is 
onstant, independent of n. We applySzemer�edi's regularity lemma [30℄ with " signi�
antly smaller than Æ and q,and obtain a partition tSj=0Vj of the vertex set of G0 into a bounded numberof parts t so that all but at most "�t2� pairs (Vi; Vj), 1 � i < j � t, are"-regular , i.e., for all V 0i � Vi and V 0j � Vj with jV 0i j � "jVij and jV 0j j � "jVj j,we have ��dG(Vi; Vj)� dG(V 0i ; V 0j )�� � ":



8 Y. KOHAYAKAWA, V. R�ODL, M. SCHACHT, P. SISSOKHO, AND J. SKOKANStandard arguments (see, e.g., [7, Se
tion 7.5, pp. 186{187℄) show that thereexist ` = �(H) sets (without loss of generality, V1; : : : ; V`) so that there isan (`; n; p)-partite graph J � G0 with `-partition S̀j=1Vj su
h that p = �q,� is 
onsiderably larger than ", and ea
h pair (Vi; Vj) is "-regular.2 It is awell-known fa
t (e.g., Theorem 3.1 in [25℄) that J satisfying the 
onditionsabove also 
ontains a 
opy of H. We remark that this statement (sometimes
alled the embedding lemma) is ensured by the regularity of J itself.For the 
ase q = o(1) we utilize the same approa
h. First we apply aversion of the regularity lemma for sparse graphs (Proposition 8) to G0 andobtain an (";G0; q)-regular partition V0[V1[: : :[Vt of V (G0) (see Se
tion 3.3for the relevant de�nitions). In the same way as above (see Se
tion 4 for thedetails) we obtain an (`; n; p)-partite graph J with `-partition S̀j=1Vj withp = �q for some 
onstant � > 0 and su
h that ea
h pair (Vi; Vj) is ("; q)-regular. Unfortunately, the embedding lemma required in this 
ontext doesnot hold (see, e.g., [20, Theorem B0℄).One way to deal with this problem is to restri
t the 
hoi
e of G to 
er-tain 
lasses of graphs (su
h as random graphs) and to prove an appropriateembedding lemma that works for their subgraphs G0 (for instan
e, see The-orem B00 in [20℄ and Lemmas 2.2 and 2.20 in [22℄). In this paper, roughlyspeaking, we follow an approa
h in [24℄. An embedding lemma in [24℄ is asfollows:(*) Let H be a triangle-free graph and C a positive 
onstant. If J isan n-vertex graph with density p = p(n) = jE(J)j�n2��1 � n�1=DHsatisfying properties BDD(C;DH) and PAIR given below, then J
ontains H as a subgraph, as long as n is suÆ
iently large.BDD(C;DH ): jNJ(x1; : : : ; xr)j � Crprn holds for all mutually distin
t ver-ti
es x1; : : : ; xr 2 V (J) and 1 � r � DH .PAIR: jNJ(x1; x2)j = (1 + o(1))p2n holds for all but at most o(n2) pairsfx1; x2g � V (J).Going ba
k to the proof of Theorem 5, we re
all that we had arrived atan (`; n; p)-partite graph J � G0 with `-partition S̀j=1Vj su
h that p = �qwith � a positive 
onstant and ea
h pair (Vi; Vj) is ("; q)-regular. The �rstdis
repan
y that one noti
es between our 
urrent set-up and the hypothesesin (*) is that our J is `-partite, whereas in (*) we do not have an `-partite2From Stj=0 Vj we 
onstru
t a \
luster" graph F
 on [t℄ whose edges are those pairsfi; jg for whi
h the pair (Vi; Vj) is "-regular and has large density. The graph F
 hasenough edges for us to apply Tur�an's Theorem and obtain a 
opy of K�(H). To dedu
ethis we need dG0(Vi; Vj) � (1 + o(1))q for all i 6= j, whi
h may be guaranteed by the bi-jumbledness of G. This 
opy of K�(H) 
orresponds to a subgraph of G0 that may be furtherredu
ed or \sli
ed" (see Lemma 9) to the (�(H); n; p)-partite graph J we are looking for.



TUR�AN'S THEOREM FOR PSEUDO-RANDOM GRAPHS 9graph. As the reader may guess, albeit 
umbersome, this di�eren
e is notessential, and one may in fa
t prove an appropriate \`-partite version" of (*).In the dis
ussion that follows, for simpli
ity, when not important, we shallblur this dis
repan
y and we shall ignore the fa
t that we have an `-partitegraph J at hand.A more substantial dis
repan
y o

urs in the hypotheses BDD(C;DH )and PAIR in (*): in our proof of Theorem 5, we have arrived at an `-partite("; q)-regular graph J .A
hieving PAIR. The reader may be familiar with the fa
t that in the 
ase ofdense graphs, the o(1)-regularity of a pair (Vi; Vj) and property PAIR(o(1))are equivalent (in a 
ertain pre
ise sense, see [31℄ and [6℄ for details). Un-fortunately, this equivalen
e breaks down in the sparse setting, as observedin Theorem A0 in [20℄. Therefore, a
hieving hypothesis PAIR in (*) requiressome work. This will be a

omplished by making use of Proposition 10below, whi
h, roughly speaking, states that one re
overs the fa
t that o(1)-regularity implies PAIR if one has a graph J that is a subgraph of a suitablybi-jumbled graph �, as long as one has a positive fra
tion � of the edgesof � in J .Loosening BDD. Let us now dis
uss hypothesis BDD(C;DH ) in (*). Ba-si
ally, if G has property BDD(C;DH ), then any subgraph J � G witha positive fra
tion of the edges of G has BDD(C 0;DH) for some C 0 � C.As it turns out, the 
onstant C 0 ends up depending on some other param-eters in the proof in su
h a way that we are not able to use this simplehereditary property of BDD. Therefore, we take a di�erent route. For ev-ery 1 � r � DH , de�ne an r-uniform hypergraph Br on the vertex setof J , putting an r-set B � V (J) in Br if the joint neighborhood NJ(B)of B in J violates the upper bound in the de�nition of BDD(C;DH ), thatis, jNJ(B)j > Crprn. A simple 
onsequen
e of the bi-jumbledness of Gis that the hypergraphs Br are in a 
ertain sense lo
ally sparse: for ev-ery 1 � r � DH , if an (r � 1)-set is not a member of Br�1, then it 
annotbe 
ontained in many members of Br (see Lemma 14). This sparseness ofthe Br turns out to be enough for our purposes.The embedding lemma. As the dis
ussion above suggests, the embeddinglemma that we shall make use of is an `-partite variant of (*), with the BDDhypothesis repla
ed by the hypothesis that J should be a subgraph of asuitably bi-jumbled graphG, with a positive fra
tion � of the edges ofG in J .From this hypothesis, one obtains PAIR and the lo
al sparseness of the Br.For the pre
ise statement of this embedding lemma, see Proposition 12.Before we �nish this outline, we just mention a step in the proof of thisembedding lemma. We remark that we shall use the bi-jumbledness of G toshow that, in fa
t, PAIR implies the following property:TUPLE(dH): jNJ(x1; : : : ; xr)j = (1 + o(1))prn holds for all but at mosto(nr) r-sets fx1; : : : ; xrg � V (J) for any 1 � r � dH



10 Y. KOHAYAKAWA, V. R�ODL, M. SCHACHT, P. SISSOKHO, AND J. SKOKAN(see Proposition 11). Going from PAIR to TUPLE(dH) is also an importantstep in the proof of (*). For this step, hypothesis BDD is used in [24℄;here, in the proof of Proposition 11, we again repla
e BDD with the lo
alsparseness of the Br.3.3. The Sparse Regularity Lemma. Let G = (V;E) be a graph. Sup-pose 0 < q � 1, � > 0 and C > 1. For two disjoint subsets X, Y of V , welet dG;q(X;Y ) = eG(X;Y )qjXjjY j ;whi
h we refer to as the q-density of the pair (X;Y ).We say that G is a (�; C)-bounded graph with respe
t to density q if forall pairwise disjoint X, Y � V , with jXj, jY j � �jV j, we have eG(X;Y ) �CqjXjjY j:For " > 0 �xed and X, Y � V , X \ Y = ;, we say that the pair (X;Y )is ("; q)-regular if for all X 0 � X and Y 0 � Y withjX 0j � "jXj and jY 0j � "jXj;we have jdG;q(X;Y )� dG;q(X 0; Y 0)j � ":Note that for q = 1 we get the well-known de�nition of "-regularity [30℄.When G is (`; n; p)-partite with `-partition S̀i=1 Vi we say that G is ("; q)-regular if all pairs (Vi; Vj), 1 � i < j � `, are ("; q)-regular.Let tSj=0Vj be a partition of V . We 
all V0 the ex
eptional 
lass. Thispartition is 
alled ("; t)-equitable if jV0j � "jV j and jV1j = : : : = jVtj.We say that an ("; t)-equitable partition tSj=0Vj of V is (";G; q)-regular ifall but at most "�t2� pairs (Vi; Vj), 1 � i < j � k, are ("; q)-regular. Now we
an state a variant of Szemer�edi's regularity lemma [30℄ for sparse graphs(see, e.g., [18, 21℄).Proposition 8 (Sparse Regularity Lemma). For any " > 0, C > 1, and t1 �1, there exist 
onstants T1 = T1("; C; t1), � = �("; C; t1) � minf1=2T1; "g,and M1 =M1("; C; t1) su
h that any graph G with at least M1 verti
es thatis (�; C)-bounded with respe
t to density 0 < q � 1 admits an ("; t)-equitable(";G; q)-regular partition of its vertex set with t1 � t � T1.After applying the lemma above we obtain ("; q)-regular bipartite graphswith di�erent densities. The next lemma will allow us to 
hange thesedensities to a parti
ular value without losing regularity.Lemma 9 (Sli
ing Lemma, [22℄). For every 0 < �; " � 1, C > 1, and afun
tion q = q(n) satisfying qn� 1 there exists n0 = n0(�; "; C; q) su
h thatif B = (U [W;E) is a bipartite graph satisfying(i) jU j = jW j = n > n0,



TUR�AN'S THEOREM FOR PSEUDO-RANDOM GRAPHS 11(ii) �qjU jjW j � eB(U;W ) � CqjU jjW j, and(iii) B is ("; q)-regular,then there exists an (3"; q)-regular subgraph B0 = (U [W;E0) � B su
h thateB0(U;W ) = �qjU jjW j.3.4. Regularity and the pair 
ondition. The next proposition showsthat, under 
ertain restri
tions, a regular (`; n; p)-partite graph also hasproperty PAIR`.Proposition 10 (Regularity-to-Pair Lemma, [23℄). For any 0 < �; % � 1and any integer ` > 1, there exist Æ = Æ(�; %; `) > 0 and 
 = 
(�; %; `) > 0su
h that for every fun
tion q = q(n) there exists an n0 = n0(�; %; `; q) > 1for whi
h the following holds.Let � be a (q; 
q2`n)-bi-jumbled graph on `n verti
es with n > n0. Sup-pose J is a (Æ; q)-regular (`; n; p)-partite subgraph of � satisfying p � �q.Then J also has property PAIR`(%).We remark that if p is a 
onstant then the above statement holds for any(Æ; 1)-regular (`; n; p)-partite graph J (i.e., J need not to be a subgraph ofsome bi-jumbled graph �).Clearly, any graph having property TUPLE`("; d), d � 2, also satis�esPAIR`("). The next proposition shows that under 
ertain 
onditions the
onverse is also true.Proposition 11 (Pair-to-Tuple Lemma). Let d � 1 and ` � 2 be integers.Then for every 0 < �; " � 1 there exist Æ = Æ(d; `; �; ") > 0 and 
 =
(d; `; �; ") > 0 su
h that for every fun
tion p = p(n) satisfying pdn � 1there is N0 = N0(d; `; �; "; p) with the following property: any (`; n; p)-partitegraph J with n > N0 satisfying(i) for all U � Vi and W � Vj, i 6= j 2 [`℄, we haveeJ(U;W ) � p� jU jjW j+ 
 � p��(d+3)=2 npjU jjW j; (12)(ii) PAIR`(Æ),also satis�es TUPLE`("; d).We will apply Proposition 11 with d = dH to an (`; n; p)-partite graph Jthat is obtained from a subgraph G0 of a (q; 
q(dH+3)=2m)-bi-jumbled graphG, as explained in Se
tion 3.2. Moreover, we shall have p = �q for some
onstant � > 0. Condition (12) will follow from the upper bound in the(q; 
q(dH+3)=2m)-bi-jumbledness hypothesis on G (see (7)), by substitutingp=� for q. The proof of Proposition 11 appears in Se
tion 7.3.5. An embedding lemma for `-partite bi-jumbled graphs. In thisse
tion we state the adjusted version of one of the main results from [24℄(see (*)) dis
ussed in Se
tion 3.2. Given an `-partite graph H with `-partition V (H) = Sj̀=1 Uj, an embedding of H in an (`; n; p)-partite graph Jis an inje
tive, edge preserving map f : V (H)! V (J) su
h that f(Uj) � Vj



12 Y. KOHAYAKAWA, V. R�ODL, M. SCHACHT, P. SISSOKHO, AND J. SKOKANfor all 1 � j � `. The next proposition shows that (12), TUPLE`, and largeenough density guarantee an embedding of any triangle-free graph H in J .Proposition 12 (Embedding Lemma). Let H be a �xed triangle-free, `-partite graph with h verti
es and e edges. Then for all 0 < �; � � 1 thereexist " = "(H;�; �) > 0 and 
 = 
(H;�; �) > 0 su
h that for any fun
tionp = p(n) satisfying pdHn� 1 there is N1 = N1(H;�; �; p) > 0 for whi
h thefollowing holds. Suppose that(a) J is an (`; n; p)-partite graph and n > N1,(b) for all U � Vi and W � Vj, i 6= j 2 [`℄, we haveeJ (U;W ) � p� jU jjW j+ 
 � p���H npjU jjW j; (13)(
) J satis�es TUPLE`("; dH ).Then the number of embeddings of H in J is at least (1� �)penh.The proof of Proposition 12 is given in Se
tion 6.4. Proof of the main resultNow we are ready to prove the main result, Theorem 5. When DH = 1,the graphH is a mat
hing and we just need qm > (4=Æ)jE(H)j to prove The-orem 5. Indeed, for any graph G with jE(G)j = q�m2 � > (2=Æ)jE(H)j(m� 1)edges, let G0 be any spanning subgraph with at least ÆjE(G)j > 2jE(H)j(m�1) edges. In this subgraph we �nd a 
opy of the mat
hing H greedily.When q is 
onstant, Theorem 5 follows from an easy appli
ation of Sze-mer�edi's regularity lemma (see Se
tion 3.2 for some details). Hen
e, we shallhen
eforth suppose that q = o(1), DH � 2, and (
f. (5)) �H � 2. Now wepro
eed with the details of the proof.Proof of Theorem 5. Let H be a �xed, triangle-free graph with h verti
esand e � 1 edges. Without loss of generality, let Æ be a 
onstant su
h that1=(�(H)� 1) > Æ > 0. We start our proof by 
hoosing the 
onstants. Sin
eTheorem 5 and Propositions 10, 11, and 12 involve a double alternation(\8989"), this 
hoi
e will 
onsist of two rounds. In the �rst round (A)-(G)we address the 
hoi
e of 
. After this we get the fun
tion q and we dealwith the 
hoi
e of M0 in the se
ond round (H)-(L).(A) Set � = Æ=16, � = 1=2, and ` = �(H) > 1.(B) Proposition 12 (Embedding Lemma) applied with �EL = � and�EL = � yields "EL and 
EL.(C) Then we apply Proposition 11 (Pair-to-Tuple Lemma) with d = dH ,�P2T = �, "P2T = "EL, and obtain ÆP2T and 
P2T.(D) Proposition 10 (Regularity-to-Pair Lemma) applied with �R2P = �and %R2P = ÆP2T, yields ÆR2P and 
R2P.(E) We de�ne " = min�ÆR2P3 ; Æ160� : (14)



TUR�AN'S THEOREM FOR PSEUDO-RANDOM GRAPHS 13(F) We then apply Proposition 8 (Sparse Regularity Lemma) with "RL =", CRL = 1+Æ=4, and t1;RL = maxf2`=Æ1=2; 80=Æg and obtain T1;RL �t1;RL, �RL � minf1=2T1;RL; "g, and M1;RL.(G) Finally, we �x the 
onstant 
 promised by Theorem 5 and set
 = 1� "T1;RL min�
EL; 
P2T; 
R2P; Æ�RL=4	 (15)Now let q = q(m) = o(1) be a fun
tion satisfying q � q
;H(m) (see Re-mark 6). From this we have qdHm� 1.(H) Proposition 12 (Embedding Lemma) applied with �EL = �, �EL = �,and pEL = �q yields NEL.(I) Then we apply Proposition 11 (Pair-to-Tuple Lemma) with d = dH ,�P2T = �, "P2T = "EL, pP2T = pEL = �q and obtain NP2T.(J) Proposition 10 (Regularity-to-Pair Lemma) applied with �R2P = �,%R2P = ÆP2T, and qR2P = q yields nR2P.(K) We use Lemma 9 (Sli
ing Lemma) with �SL = �, CSL = 1 + Æ=4,"SL = ", and qSL = q to obtain nSL.(L) Finally, we de�neM0 = max�1 + 16Æ2 ;M1;RL;maxfNEL; NP2T; nR2P; nSLg � T1;RL� :Let G be any (q; 
q�Hm)-bi-jumbled graph with m �M0 verti
es, and letG0 be an arbitrary spanning subgraph of G withjE(G0)j � �1� 1`� 1 + Æ� jE(G)j: (16)By (q; 
q�Hm)-bi-jumbledness of G and �H � 2, we havejE(G)j � qm2 � 
q�Hm22 (15)� �1� Æ4� q�m2�:Hen
e (16) implies jE(G0)j � �1� 1`� 1 + 3Æ4 � q�m2�: (17)We 
laim that G0 is (�RL; CRL)-bounded with respe
t to q. Indeed, forany two sets X, Y � V (G0), jXj, jY j � �RLm, we haveeG0(X;Y ) � eG(X;Y ) � qjXjjY j+ 
q�HmpjXjjY j� �1 + 
r mjXj mjY j� qjXjjY j � �1 + 
�RL� qjXjjY j (15)� CRLqjXjjY j:Sin
e G0 has at least M0 � M1;RL verti
es, we 
an apply Proposition 8(Sparse Regularity Lemma) to G0 with parameters "RL = ", CRL, and t1;RLde�ned in (F). This yields an ("; q)-regular (";G0; t)-equitable partition tSi=0Vi
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h that t1;RL � t � T1;RL and jV1j = : : : = jVtj = n, where(1� ")m=t � n � m=t.Let G
 be the subgraph of G0 obtained by removing all edges in thefollowing four sets:B1 = fe 2 E(G0) : e \ V0 6= ;g,B2 = S1�i�t fe 2 E(G0) : e � Vig,B3 = S1�i<j�t fe 2 EG0(Vi; Vj) : (Vi; Vj) is not ("; q)-regular in G0g,B4 = S1�i<j�t�e 2 EG0(Vi; Vj) : eG0(Vi; Vj) < �qn2	.Sin
e G0 is (�RL; CRL)-bounded, �RL � 1=2T1;RL, and�RLm � m=2T1;RL � (1� ")m=t � n � m=t;for i = 1; 2; 3, jBij 
an be bounded from above as follows:jB1j � CRLq"m2; jB2j � CRLq �mt �2 � t; and jB3j � CRLq �mt �2 � "�t2�:By the de�nition of B4, we havejB4j � �q �mt �2 ��t2�:Combining the above inequalities with m � 2, " � Æ=160, CRL = 1 + Æ=4,t � tRL;1 � 80=Æ, � = Æ=16, and Æ < 1 yieldse(G0)� e(G
) � �CRL�"+ 1t + "2�+ �2� qm2� �CRL�2"+ 1t�+ �2� � 4q�m2�� �(4 + Æ)� Æ80 + Æ80�+ Æ8� � q�m2�� Æ4q�m2�: (18)From (17) and (18), we obtaine(G
) � �1� 1`� 1 + Æ2� q�m2�: (19)We de�ne the 
luster graph F
 of G0 as the graph with vertex set V (F
) =f1; : : : ; tg and edge setE(F
) = �fi; jg : (Vi; Vj) is ("; q)-regular in G0 and eG
(Vi; Vj) � �qn2	:We 
laim that F
 
ontains a 
opy of K`. To prove this observe �rst that,sin
e G0 is (�RL; CRL)-bounded with respe
t to q, we have eG
(Vi; Vj) =eG0(Vi; Vj) � CRLqn2 � CRLq(m=t)2 for every 1 � i < j � t su
h thateG
(Vi; Vj) 6= 0.



TUR�AN'S THEOREM FOR PSEUDO-RANDOM GRAPHS 15Now using (19), the fa
t that CRL = 1+ Æ=4, and the de�nition of F
, weget e(F
) � e(G
)CRLq(m=t)2 � �1� 1`� 1 + Æ2��1� 1m��1 + Æ4��1 t22 :Sin
e m �M0 > 16=Æ2, we havee(F
) > �1� 1`� 1 + Æ2��1� Æ4� t22 > �1� 1`� 1� t22 :The above implies that F
 
ontainsK` as a subgraph by Tur�an's theorem [32℄(see also Exer
ise 7 on p. 189 in [7℄). From this we now dedu
e that G0
ontains H as a subgraph.Without loss of generality assume f1; : : : ; `g � V (F
) is the vertex set ofa 
opy of K` in F
. Sin
e G0 is (�RL; CRL)-bounded with respe
t to q, itfollows from the de�nition of F
 that the subgraphs G
[Vi; Vj ℄ = G0[Vi; Vj ℄,1 � i < j � `, satisfy(i) jVij = jVj j = n,(ii) CRLqn2 � e(G
[Vi; Vj ℄) � �qn2,(iii) G
[Vi; Vj ℄ is ("; q)-regular.Therefore, we 
an apply Lemma 9 (Sli
ing Lemma) with "SL = " � ÆR2P=3(see (14)), �SL = �, CSL = CRL = 1 + Æ=4, and qSL = q. This yieldssubgraphs Jij � G
[Vi; Vj ℄, 1 � i < j � `, su
h that(iv) eJij (Vi; Vj) = �qn2,(v) Jij is (3"; q)-regular and 3" � ÆR2P.Now let � be the subgraph of G indu
ed on V1 [ : : : [ V` and let J be thesubgraph of � de�ned by J = [1�i<j�`Jij :Note that sin
e G is �q; 
q�Hm�-bi-jumbled, n � (1� ")m=t, and �H � 2the graph � is �q; (
t=(1 � ")`)q2`n�-bi-jumbled. It follows from (15) andt � T1;RL that 
t=(1 � ")` � 
R2P. Consequently, � is (q; 
R2Pq2`n)-bi-jumbled.Furthermore, by (iv), J is (`; n; p)-partite with p = p(n) = �q(n). By (v),J is also (ÆR2P; q)-regular.Clearly we 
an apply Proposition 10 (Regularity-to-Pair lemma) withparameters �R2P = �, %R2P = ÆP2T, and qR2P = q and dedu
e that Jsatis�es PAIR`(ÆP2T).To 
on
lude that J satis�es the 
onditions of Proposition 11 (Pair-to-Tuple Lemma), we just need to show that for all U � Vi and W � Vj,i 6= j 2 [`℄, we haveeJ(U;W ) � p� jU jjW j+ 
P2T � p��(dH+3)=2 npjU jjW j:
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q�Hm)-bi-jumbledness of G, p = �q, �H = (dH +DH + 1)=2,and DH � 2, we obtaineJ(U;W ) � eG(U;W ) � p� jU jjW j+ 
 � p��(DH+dH+1)=2mpjU jjW j (20)� p� jU jjW j+ 
 � p��(dH+3)=2mpjU jjW j: (21)Hen
e, we just need to show that 
m � 
P2Tn. This, however, follows from(15), m � nt=(1� "), and t � T1;RL:
m � (1 � ")
P2TT1;RL � nt1� " � 
P2Tn: (22)Thus, we 
an apply Proposition 11 to J with d = dH , "P2T = "EL, andpP2T = �q to infer that J satis�es property TUPLE`("P2T; dH).Finally, we verify the hypothesis of Proposition 12 (Embedding Lemma).The graph J is (`; n; p)-partite and has property TUPLE`("EL; dH). Simi-larly as in (22) we obtain 
m � 
ELn. This together with (20) show thatJ also satis�es (13). Hen
e, the 
onditions of Proposition 12 are met andwe 
an 
on
lude that J � G0 
ontains at least (1� �EL)penh = penh=2 � 1
opies of H. �5. Sets with large neighborhoodsThe motivation for the results in this se
tion already appeared in theoutline of the proof of Theorem 5. Indeed, re
all that, in our dis
ussion inSe
tion 3.2, we de�ned the hypergraphs Br (1 � r � DH), whose membersare the r-sets B of verti
es of J with the joint neighborhood NJ(B) over-shooting a 
ertain bound. In what follows, we shall make this more pre
iseand we shall prove the \lo
al sparseness" 
ondition of the Br mentioned inSe
tion 3.2.De�nition 13. Let J be an (`; n; p)-partite graph with `-partition S̀j=1Vj.For a given C > 1, we say that an s-set S � V (J) is C-ex
eptionallyneighborly if its 
ommon neighborhood in Vj satis�esjNJ(S) \ Vj j > Cspsnfor some j 2 [`℄ so that S \ Vj = ;. The set S is C-reasonable if it is notC-ex
eptionally neighborly.The following lemma states that, under the te
hni
al hypothesis (23), inan (`; n; p)-partite graph J there are only O(
2p2d�1�sn) ways how to extenda C-reasonable (s�1)-set into a C-ex
eptionally neighborly s-set, where theimpli
it 
onstant in the big O notation depends only on C, s, d, and �.Lemma 14. For a given 0 < � � 1 and d > 0 suppose that an (`; n; p)-partite graph J with `-partition S̀j=1Vj also satis�es the property that for



TUR�AN'S THEOREM FOR PSEUDO-RANDOM GRAPHS 17all U � Vi and W � Vj, i 6= j 2 [`℄, we haveeJ(U;W ) � p� jU jjW j+ 
 � p��d npjU jjW j : (23)Let s be a positive integer, let S � V (J) be any (s� 1)-set, let i 6= j 2 [`℄ besu
h that S \ Vj = ;, and suppose C is su
h that 1=p > C > 1=� � 1. SetWij(S) = nw 2 Vi n S : ��NJ(S [ fwg) \ Vj�� > Cspsno:If ��NJ(S) \ Vj�� � Cs�1ps�1n, thenjWij(S)j � 
2(1=�)2d(C � 1=�)�2C�(s�1)p2d�1�sn:Proof. Let U � Vj be a set of verti
es of J 
ontaining the 
ommon neighbor-hood of S and of size jU j = Cs�1ps�1n. Note that the de�nition of Wij(S)implies that eJ(U;Wij(S)) > CspsnjWij(S)j = CpjU jjWij(S)j:From inequality (23), we dedu
e that(C � 1=�)pjU jjWij(S)j < 
(p=�)dnqjU jjWij(S)j;when
e, re
alling that jU j = Cs�1ps�1n, the 
laimed bound on jWij(S)jfollows. �We now state three 
orollaries that we later use in our proofs. Althoughthese 
orollaries hold in more general settings, we prefer to present them inthe exa
t way they are used later.Corollary 15. For a given 0 < � � 1 and a graph H, suppose that an(`; n; p)-partite graph J with `-partition S̀j=1Vj satis�es the property that forall U � Vi and W � Vj, i 6= j 2 [`℄, we haveeJ(U;W ) � p� jU jjW j+ 
 � p���H npjU jjW j :Set C = 2=� > 1 and assume p < �=2 holds. Let S be an arbitrary subsetof V (J) not 
ontaining any C-ex
eptionally neighborly s0-set S0 for every1 � s0 � DH . Then, for every i 2 [`℄, the number of verti
es y 2 Vi nS su
hthat S [ fyg 
ontains a C-ex
eptionally neighborly s0-set S0 for some 1 �s0 � DH is at most 2jSj`
p2�H�1�DHn; (24)where 
 = 
2(1=�)2�H�2:Proof. Fix i 2 [`℄. Sin
e S 
ontains no C-ex
eptionally neighborly s0-set,1 � s0 � DH , the set S [ fyg (y 2 Vi n S) will 
ontain a C-ex
eptionallyneighborly s0-set with 1 � s0 � DH if and only if there exists a set of theform S0 [ fyg with S0 � S that is C-ex
eptionally neighborly.



18 Y. KOHAYAKAWA, V. R�ODL, M. SCHACHT, P. SISSOKHO, AND J. SKOKANFix S0 � S and suppose jS0j = s0 � 1, where 1 � s0 � DH . We applyLemma 14, and 
on
lude that the number of y 2 Vi n S su
h that S0 [ fygis C-ex
eptionally neighborly is at most ` � 
p2�H�1�s0n (we multiply by `to a

ount for all possible j 2 [`℄). We now take the union over all S0 � S,jS0j � DH � 1, and get (24), as required. �Corollary 16. For a given 0 < � � 1 and d > 0 suppose that an (`; n; p)-partite graph J with `-partition S̀j=1Vj satis�es the property that for all U �Vi and W � Vj, i 6= j 2 [`℄, we haveeJ(U;W ) � p� jU jjW j+ 
 � p��(d+3)=2 npjU jjW j :Set C = 2=� > 1 and assume p < �=2 holds. Then(a) all but at most `
2(1=�)d+1pd+1n verti
es x 2 Vi satisfy jNJ (x) \Vj j � Cpn for every j 6= i 2 [`℄;(b) let x 2 Vi be a vertex satisfying jNJ(x) \ Vjj � Cpn for every j 6= i.Then all but at most `
2(1=2�d)pdn verti
es x0 2 Vi n fxg satisfyjNJ (x; x0) \ Vjj � C2p2n for every j 6= i.Outline of the proof. The �rst part of this 
orollary follows from Lemma 14applied with s = 1, S = ;, and d repla
ed with (d + 3)=2, by summingjWij(S)j for all j 2 [`℄, j 6= i. In the se
ond part we use s = 2 and S = fxginstead of S = ;. �6. Proof of the Embedding Lemma (Proposition 12)The proof of Proposition 12, our embedding lemma, will generally followthe same lines as the proof of (*), dis
ussed in Se
tion 3.2. We start withsome preliminary de�nitions and fa
ts.6.1. The Extension Lemma and 
lean embeddings. We �rst �x asetup under whi
h we shall work in this se
tion.Setup 17. Let H and J be graphs su
h that(a) J is (`; n; p)-partite with `-partition S̀j=1Vj;(b) H has h verti
es, e edges, and an `-partition V (H) = S̀j=1Uj.Re
all that an embedding of H in J is an inje
tive, edge-preserving mapf : V (H)! V (J) su
h that f(Uj) � Vj for all 1 � j � `.For a given C > 1 we say that the embedding f of H in J is (DH ; C)-reasonable if f(H) 
ontains no C-ex
eptionally neighborly set of size at mostDH . Denote by R(H;J ;DH ; C) the set of all (DH ; C)-reasonable embed-dings of H in J .



TUR�AN'S THEOREM FOR PSEUDO-RANDOM GRAPHS 19Moreover, for t 2 [h℄ and t-tuples F = (u1; : : : ; ut) 2 V (H)t and X =(x1; : : : ; xt) 2 V (J)t, let R(H;J; F;X;DH ; C) denote the set of all (DH ; C)-reasonable embeddings f 2 R(H;J ;DH ; C) su
h that f(ui) = xi for all i 2[t℄. Clearly, we may always assume that all ui, 1 � i � t, and all xi,1 � i � t, are distin
t. Set F set = fu1; : : : ; utg and Xset = fx1; : : : ; xtg.Below, for any graph H 0 and any t-tuple F of verti
es of H 0, we writew(H 0; F ) for the number of edges in H 0 that do not have both endpointsin F set. That is, w(H 0; F ) = jE(H 0)j � jE(H 0[F set℄)j:Let u1; : : : ; uh be the verti
es of H. We denote by Hi, 1 � i � h, thesubgraph indu
ed by u1; : : : ; ui, i.e., Hi = H[fu1; : : : ; uig℄. Re
all that theordering u1; : : : ; uh is d-degenerate if degHi(ui) � d for all 1 � i � h. Wenow state the following lemma.Lemma 18 (Extension Lemma). Let C > 1 be a given 
onstant. Suppose0 � t � maxf2; dHg, and let F 2 V (H)t and X 2 V (J)t be �xed. ThenjR(H;J; F;X;DH ; C)j � C(h�t)DHpw(H;F )nh�t:In parti
ular, if F set � V (H) is a stable set, thenjR(H;J; F;X;DH ; C)j � C(h�t)DHpenh�t:Proof. It is observed in [24℄ that there is aDH-degenerate ordering u1; : : : ; uhof the verti
es of H with F set = fu1; : : : ; utg. Fix su
h an ordering. We shallprove(*) for all t � i � h, we havejR(Hi; J; F;X;DH ; C)j � C(i�t)DHpw(Hi;F )ni�t; (25)where Hi = H[fu1; : : : ; uig℄.We prove (*) by indu
tion on i. The 
ase in whi
h i = t is 
lear. Nowsuppose that t < i � h and that (25) holds for all values smaller than i.Sin
e our ordering u1; : : : ; uh of the verti
es of H is DH-degenerate, wehave degHi(ui) � DH . Therefore, if we let r = degHi(ui) � DH , thenany (DH ; C)-reasonable embedding of Hi�1 
an be extended in at mostCrprn ways to a (DH ; C)-reasonable embedding of Hi. Using the indu
tionhypothesis and the fa
t that w(Hi; F ) = w(Hi�1; F ) + r, we getjR(Hi; J; F;X;DH ; C)j � Crprn � jR(Hi�1; J; F;X;DH ; C)j� CDHprn � C(i�1�t)DHpw(Hi�1;F )ni�1�t= C(i�t)DHpw(Hh;F )ni�t;verifying (25). This 
ompletes the indu
tion step. Our lemma follows fromsetting i = h in (25). �Now we derive two 
orollaries of Lemma 18. Denote by Rni(H;J ;DH ; C)the set of all mappings f 2 R(H;J ;DH ; C) for whi
h f(H) is a non-indu
ed
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opy of H in J . The next 
orollary shows that the set Rni(H;J ;DH ; C) issmall.Corollary 19. Let C > 1 and � > 0 be �xed and let p = p(n) = o(1) be afun
tion of n. Then there exists an integer n2 = n2(p) su
h that if graphs Jand H satisfy Setup 17 for n > n2, thenjRni(H;J ;DH ; C)j � �penh: (26)Proof. Let � > 0, C > 1, integers h; ` � 1, and a fun
tion p = p(n) = o(1)be given. Let n1 > 0 be su
h thatp(n) � �h2C(h�2)(h�1) (27)for every n > n1.Suppose that graphs H and J satisfy Setup 17 with n � n1. The 
asein whi
h h = 1 or H is a 
omplete graph is 
lear, hen
e we assume h � 2and H 6= Kh. To 
ount non-indu
ed (DH ; C)-reasonable embeddings of Hin J , we sele
t an edge fx; x0g 2 E(J) and a pair u, u0 of distin
t, non-adja
ent verti
es of H. By Lemma 18 applied to F = (u; u0) andX = (x; x0),the number of (DH ; C)-reasonable embeddings f : V (H)! V (J) su
h thatf(u) = x and f(u0) = x0 is at most C(h�2)DHpenh�2.Sin
e fx; x0g 2 E(J) 
an be sele
ted in at most pn2 ways, the orderedpair X 
an be sele
ted in at most 2pn2 ways. Similarly, F 
an be sele
tedin at most 2�h2� ways. Therefore,jRni(H;J ;DH ; C)j � 4pn2�h2� � C(h�2)DHpenh�2 < h2C(h�2)DHpe+1nh:The inequality jRni(H;J ;DH ; C)j � �penh follows fromDH � �(H) � h�1and (27). �The next two de�nitions introdu
e several important terms for our proofof Proposition 12.De�nition 20. For " > 0, we 
all an s-set S "-untypi
al if S \ Vj = ; forsome j 2 [`℄ and jNJ(S) \ Vj j 6= (1� ")psn :To give some intuition behind De�nition 21(i) below, we �rst re
all thatwe are dealing with a triangle-free graph H, and hen
e the neighborhood ofa vertex of H is stable. In view of Corollary 19, we may and shall basi
allydisregard non-indu
ed embeddings ofH in J . Putting these two observationstogether, we see that we may disregard embeddings f of H in J in whi
hwe have a vertex u in V (H) with f(NH(u)) non-stable. Finally, we remarkthat, in the indu
tive proof that will follow, we shall be interested in avoiding"-untypi
al sets for f(NH(u)).De�nition 21. Let graphs J and H be as in Setup 17 and let u1; : : : ; uhbe any dH-degenerate ordering of the verti
es of H. For (i){(iii) below, wesuppose that 1 < i � h.



TUR�AN'S THEOREM FOR PSEUDO-RANDOM GRAPHS 21(i) An embedding f : V (Hi�1)! V (J) is "-polluted if the set f(NHi(ui))is stable but it is "-untypi
al. Otherwise f is 
alled "-
lean.(ii) SetRpoll(Hi�1; J ;DH ; C) = ff 2 R(Hi�1; J ;DH ; C) : f is "-pollutedg:(iii) Finally, we say that f : V (Hi�1) ! V (J) is "-perfe
t if f is "-
leanand f(Hi�1) is an indu
ed 
opy of Hi�1 in J . We also setRperf(Hi�1; J ;DH ; C) = ff 2 R(Hi�1; J ;DH ; C) : f is "-perfe
tg:In Corollary 22 below, we estimate the size of Rpoll(Hi�1; J ;DH ; C) for1 < i � h.Corollary 22. Let " > 0 and C > 1 be �xed. Let J and H be graphssatisfying Setup 17 and let u1; : : : ; uh be any dH -degenerate ordering of theverti
es of H. Suppose 1 < i � h and set r = degHi(ui). If J satis�esTUPLE`("; dH ) and H is triangle-free, thenjRpoll(Hi�1; J ;DH ; C)j � "`C(i�1�r)DHpe(Hi�1)ni�1:In parti
ular, if for a given � > 0 we set " = "0(�;C;H) = �=`ChDH , thenjRpoll(Hi�1; J ;DH ; C)j � �pe(Hi�1)ni�1for all 1 < i � h.Proof. By de�nition, an embedding f 2 R(Hi�1; J ;DH ; C) is "-polluted iff�NHi(ui)� is stable and "-untypi
al. Fix an r-tuple F su
h that F set =NHi(ui). Note that we haveRpoll(Hi�1; J ;DH ; C) =[X R(Hi�1; J; F;X;DH ; C);where the union is taken over all stable and "-untypi
al r-tuples X. There-fore jRpoll(Hi�1; J ;DH ; C)j �XX jR(Hi�1; J; F;X;DH ; C)j; (28)where the sum is over the same set of r-tuples X.Sin
e J satis�es TUPLE`("; dH ), the number of r-tuples X that we aresumming over in (28) is at most "`nr, where r = degHi(ui) � dH . Observealso that NHi(ui) is a stable set in Hi, be
ause Hi � H is triangle-free. Wenow apply Lemma 18 to dedu
e from (28) that jRpoll(Hi�1; J ;DH ; C)j is atmost "`nr � C(i�1�r)DHpe(Hi�1)ni�1�r = "`C(i�1�r)DHpe(Hi�1)ni�1;and our 
orollary follows. �



22 Y. KOHAYAKAWA, V. R�ODL, M. SCHACHT, P. SISSOKHO, AND J. SKOKAN6.2. Proof of Proposition 12. Now we prove the Embedding Lemma.Proof. Let H be any triangle-free, `-partite graph with h verti
es and eedges. We also �x any dH-degenerate ordering u1; : : : ; uh of the verti
esof H, and set Hi = H[fu1; : : : ; uig℄ for every i, 1 � i � h.Throughout this proof, we suppose that 0 < �, � � 1 and C = 2=� > 1are �xed 
onstants. We shall prove by indu
tion on i that(**) for all 1 � i � h and all Æ > 0, there are "i = "i(H;�; Æ) > 0,
i = 
i(H;�; Æ) > 0 su
h that for a given fun
tion p = p(n) = o(1)satisfying pdHn� 1 there is n(i) = n(i;H;�; Æ; p) su
h that if(a) J is (`; n; p)-partite and n > n(i),(b) for all U � Vj and W � Vj0 , j 6= j0 2 [`℄, we haveeJ(U;W ) � p� jU jjW j+ 
i � p���H npjU jjW j;(
) J satis�es TUPLE`("i; dH),then jR(Hi; J ;DH ; C)j = (1� Æ)pe(Hh)ni: (29)Note that Proposition 12 follows from (**) by taking Æ = �, " = "h, 
 = 
h,and N1(H;�; �; p) = n(h;H;�; �; p).Clearly, when h � i = 1, (**) holds with "1 = Æ, 
1 = n(1) = 1 forany Æ > 0 and any p. Suppose now that 1 < i � h and that (**) holds forall smaller values of i.For a given Æ > 0, set Æ0 = min�Æ6 ; Æ2`DHCDH �and let "i�1(H;�; Æ0) and 
i�1(H;�; Æ0) be given by the indu
tion hypothesis.Furthermore, let "0(Æ0=2; C;H) be guaranteed by Corollary 22. We nowde�ne "i = min�"i�1(H;�; Æ0); "0 � Æ02 ; C;H� ; Æ8� ; (30)
i = min8<: "i2i�1` �C2 �2�H�2!1=2 ; 
i�1(H;�; Æ0)9=; : (31)For any p = p(n) = o(1) with pdHn � 1, let n(i � 1) = n(i � 1;H;�; Æ0; p)be given by the indu
tion hypothesis to guarantee thatjR(Hi�1; J ;DH ; C)j = (1� Æ0)pe(Hi�1)ni�1 (32)for and graph J satisfying (a){(
) for n > n(i� 1).Now Corollary 19 tells us that for n > n2(Æ0=2),jRni(Hi�1; J ;DH ; C)j � Æ02 pe(Hi�1)ni�1 (33)holds for any (`; n; p)-partite graph J .



TUR�AN'S THEOREM FOR PSEUDO-RANDOM GRAPHS 23Finally, let n3 be su
h that pdHn � h="i and p < �=2 for n > n3. We setn(i) = maxfn(i� 1); n2(Æ0=2); n3g; (34)and 
laim that this 
hoi
e will do. Observe that we have(1� 2Æ0)(1� 3"i) � 1� Æ; (35a)(1 + Æ0)(1 + "i) � 1 + Æ2 ; (35b)Æ0`DHCDH � Æ2 : (35
)Let J be a graph satisfying (a){(
) for n > n(i). Then, in addition to(32) and (33), the inequalityjRpoll(Hi�1; J ;DH ; C)j � Æ02 pe(Hi�1)ni�1 (36)also holds be
ause "i � "0(Æ0=2; C;H) (see Corollary 22).We start by showing the lower bound on jR(Hi; J ;DH ; C)j. Let r =degHi(ui) � minfi � 1; dHg. Note that then e(Hi�1) = e(Hi) � r. By our
hoi
e of "i and n(i), the number of embeddings in R(Hi�1; J ;DH ; C) thatare either "i-polluted or non-indu
ed is at most2Æ02 pe(Hi�1)ni�1 = Æ0pe(Hi�1)ni�1 = Æ0pe(Hi)�rni�1(see (33) and (36)). Hen
e, by (32), the number jRperf(Hi�1; J ;DH ; C)jof "i-perfe
t embeddings of Hi�1 in J is su
h that(1�2Æ0)pe(Hi)�rni�1 < ��Rperf(Hi�1; J ;DH ; C)�� < (1+Æ0)pe(Hi)�rni�1: (37)Given any su
h embedding f 0 2 Rperf(Hi�1; J ;DH ; C), we estimate thenumber of embeddings f 2 R(Hi; J ;DH ; C) that extend f 0. Let Vj bethe vertex 
lass into whi
h we need to embed ui.3 Sin
e f 0 is "i-
lean, byDe�nition 21 we must have that either f 0(NHi(ui)) is not a stable set in J ,or f 0(NHi(ui)) is not "i-untypi
al.Sin
e H is triangle-free, the set NHi(ui) is a stable set in Hi. Sin
e f 0 isindu
ed, the set f 0(NHi(ui)) is also a stable set. Hen
e, the se
ond optionmust be true, and, 
onsequently,��jNJ�f 0(NHi(ui))� \ Vj j � prn�� � "iprn: (38)Note that, to obtain an extension f of f 0 that belongs to R(Hi; J ;DH ; C),we only need to sele
t f(ui) in �NJ(f 0(NHi(ui)))\Vj�nf 0(V (Hi�1)) so thatf 0(V (Hi�1)) [ ff(ui)g does not 
ontain a C-ex
eptionally neighborly s0-setfor any 1 � s0 � DH . We apply Corollary 15 with S = f 0(V (Hi�1)) andobtain that at most2i�1`
2i �C2 �2�H�2 p2�H�1�DHn (31)� "iprn (39)3By de�nition, every embedding f must preserve the vertex 
lasses of H, that is, ifui 2 Uj then f(ui) 2 Vj .
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es in Vj 
annot be 
hosen as f(ui). The last inequality follows fromthe fa
t that 2�H � 1 � DH = 2(DH + dH + 1)=2 � 1 � DH = dH � rand from (31). The reader may 
he
k that this tight inequality for theexponents of p in (39) explains why we 
annot redu
e the exponent of q inthe hypothesis of Proposition 12 that G should be (q; 
q�Hm)-bi-jumbled.From (38) it follows that the size of �NJ(f 0(NHi(ui)))\Vj�nf 0(V (Hi�1))is at least (1� "i)prn� (h� 1) � (1� 2"i)prn: (40)Consequently, every embedding f 0 2 Rperf(Hi�1; J ;DH ; C) 
an be extendedto an embedding f 2 R(Hi; J ;DH ; C) in at least���NJ(f 0(NHi(ui))) \ Vj� n f 0�V (Hi�1)���� "iprn (40)> (1� 3"i)prn (41)ways. Combining (37) and (41) yields��R(Hi; J ;DH ; C)�� > (1� 2Æ0)pe(Hi)�rni�1 � (1� 3"i)prn (35a)� (1� Æ)pe(Hi)ni:For the upper bound, we need to show that jR(Hi; J ;DH ; C)j � (1 +Æ)pe(Hi)ni. Fix an arbitrary f 0 2 R(Hi�1; J ;DH ; C). The number of exten-sions of f 0 to embeddings of Hi in J is bounded from above by��NJ�f 0(NHi(ui))���: (42)If, furthermore, f 0 2 Rperf(Hi�1; J ;DH ; C), then we know that (38) holdsand hen
e the quantity in (42) is bounded by (1+"i)prn. Combining this fa
twith the upper bound in (37), we obtain that the number of embeddings f 2R(Hi; J ;DH ; C) whose restri
tions to V (Hi�1) are in Rperf(Hi�1; J ;DH ; C)is at most(1 + Æ0)pe(Hi)�rni�1 � (1 + "i)prn (35b)� �1 + Æ2� pe(Hi)ni: (43)We already know that (see (32) and (37))��R(Hi�1; J ;DH ; C) n Rperf(Hi�1; J ;DH ; C)�� � 3Æ0pe(Hi)�rni�1:Sin
e r = degJ(ui) � dH � DH and f 0 is (DH ; C)-reasonable, ea
h su
hembedding f 0 gives rise to at most Crprn embeddings f 2 R(Hi; J ;DH ; C).Therefore, the number of embeddings f 2 R(Hi; J ;DH ; C) whose restri
-tions to V (Hi�1) are not in Rperf(Hi�1; J ;DH ; C) is at most3Æ0pe(Hi)�rni�1 � Crprn (35
)� Æ2pe(Hi)ni: (44)From (43) and (44) we dedu
e that jR(Hi; J ;DH ; C)j � (1 + Æ)pe(Hi)ni; asrequired. �



TUR�AN'S THEOREM FOR PSEUDO-RANDOM GRAPHS 257. Proof of the Pair-to-Tuple Lemma (Proposition 11)Re
all �rst the statement we are proving: for given integers d � 1 and` > 1 and reals 0 < �, " � 1, we need to �nd Æ > 0 and 
 > 0 su
h that forany fun
tion p = p(n) with pdn� 1 there exists N0 > 0 with the followingproperty: any (`; n; p)-partite graph J , where n � N0, su
h that(i) for all U � Vi and W � Vj, i 6= j 2 [`℄, we haveeJ(U;W ) � p� jU jjW j+ 
 � p��(d+3)=2 npjU jjW j; (45)(ii) J possesses PAIR`(Æ)also satis�es TUPLE`("; d).Let d, `, �, and " be given. Without loss of generality we may assumed � 3 be
ause (ii) implies TUPLE`("; d) for d = 1; 2 and " � Æ (we donot need assumption (i) at all). Hen
e we must de�ne Æ and 
 and, for agiven p = p(n), we must also de�ne N0 and then show that this 
hoi
e is
orre
t. Our proof uses a te
hnique from [24, 28℄ (see Lemma 26 and theproof of Lemma 43 in [24℄) and is based on the following lemma whi
h is awell-known 
onsequen
e of the Cau
hy{S
hwarz inequality.Lemma 23. For all " > 0, there exists 0 < % = %(") < " su
h that, for anyfamily of real numbers fai � 0: 1 � i �Mg satisfying the 
onditions(1) PMi=1 ai � (1� %)Ma and(2) PMi=1 a2i � (1 + %)Ma2for some a � 0, we have��fi : jai � aj < "ag�� > (1� ")M:Our appli
ation of Lemma 23 will involve the sets T (I) de�ned at thebeginning of Se
tion 3.5. We �rst show that for any % > 0 there is Æ > 0 sothat if J possesses PAIR`(Æ), then for every �xed multiset I = fi1; : : : ; irg �[`℄ with 3 � r � d, and for every j 2 [`℄ n I, we 
an verify 
onditions(1) and (2) for the number M = jT (I)j of r-tuples (x1; : : : ; xr) 2 T (I),a = prn, and ea
h ai 
orresponding to jNVj (x1; : : : ; xr)j for some r-tuple(x1; : : : ; xr) 2 T (I). This is formally done in the next fa
t. In what followswe denote by X(x� )2T (I)the sum over all (x1; : : : ; xr) 2 T (I).Fa
t 24. For every 0 < % � 1 there exist Æ = Æ(d; `; �; %) and 
 =
(d; `; �; %) su
h that for every p = p(n) = o(1) with pdn � 1 there isan integer N4 = N4(d; `; �; %; p) with the following property: If an (`; n; p)-partite graph J satis�es 
onditions (i) and (ii) above for n � N4, then forevery multiset I = fi1; : : : ; irg � [`℄ with 3 � r � d, and for every j 2 [`℄n I,we have



26 Y. KOHAYAKAWA, V. R�ODL, M. SCHACHT, P. SISSOKHO, AND J. SKOKAN(1) P(x� )2T (I) ��NVj (x1; : : : ; xr)�� = (1� %)nr � prn,(2) P(x� )2T (I) ��NVj (x1; : : : ; xr)��2 < (1 + %)nr � (prn)2:Comparing Lemma 23 and Fa
t 24, one may expe
t that the upper boundin Fa
t 24(1) would not be ne
essary. However, it turns out that this upperbound is required in the proof of Fa
t 24(2).Now we are ready to de�ne Æ and N0: let % = %("2) < "2 be the 
onstantguaranteed by Lemma 23 and Æ = Æ(d; `; �; %=3), 
 = 
(d; `; �; %=3), andN4 = N4(d; `; �; %=3; p) be given by Fa
t 24. Let N5 > 0 be su
h that forany n � N5 and 3 � r � d, we havenr1 + %=3 � (n� r)r: (46)Set N0 = maxfN4; N5g.To prove that J satis�es TUPLE`("; d), we �x an arbitrary multiset I =fi1; : : : ; irg � [`℄ with 3 � r � d and any j 2 [`℄ n I, and show thatjNVj (x1; : : : ; xr)j = (1� ")prnfor all but at most "nr r-tuples (x1; : : : ; xr) 2 T (I).By (10) and (46), we havenr1 + %=3 � (n� r)r �M = jT (I)j � nr: (47)By our 
hoi
e of 
onstants we 
an apply Fa
t 24 and obtainX(x� )2T (I) ��NVj (x1; : : : ; xr)�� > �1� %3�nr � prn;X(x� )2T (I) jNVj (x1; : : : ; xr)j2 < �1 + %3�nr � (prn)2:It follows from (47) thatX(x� )2T (I) ��NVj (x1; : : : ; xr)�� > (1� %)M � prn;and X(x� )2T (I) jNVj (x1; : : : ; xr)j2 < (1 + %)M � (prn)2:We are now 
learly in position to apply Lemma 23 with a = prn and M =jT (I)j. We dedu
e thatjNVj (x1; : : : ; xr)j = (1� "2)prn = (1� ")prnholds for at least(1� "2)M (47)� � 1 + "1 + %=3� (1� ")nr > (1� ")nr



TUR�AN'S THEOREM FOR PSEUDO-RANDOM GRAPHS 27r-tuples (x1; : : : ; xr) 2 T (I). The last inequality follows from the fa
t that%=3 < "2 � 1. What remains to be proved is Fa
t 24.Proof of Fa
t 24. Let 0 < % < 1, in addition to d � 3, ` � 2, and 0 < � � 1,be given. We �rst set an auxiliary 
onstant C = 2=� > 1 and then we de�neÆ = Æ(d; `; �; %) = min� %`(d+ 2) ; %2d+3 ; %8`C2d� (48)and 
 = 
(d; `; �; %) = min(r%�d+12` ;r %�d4`Cd :) (49)For any p = p(n) = o(1), pdn� 1, let N4 = N4(d; `; �; %; p) be su
h thatd(1� Æ)Æ < pn and 1 + %%=8 < pdn (50)and p < �2 (51)for every n � N4.Now let an (`; n; p)-partite graph J satisfy 
onditions (i) and (ii) for n �N4. We �x an arbitrary multiset I = fi1; : : : ; irg � [`℄, 3 � r � d, andj 2 [`℄ n I.To prove the lower bound in the �rst part of this fa
t, we observeX(x� )2T (I) jNVj (x1; : : : ; xr)j � Xy2Vj rYk=1 �jNVik (y)j � r�: (52)Sin
e J satis�es PAIR`(Æ), it follows that for all j 2 [`℄ n I and any i 2 I, atleast (1� Æ)n verti
es y 2 Vj satisfy��NVi(y)� pn�� < Æpn: (53)Sin
e I 
ontains at most ` distin
t numbers, there are at least (1� `Æ)n ver-ti
es y 2 Vj for whi
h (53) holds simultaneously for all i 2 I. Consequently,(52) yields X(x� )2T (I) ��NVj (x1; : : : ; xr)�� > (1� `Æ)n�(1� Æ)pn� r�r: (54)Applying the fa
t that (a�b)r � ar�rar�1b for a > b � 0 and (1�Æ)pn > rby (50) to the right-hand side of (54), we obtain(1� `Æ)n�(1� Æ)pn� r�r� (1� `Æ)n �(1� Æ)r(pn)r � r(1� Æ)r�1(pn)r�1�� (1� `Æ)r+1n(pn)r �1� r(1� Æ)pn� : (55)
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e r=(1� Æ)pn � d=(1� Æ)pn < Æ by (50), we dedu
e from (54) and (55)that X(x� )2T (I) ��NVj (x1; : : : ; xr)�� > (1� `Æ)r+2nr � prn: (56)Sin
e Æ � %=`(d+ 2) and r � d, we obtain(1� `Æ)r+2 � 1� (r + 2)`Æ � 1� %:Thus (56) be
omes P(x� )2T (I) ��NVj (x1; : : : ; xr)�� > (1� %)nr � prn:To prove the upper bound in (1) of Fa
t 24, we �rst observe thatX(x� )2T (I) ��NVj (x1; : : : ; xr)�� � Xy2Vj rYk=1 jNVik (y)j: (57)For ea
h y 2 Vj su
h that inequality (53) is satis�ed for all i 2 I, we haverYk=1 jNVik (y)j � (1 + Æ)r(pn)r:Sin
e J satis�es PAIR`(Æ), there are at most `Æn verti
es y 2 Vj for whi
hinequality (53) fails for some i 2 I.De�ne the set A = �y 2 Vj : jNVi(y)j � Cpn 8i 2 I	. Corollary 16(a)4and (49) imply jAj > (1� `
2(1=�)d+1pd+1)n � (1� (%=2)pd+1)n. Note thatfor every y 2 A we have rYk=1 jNVik (y)j � (Cpn)r:Finally, for every y 62 A we have the trivial bound rQk=1 jNVik (y)j � nr: From(57) we obtainX(x� )2T (I) ��NVj (x1; : : : ; xr)�� � n � (1 + Æ)r(pn)r + `Æn � (Cpn)r + %2pd+1n � nr� �(1 + Æ)d + `ÆCd + %2�nr � prn(48)� �1 + %8 + %8 + %2�nr � prn < (1 + %)nr � prn:This 
on
ludes the proof of the �rst part of Fa
t 24.Now we prove the se
ond part of Fa
t 24. By 
ounting in two ways thepairs �(y1; y2); (x1; : : : ; xr)� su
h that (x1; : : : ; xr) 2 T (I) and y1 6= y2 2NVj (x1; : : : ; xr), we obtain the following inequality:X(x� )2T (I)���NVj (x1; : : : ; xr)��2 �2! � X(y1;y2)2T (fj;jg) rYk=1 jNVik (y1; y2)j;4Note that we need (45), C = 2=�, and (51) to verify the assumptions of Corol-lary 16(a).



TUR�AN'S THEOREM FOR PSEUDO-RANDOM GRAPHS 29or, equivalently,X(x� )2T (I) ��NVj (x1; : : : ; xr)��2 � X(y1;y2)2T (fj;jg) rYk=1 jNVik (y1; y2)j+ X(x� )2T (I) jNVj (x1; : : : ; xr)j: (58)The se
ond term on the right-hand side was already estimated in part (1):X(x� )2T (I) jNVj (x1; : : : ; xr)j < (1 + %)nrprn (50)� %8nr(prn)2: (59)To estimate the �rst term in (58), we divide all pairs of verti
es (y1; y2) 2T (fj; jg) into four 
ategories:(a) pairs of verti
es (y1; y2) su
h thatjNVik (y1; y2)� p2nj < Æp2nholds simultaneously for k = 1; : : : ; r. The 
ontribution of these pairs to thesum P(y1;y2)2T (fj;jg) rQk=1 jNVik (y1; y2)j is bounded from above byn2 � �(1 + Æ)p2n�r � (1 + Æ)d � nr � (prn)2 (48)� �1 + %8� � nr � (prn)2: (60)(b) pairs of verti
es (y1; y2) not in
luded in (a) for whi
hjNVik (y1; y2)j � C2p2nholds simultaneously for all k = 1; : : : ; r. Sin
e J satis�es 
ondition PAIR`(Æ)and I 
ontains at most ` distin
t values, there are at most `Æn2 pairsnot in (a). Their 
ontribution to the sum P(y1;y2)2T (fj;jg) rQk=1 jNVik (y1; y2)jis bounded by`Æn2 � �C2p2n�r � `ÆC2d � nr � (prn)2 (48)� %8 � nr � (prn)2: (61)(
) pairs of verti
es (y1; y2) for whi
h y1 or y2 2 A andjNVik (y1; y2)j > C2p2nholds for some k 2 f1; : : : ; rg. We estimate the number of these pairs asfollows: Suppose y1 2 A and de�neB = �y2 2 Vj : y2 6= y1; jNVik (y1; y2)j > C2p2n for some k 2 f1; : : : ; rg	:Then, by Corollary 16(b),jBj � `
22�d pdn (49)� %8Cd pdn:
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), and, by the de�nitionof A, for ea
h pair we have rQk=1 jNVik (y1; y2)j � (Cpn)r. Their 
ontributionto (58) is bounded by%4Cd pdn2 � (Cpn)r � %4 � nr � (prn)2: (62)(d) pairs of verti
es (y1; y2) for whi
h y1 62 A and y2 62 A. Sin
e jAj >(1� (%=2)pd+1)n, the number of su
h pairs is at most �(%=2)pd+1n�2. Their
ontribution to (58) is bounded by�%2pd+1n�2 � nr � %4 � nr � (prn)2: (63)Using (58){(63) above, we see thatX(x� )2T (I) jNVj (x1; : : : ; xr)j2� �1 + %8 + %8 + %8 + %4 + %4�nr(prn)2 < (1 + %)nr(prn)2;whi
h 
ompletes the proof of Fa
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