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ABSTRACT. The generalized Turdn number ex(G, H) of two graphs G
and H is the maximum number of edges in a subgraph of G not con-
taining H. When @ is the complete graph K, on m vertices, the value
of ex(Kp, H) is (1—1/(x(H)—1)40(1)) ("), where o(1) — 0 as m — oo,
by the Erdés—Stone-Simonovits Theorem.

In this paper we give an analogous result for triangle-free graphs H
and pseudo-random graphs G. Our concept of pseudo-randomness is
inspired by the jumbled graphs introduced by Thomason [31]. A graph G
is (g, a)-bi-jumbled if

lec(X,Y) =l X|IY]] < a/|X[]Y]
for every two sets of vertices X, Y C V(G). Here eq(X,Y) is the
number of pairs (z,y) such that z € X, y € Y, and zy € F(G). This
condition guarantees that G and the binomial random graph with edge
probability ¢ share a number of properties.

Our results imply that, for example, for any triangle-free graph H
with maximum degree A and for any § > 0 there exists v > 0 so that the
following holds: any large enough m-vertex, (g,7¢®"%?m)-bi-jumbled
graph G satisfies

ex(C, H) < (1 _ ﬁ + 5) B(G)].
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1. INTRODUCTION

We say that a graph is H-free if it does not contain a copy of a given
graph H as a subgraph (not necessarily induced). A classical area of ex-
tremal graph theory investigates numerical and structural results concerning
H-free graphs. A basic problem in this area is to determine, or estimate,
the maximum number of edges ex(m, H) that an H-free graph on m vertices
may have. When H is a complete graph, we know the value of ex(m, H)
precisely, by Turdn’s theorem [32] (hence we refer to ex(m, H) as the Turdn
number of H). When H is arbitrary, an asymptotic solution to this problem

is given by the celebrated Erdds—-Stone—Simonovits theorem, at least when
x(H) > 3.

Theorem 1 (Erdés, Stone, Simonovits [12, 10]). For every graph H with
chromatic number x(H),

ex(m, H) = (1 _ ﬁ 4 0(1)> <’;"> (1)

where o(1) — 0 as m — oo.

Here we are interested in a variant of the function ex(m, H). Denote
by ex(G, H) the maximum number of edges that an H-free subgraph of a
given graph G may have, i.e.,

ex(G, H) =max {|E(G")|: H ¢ G' C G}.

For instance, if G = K,,, the complete graph on m vertices, then ex(K,,, H)
is the usual Turdn number ex(m, H). Furthermore, by considering a random
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partition of vertices of G into x(H) — 1 parts, one easily observes that

ex(G. 1) > (1=~ ) B(G) 2)

x(H)
holds for any G and H.

Let us mention a few problems and results concerning the “generalized
Turan function” ex(G, H). The case in which G is the n-dimensional hyper-
cube Q" and H is a short even cycle, say, the four-cycle Cy, was raised by
Erdds in the mid-70s, who conjectured that ex(Q", C4) = (1/2+0(1))|E(Q"™)|
as n — oo (see [8]; for the best result in this direction, see Chung [4]).

Three results for the case in which G is a random graph are due to Frankl
and Rodl [13], Babai, Simonovits, and Spencer [3], and Fiiredi [14]. In [13],
the authors investigate ex(G(m, q), K3) for ¢ around m~1/2, where G(m, q)
denotes the binomial random graph on m vertices with edge probability g,
and we write K, for the complete graph on ¢ vertices. In [3], the authors
investigate in detail the function ex(G(m,1/2), K3). In [14], the author
investigates ex(G(m, q), Cy4) for ¢ around m—2/3

More recently, there has been a more systematic study of the function
ex(G(m,q), H). For a discussion on this topic, the reader is referred to [17,
Chapter 8], [20], and [15], and the references therein. Roughly speaking, the
main problem is to identify the threshold for ¢ = q(m) for the property that
the lower bound in (2) should be asymptotically tight, giving the almost sure
value of ex(G(m, q), H). The thresholds for H = K3 and H = Cy are m~ /2
and m~%/3, and these are determined in [13] and in [14] cited above. The
original conjecture about the threshold for H arbitrary, which is still open,
may be found in [19].

For deterministic graphs G the known results in this direction are for the
so called (m,d, \)-graphs. Let G be a graph and let Ay > Ay > -+ > A, be
the eigenvalues of its adjacency matrix. We say that G is an (m, d, A)-graph
if it has m vertices, it is d-regular and max{As, — A, } < A. Sudakov, Szabd,
and Vu [29] proved that, for ¢ > 3,

ex(G. 1) = (1= 2 +ol1)) IE(G) 3)

for any (m,d, \)-graph G, as long as
d=/mt=2 > ), (4)

that is, lim0 m!=2X/d!=! = 0. A result of Krivelevich, Sudakov, and Szabé
m—

[27, Theorem 1.2], inspired by a construction of Alon [1], implies that con-
dition (4) is essentially best possible for ¢t = 3 and basically any d = d(n) =
Q(n?/®). For t > 3 it is not known whether condition (4) is optimal. For a
very recent result in this direction, see Chung [5].

In this paper we prove a similar result for triangle-free graphs H. First,
we need to define some simple graph parameters. For any graph H, we
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define the degeneracy dg of H by
dg = max{6(H'): H C H},

where §(H') denotes the minimum degree of the graph H'. We remark that
dg is the smallest integer d for which there exists an ordering u1, ..., up of
the vertices of H (h = |V(H)|) in which u; has at most d neighbors among
u1,...,u;_1, for every 1 < ¢ < h. Any such ordering is called a d-degenerate
ordering.
Moreover, let
DH = min{2dH, A(H)},

where A(H) stands for the maximum degree of H. We shall later make use
of the following simple fact: for any dg-element set F' of vertices of H, there
is a Dp-degenerate ordering ui,...,up of V(H) with F' = {ug,...,uq, }-
Finally, let

1
Vg = §(dH+DH+1). (5)

Remark 2. The parameters Dy and vy are somewhat artificial. For sim-
plicity, the reader may prefer to replace Dy by A(H) in (5) at the first
reading, although some statements below are considerably weaker with this
change. For example, if H = Ko and t is large, then dg = 2, Dy = 4,
vg = 7/2, and condition (6) becomes much more restrictive with vy re-
placed by (dg + A(H)+1)/2=(t+3)/2 > 7/2.

Our main theorem, to be given in a short while, implies the following
result for (m,d, \)-graphs.
Theorem 3. Let a triangle-free graph H and & > 0 be given. Then there
exists v = (6, H) > 0 such that for any function d = d(m) < m there
is My = My(6, H,d) such that any (m,d, X)-graph G with m > M, vertices
and satisfying

yd¥H [m¥EE > ) (6)

has

ex(G, H) < (1 - ﬁ + 5) B(G).

Notice that to satisfy (6) for graphs with A\ = O(v/d) (e.g., for Ramanujan
graphs), it suffices to have d?# 1 = gPurtdu » mDPutdu—1 — p2va—2

Theorem 3 is a consequence of a more general theorem for pseudo-random
graphs; see Theorem 5 in the next section.

2. THE RESULT FOR PSEUDO-RANDOM GRAPHS

A graph is pseudo-random if it resembles (in some well-defined sense) a
random graph of the same density. The systematic study of such graphs was
initiated by Thomason [31], who introduced the notion of jumbled graphs.
A graph G is (g, a)-jumbled if for every X C V(G) we have

o) -a(3)| < axi
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where eg(X) denotes the number of edges in G with both endpoints in X.
Here we shall use a closely related concept of pseudo-randomness. For
any sets X, Y C V, we write

Eq(X)Y)={(z,y):xz € X, yeY, {z,y} € E(G)}.

We also set eq(X,Y) = |Eq(X,Y)| and dg(X,Y) = eq(X,Y) /| X||Y|. Note
that each edge in X NY is counted twice in eq(X,Y). Thus, if X =Y then
eq(X) = eq(X, X)/2 is the number of edges in G with both endpoints in X.
We drop the subscript G whenever there is no danger of confusion.

Definition 4. We say that a graph G is (q, a)-bi-jumbled if for every X,
Y C V(G) we have

lec(X,Y) = g X|1Y | < o/IXT¥. (7)

It is easy to see that every (g, a)-bi-jumbled graph is also (g, (o + q)/2)-
jumbled. Since we consider only 0 < ¢ < 1 < «, we immediately have that
every (g, a)-bi-jumbled graph is (g, «)-jumbled.

To put (7) into some context, on the one hand, we observe that the
random graph G(m, q) is almost surely (g, a)-bi-jumbled for o = O(,/gm)
if, say, gm > logm.! On the other hand, Erd8s and Spencer [11] (see
also Theorem 5 in [9]) observed that there exists ¢ > 0 such that every m-
vertex graph with density ¢ contains two disjoint sets X and Y for which
e(X,Y) — g X|[Y || > ey/@imy/[X][Y], as long as q(1 - g) > 1/m.

We may finally state our main theorem, Theorem 5. Our main result
shows that if « is sufficiently small, then (2) is asymptotically optimal for any
sufficiently large (g, @)-bi-jumbled graph G and any triangle-free graph H.
Theorem 5. Let a triangle-free graph H and & > 0 be given. Then there
exists v = y(8, H) > 0 with the following property: For any function q =
q(m) there is My = My(d, H,q) such that any (q,vg"2 m)-bi-jumbled graph G
with m > My vertices has

1
ex(G,H) < 17+5>EG. 8
@) < (1 gy +9) 1B 0
Remark 6. From c,/gm < a = v¢"#m we deduce that the inequality

q > gy, u(m) = (¢ 24%m) =Y @5 1) must hold for any m-vertex, (g, yg""m)-

bi-jumbled graph. Hence, we may assume that the function ¢ in Theo-
rem b5 satisfies ¢ > g, m(m) for otherwise there is no (g, y¢g"¥ m)-bi-jumbled
graph G and the statement of Theorem 5 holds trivially.

Theorem 5 gives a sufficient condition on the bi-jumbledness of G for (8)
to hold. Assuming the best possible bi-jumbledness o = O(,/gm), the bi-
jumbledness hypothesis a = v¢"#m in Theorem 5 gives a condition on the
density g for (8) to hold. We illustrate this on the concrete example H =

IThis fact may be checked by combining Lemma 3.8 in [16] and the fact that, almost
surely, all vertices of G(m, q) have degree (1 + o(1))gm for gm > log m.
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Cs. We have vg; = 5/2. Theorem 5 implies that, for any (g, O(,/qm))-
bi-jumbled graph G, we have ex(G, Cs) = (1/2 + o(1))|E(G)| if ¢°/?m >
Vam, that is, ¢ > m~ /4. However, a fairly simple argument based on
the Sparse Regularity Lemma (Proposition 8) yields that the much weaker
condition ¢ > m /2 actually suffices.

Let us mention that there exists a Cs-free, (¢, O(,/gm))-bi-jumbled graph
As with ¢ = ©(m~3/%). Thus, the “threshold” for this problem lies be-
tween m 3/ and m~ /2. Hence, even in this case, we do not have an optimal
result. For a general odd cycle Coyp1, the “threshold” is between m~172/(2(+1)
and m~—'T1/¢. The lower end of the gap is proved considering a Copy1-free,
(g, O0(y/gm))-bi-jumbled graph Assq with ¢ = O(m~1+2/241) The ex-
istence of the graphs Ass;1 may be proved suitably adapting a beautiful
construction of Alon [1] (see also [26, Section 3, Example 10]).

We believe that it would be interesting to weaken the bi-jumbledness
hypothesis in Theorem 5. Moreover, it would be interesting to drop the
triangle-freeness condition on the graph H. In this direction, we only men-
tion that in [23] a result similar to Theorem 5 for arbitrary graphs H is
proved, but a stronger bi-jumbledness hypothesis on G is required. We fin-
ish our introduction deducing Theorem 3 from Theorem 5 and giving a brief
description of the structure of this paper.

Proof of Theorem 3. It is a well-known fact (see Corollary 9.2.5 in [2]) that
any (m,d, \)-graph G is (d/m, A)-bi-jumbled. Therefore, the graph G will
be (d/m,~y(d/m)"® m)-bi-jumbled if

A < y(d/m)"Hm, (9)
which is equivalent to (6). O

This paper is organized as follows. In the next section we present ad-
ditional definitions and notation and we attempt to give a fairly detailed
outline of the proof of Theorem 5. In Section 3 we also state all the aux-
iliary lemmas (including what we call the Regularity-to-Pair Lemma, the
Pair-to-Tuple Lemma, and the Embedding Lemma) needed for the proof of
Theorem 5. In Section 4 we give the proof of Theorem 5 and in Section 5 we
prove some technical facts needed in the proofs of the Embedding Lemma
and the Pair-to-Tuple Lemma. Sections 6 and 7 contain the proofs of the
Embedding Lemma and the Pair-to-Tuple Lemma.

3. AN OUTLINE OF THE PROOF OF THEOREM 5 AND AUXILIARY RESULTS

In this section we introduce all the necessary tools for the proof of The-
orem 5. We also try to motivate these tools by discussing the underlying
ideas in the proof.

3.1. Additional definitions and notation. We start with some basic
notation. Let £ be a positive integer. We denote by [¢] the set {1,2,...,¢}.
For a multiset I = {i1,...,4,} we write I C [{] to mean that i1,...,4,. € [{].
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We also adopt the convention that we always write the elements of I in
non-decreasing order, i.e., 11 < ... < i,.. For three real numbers a, b, and
¢, the expression a = b+ c means b —c < a < b+ ¢. We also write a/bc
instead of a/(bc) whenever there is no danger of confusion. For functions
f=f(n)and g = g(n) we write f > g and g < f if nl;n;o f(n)/g(n) = +oo.
For clarity, we omit inessential floor and ceiling brackets.

Let G = (V,E) be a graph. For a vertex z € V let N(z) be the set of
all neighbors of z in G. If U C V then Ny(z) denotes the set of neighbors
of x € V belonging to U, that is, Ny(z) = N(z) N U. For an r-set X =
{z1,...,2z,} CVandaset U CV, welet N(X)= N(z1,...,2,) = N(x1)N
...N N(z,) and Ny(X) = Ny(z1,...,2,) = N(z1)N...N N(z,)NU.

We say that J is an (¢, n,p)-partite graph if J is {-partite with V(J) =

12
U Vi, [V;| =n for all j € [¢], and e(J[V;,V;]) = pn? for all i # j € [4].
=1

For an ({,n,p)-partite graph J, an integer » > 1, and a multiset I =
{i1,...,4p} C [€], denote by T (I) the set of all r-tuples (z1,...,2,) € Viy X
-+ x V;, such that z; # z; for all 1 <¢ < j <r. Note that

(n—r)<m-r+1) <|T()| <n", (10)

since each z; can be chosen in at least n — r + 1 ways to avoid x1,...,z; 1.
Now we define two important properties of (¢, n, p)-partite graphs.

Definition 7. An ({,n, p)-partite graph J has property TUPLE,(¢e, d) if for
every integer 1 < r < d, every multiset I = {i1,...,i,} C [¢], and for all
j €€\ I, we have

’ij.(xl, x) | =(1xe)p'n

for all but at most en” r-tuples (z1,...,2,) € T(I).
When d = 2 we say that J satisfies the pair condition PAIR,(¢).

3.2. An outline of the proof of Theorem 5. We now outline the proof of
Theorem 5. We hope that this will motivate the somewhat technical looking
auxiliary lemmas that will be required. Our proof strategy is natural and
proceeds as follows: consider an arbitrary spanning subgraph G’ of G with

1

E(G' 2(1—7+5>EG. 11
B(G) @1t 1) (1)
Suppose first that the density g of G is constant, independent of n. We apply
Szemerédi’s regularity lemma [30] with & significantly smaller than ¢ and g,

t
and obtain a partition |J Vj of the vertex set of G’ into a bounded number
j=0
of parts ¢ so that all but at most 5(;) pairs (V;,V;), 1 < i < j <t are
e-regular, i.e., for all V/ C V; and V] C V; with |V/| > ¢|V;] and |V]| > [V}l
we have

|da(Vi, V) — da(Vi, Vj)| <e.
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Standard arguments (see, e.g., [7, Section 7.5, pp. 186-187]) show that there
exist £ = y(H) sets (without loss of generality, V7,...,Vy) so that there is
£
an ({,n,p)-partite graph J C G’ with {-partition |J V; such that p = ag,
j=1
a is considerably larger than ¢, and each pair (V;,V;) is e-regular.? Tt is a
well-known fact (e.g., Theorem 3.1 in [25]) that J satisfying the conditions
above also contains a copy of H. We remark that this statement (sometimes
called the embedding lemma) is ensured by the regularity of J itself.

For the case ¢ = o(1) we utilize the same approach. First we apply a
version of the regularity lemma for sparse graphs (Proposition 8) to G’ and
obtain an (g, G', g)-regular partition VoUV; U...UV; of V(G') (see Section 3.3
for the relevant definitions). In the same way as above (see Section 4 for the

12
details) we obtain an ({,n,p)-partite graph J with {-partition |J V; with
7j=1
p = ag for some constant o > 0 and such that each pair (V;,V}) is (g, q)-
regular. Unfortunately, the embedding lemma required in this context does
not hold (see, e.g., [20, Theorem B']).

One way to deal with this problem is to restrict the choice of G to cer-
tain classes of graphs (such as random graphs) and to prove an appropriate
embedding lemma that works for their subgraphs G’ (for instance, see The-
orem B” in [20] and Lemmas 2.2 and 2.2' in [22]). In this paper, roughly
speaking, we follow an approach in [24]. An embedding lemma in [24] is as
follows:

(*) Let H be a triangle-free graph and C a positive constant. If J is

an n-vertex graph with density p = p(n) = |E(J)|(;l)71 > n~Y/PH
satisfying properties BDD(C, Dy) and PAIR given below, then J

contains H as a subgraph, as long as n is sufliciently large.

BDD(C,Dg): |Nj(z1,...,2:)| < C"p"n holds for all mutually distinct ver-
tices @1,...,2z, € V(J) and 1 <r < Dp.

PAIR: |Nj(z1,22)] = (1 + o(1))p*n holds for all but at most o(n?) pairs
{111,1,‘2} C V(J)

Going back to the proof of Theorem 5, we recall that we had arrived at
£
an ({,n,p)-partite graph J C G' with {-partition |J V; such that p = agq
i=1
with o a positive constant and each pair (V;,V;) is (g, g)-regular. The first
discrepancy that one notices between our current set-up and the hypotheses

in (*) is that our J is {-partite, whereas in (*) we do not have an {-partite

2From U;’.:O V; we construct a “cluster” graph F. on [t] whose edges are those pairs
{i,5} for which the pair (V;,V;) is e-regular and has large density. The graph F. has
enough edges for us to apply Turdn’s Theorem and obtain a copy of K, (). To deduce
this we need dg'(Vi, V;) < (1 4 o(1))q for all 4 # j, which may be guaranteed by the bi-
Jjumbledness of G. This copy of K, () corresponds to a subgraph of G' that may be further
reduced or “sliced” (see Lemma 9) to the (x(H),n, p)-partite graph J we are looking for.
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graph. As the reader may guess, albeit cumbersome, this difference is not
essential, and one may in fact prove an appropriate “/-partite version” of (*).
In the discussion that follows, for simplicity, when not important, we shall
blur this discrepancy and we shall ignore the fact that we have an {-partite
graph J at hand.

A more substantial discrepancy occurs in the hypotheses BDD(C, Dg)
and PAIR in (*): in our proof of Theorem 5, we have arrived at an {-partite
(e, q)-regular graph J.

Achieving PAIR. The reader may be familiar with the fact that in the case of
dense graphs, the o(1)-regularity of a pair (V;, V;) and property PAIR(o(1))
are equivalent (in a certain precise sense, see [31] and [6] for details). Un-
fortunately, this equivalence breaks down in the sparse setting, as observed
in Theorem A’ in [20]. Therefore, achieving hypothesis PAIR in (*) requires
some work. This will be accomplished by making use of Proposition 10
below, which, roughly speaking, states that one recovers the fact that o(1)-
regularity implies PAIR if one has a graph J that is a subgraph of a suitably
bi-jumbled graph T', as long as one has a positive fraction a of the edges
of 'in J.

Loosening BDD. Let us now discuss hypothesis BDD(C, D) in (*). Ba-
sically, if G has property BDD(C, Dg), then any subgraph J C G with
a positive fraction of the edges of G has BDD(C’, Dy) for some C' > C.
As it turns out, the constant C' ends up depending on some other param-
eters in the proof in such a way that we are not able to use this simple
hereditary property of BDD. Therefore, we take a different route. For ev-
ery 1 < r < Dpg, define an r-uniform hypergraph B, on the vertex set
of J, putting an r-set B C V(J) in B, if the joint neighborhood N;(B)
of B in J violates the upper bound in the definition of BDD(C, Dy ), that
is, |Nj(B)| > C"p"n. A simple consequence of the bi-jumbledness of G
is that the hypergraphs B, are in a certain sense locally sparse: for ev-
ery 1 <r < Dpg, if an (r — 1)-set is not a member of B,_1, then it cannot
be contained in many members of B, (see Lemma 14). This sparseness of
the B, turns out to be enough for our purposes.

The embedding lemma. As the discussion above suggests, the embedding
lemma that we shall make use of is an ¢-partite variant of (*), with the BDD
hypothesis replaced by the hypothesis that J should be a subgraph of a
suitably bi-jumbled graph G, with a positive fraction « of the edges of G in J.
From this hypothesis, one obtains PAIR and the local sparseness of the B,.
For the precise statement of this embedding lemma, see Proposition 12.

Before we finish this outline, we just mention a step in the proof of this
embedding lemma. We remark that we shall use the bi-jumbledness of G to
show that, in fact, PAIR implies the following property:

TUPLE(dg): |Nj(z1,...,2,)] = (1 + 0(1))p"n holds for all but at most
o(n") r-sets {z1,...,z,} CV(J) forany 1 <r <dg
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(see Proposition 11). Going from PAIR to TUPLE(dp) is also an important
step in the proof of (*). For this step, hypothesis BDD is used in [24];
here, in the proof of Proposition 11, we again replace BDD with the local
sparseness of the B,.

3.3. The Sparse Regularity Lemma. Let G = (V, FE) be a graph. Sup-
pose 0 < g <1, & >0and C > 1. For two disjoint subsets X, Y of V, we
let
eq(X,Y)

faal oY) = v
which we refer to as the g-density of the pair (X,Y).

We say that G is a (&, C)-bounded graph with respect to density ¢ if for
all pairwise disjoint X, Y C V| with | X|, |[Y| > £|V|, we have eq(X,Y) <
Cql XY,

For ¢ > 0 fixed and X, Y C V, X NY = 0, we say that the pair (X,Y)
is (g, q)-regular if for all X' C X and Y' C Y with

1X'| > e|X| and |Y'|>e|X],

we have
|d6,g(X,Y) = da (X', V)| < e.
Note that for ¢ = 1 we get the well-known definition of e-regularity [30].

£
When G is (¢, n,p)-partite with ¢-partition U Vi we say that G is (¢, q)-

regular if all pairs (V;,V;), 1 <i < j </, are (5 q) -regular.
t
Let |J V; be a partition of V. We call Vy the ezceptional class. This
=0
partition is called (g, t)-equitable if |Vp| < 6|V\ and V1| = ... = V.

We say that an (e, t)-equitable partition U Vj of Vis (e, G, q)-regular if
7=0

(
all but at most 6( ) pairs (V;,V;), 1 <i < j <k, are (¢, g)-regular. Now we
can state a variant of Szemerédi’s regularity lemma [30] for sparse graphs
(see, e.g., [18, 21]).
Proposition 8 (Sparse Regularity Lemma). For anye > 0, C > 1, andt; >
1, there exist constants Ty = Ti(e,C,t1), & = &(e,C,t1) < min{1/2Ty,¢},
and My = My(e,C,t1) such that any graph G with at least My vertices that
is (&, C)-bounded with respect to density 0 < g < 1 admits an (g, t)-equitable
(e, G, q)-regular partition of its vertex set with t; <t < Tj.

After applying the lemma above we obtain (g, g)-regular bipartite graphs
with different densities. The next lemma will allow us to change these
densities to a particular value without losing regularity.

Lemma 9 (Slicing Lemma, [22]). For every 0 < a,e <1, C > 1, and a
function ¢ = q(n) satisfying gn > 1 there exists ng = no(a, e, C,q) such that
if B=(UUW,E) is a bipartite graph satisfying

(i) |U]| = |W]| =n > ny,
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(ii) aq|U||W| < ep(U, W) < Cq|U||W|, and

(iii) B is (e, q)-regular,
then there exists an (3¢, q)-reqular subgraph B' = (UUW, E') C B such that
e (U, W) = aglU||].

3.4. Regularity and the pair condition. The next proposition shows
that, under certain restrictions, a regular ({,n,p)-partite graph also has
property PAIR,.

Proposition 10 (Regularity-to-Pair Lemma, [23]). For any 0 < a,0 <1
and any integer £ > 1, there exist § = §(a, 0,£) > 0 and v = y(a, 0,£) > 0
such that for every function ¢ = q(n) there exists an ng = ng(a, 0,4,q) > 1
for which the following holds.

Let T be a (q,v¢*{n)-bi-jumbled graph on {n vertices with n > ng. Sup-
pose J is a (0,q)-reqular (€,n,p)-partite subgraph of T' satisfying p > aq.
Then J also has property PAIR,(o).

We remark that if p is a constant then the above statement holds for any
(8,1)-regular (¢, n,p)-partite graph J (i.e., J need not to be a subgraph of
some bi-jumbled graph T').

Clearly, any graph having property TUPLE;(e,d), d > 2, also satisfies
PAIRy(¢). The next proposition shows that under certain conditions the
converse is also true.

Proposition 11 (Pair-to-Tuple Lemma). Let d > 1 and £ > 2 be integers.
Then for every 0 < a,e < 1 there exist 6 = §(d,{,,e) > 0 and v =
y(d, ¢, a,e) > 0 such that for every function p = p(n) satisfying p®n > 1
there is Ng = No(d, ¢, v, €, p) with the following property: any (£, n, p)-partite
graph J with n > Ny satisfying

(i) for allU C V; and W C Vj, i # j € [{], we have

P P (d+3)/2
es(U,W) < 2w+ (2) ny/[OTWY, (12)

a
(ii) PATR,(4),
also satisfies TUPLE(e, d).

We will apply Proposition 11 with d = dy to an (¢, n, p)-partite graph J
that is obtained from a subgraph G’ of a (g, yq(% *3)/2m)-bi-jumbled graph
G, as explained in Section 3.2. Moreover, we shall have p = agq for some
constant @ > 0. Condition (12) will follow from the upper bound in the
(¢,v¢\%#1+3)/2m)-bi-jumbledness hypothesis on G (see (7)), by substituting
p/a for q. The proof of Proposition 11 appears in Section 7.

3.5. An embedding lemma for /-partite bi-jumbled graphs. In this
section we state the adjusted version of one of the main results from [24]
(see (*)) discussed in Section 3.2. Given an f-partite graph H with /-
partition V(H) = Ule Uj, an embedding of H in an (¢, n, p)-partite graph J
is an injective, edge preserving map f: V(H) — V(J) such that f(U;) C V;
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for all 1 < j < £. The next proposition shows that (12), TUPLE,, and large
enough density guarantee an embedding of any triangle-free graph H in J.

Proposition 12 (Embedding Lemma). Let H be a fized triangle-free, (-
partite graph with h vertices and e edges. Then for all 0 < a,n < 1 there
exist ¢ = e(H,a,m) > 0 and v = v(H,a,n) > 0 such that for any function
p = p(n) satisfying p®n > 1 there is N1 = N1 (H, a,n,p) > 0 for which the
following holds. Suppose that

(a) J is an (£,n,p)-partite graph and n > Ny,

(b) for allU C V; and W C V}, i # j € [{], we have

p p\vH
es(U,W) < 2w+~ (2) ™ ny/iUTW], (13)

(c) J satisfies TUPLE(e,dp).
Then the number of embeddings of H in J is at least (1 —n)pnh.

The proof of Proposition 12 is given in Section 6.

4. PROOF OF THE MAIN RESULT

Now we are ready to prove the main result, Theorem 5. When Dy = 1,
the graph H is a matching and we just need gm > (4/8)|E(H)| to prove The-
orem 5. Indeed, for any graph G with |E(G)| = q(}') > (2/6)|E(H)|(m —1)
edges, let G’ be any spanning subgraph with at least §|E(G)| > 2|E(H)|(m—
1) edges. In this subgraph we find a copy of the matching H greedily.

When ¢ is constant, Theorem 5 follows from an easy application of Sze-
merédi’s regularity lemma (see Section 3.2 for some details). Hence, we shall
henceforth suppose that ¢ = o(1), Dy > 2, and (cf. (5)) vy > 2. Now we
proceed with the details of the proof.

Proof of Theorem 5. Let H be a fixed, triangle-free graph with h vertices
and e > 1 edges. Without loss of generality, let é be a constant such that
1/(x(H)—1) > § > 0. We start our proof by choosing the constants. Since
Theorem 5 and Propositions 10, 11, and 12 involve a double alternation
(“v3v3”), this choice will consist of two rounds. In the first round (A)-(G)
we address the choice of v. After this we get the function ¢ and we deal
with the choice of Mj in the second round (H)-(L).
(A) Set « =4§/16, 7 =1/2, and £ = x(H) > 1.
(B) Proposition 12 (Embedding Lemma) applied with ap, = « and
neL = 71 yields egr, and ygL.
(C) Then we apply Proposition 11 (Pair-to-Tuple Lemma) with d = dg,
apoT = O, EP2T = €EL, and obtain 5p2T and YP2T-
(D) Proposition 10 (Regularity-to-Pair Lemma) applied with arsp = «
and grop = dpoT, yields drop and yrop.

(E) We define
€:min{6P;)2P,1;%0}. (14)
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(F) We then apply Proposition 8 (Sparse Regularity Lemma) with ery, =
e, Crr, = 1+8/4, and t g1, = max{2¢/§'/2,80/8} and obtain T} gy, >
t1rL, §rr < min{1/2T; gy, e}, and M Ry

(G) Finally, we fix the constant v promised by Theorem 5 and set

_ 1—¢

- min {’YEL,’YP2Ta'7R2Pa 5§RL/4} (15)
17

Now let ¢ = ¢(m) = o(1) be a function satisfying ¢ > ¢, m(m) (see Re-
mark 6). From this we have ¢%#m > 1.
(H) Proposition 12 (Embedding Lemma) applied with agr, = «, ngr, = 7,
and pgrr, = aq yields Ngr,.
(I) Then we apply Proposition 11 (Pair-to-Tuple Lemma) with d = dg,
Qp2T = @, €paT = €EL, Pp2T = PEL = g and obtain Npat.
(J) Proposition 10 (Regularity-to-Pair Lemma) applied with agrop = «,
OR2P = Op2T, and grop = q yields ngop.
(K) We use Lemma 9 (Slicing Lemma) with agr, = a, Cs;, = 1+ §/4,
esr, = &, and gsr, = q to obtain ngr,.
(L) Finally, we define

16
My = max {1 + 52 M; g1, max{Ngr,, NpoT, nR2P, NSL } - Tl,RL} .

Let G be any (q,v¢"# m)-bi-jumbled graph with m > Mj vertices, and let
G’ be an arbitrary spanning subgraph of G with

5@ > (1= 5 +8) 156 (16

By (g,v¢"# m)-bi-jumbledness of G and vy > 2, we have

2 _ agVH?2 (15) )
gm® —vq"" m m
F&)>— > — = .
1B(G)] 2 2 - (1 4>q<2>

Hence (16) implies

B(&)| > (1 S - %) q(’;””) (17)

We claim that G’ is (égp, Crr)-bounded with respect to gq. Indeed, for
any two sets X, Y C V(G), |X|, |Y| > &rrm, we have

eq(X,Y) <eq(X,Y) < q|X||Y] +v¢""m+/|X||Y|

m m v (15)
<|1 _ XY <14+ — X||Y| < ¢ X|Y|.
< (1o ) v < (14 2= ) aXIi¥] 'S GuualX|i¥

Since G’ has at least My > M, g1, vertices, we can apply Proposition 8
(Sparse Regularity Lemma) to G' with parameters egr, = €, Cry,, and ¢ gy,

t
defined in (F). This yields an (g, g)-regular (e, G, t)-equitable partition |J V;
=0
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of V(G') such that tirr, <t < Tigr, and V1] = ... = |V;| = n, where
(1 —¢g)m/t <n<m/t.

Let G. be the subgraph of G’ obtained by removing all edges in the
following four sets:

By ={e€ E(G"): enVy # 0},

By= U {e€E(G): eCV;},

1<i<t

Bs= U {e€Ex(V;,V;): (Vi,V;) is not (¢, g)-regular in G'},
1<i<j<t

Bi= U {e€Ea(Vi,Vj):ea(Vi,V)) < aqn’}.

1<i<j<t
Since G’ is (€rL, Cry)-bounded, &gy, < 1/2T3 gy, and

Eram <m/2T gL < (1 —e)m/t <n <m/t,

for i = 1,2,3, | B;| can be bounded from above as follows:

my 2 t
By| < Crigem?, |B2| < CrLg ( ; ) -t, and |Bs| < Crrg (7) -5<2>.

By the definition of By, we have

o1 <en(2)(2)

Combining the above inequalities with m > 2, ¢ < /160, Cr1, = 1 + /4,
t > tgr,1 > 80/6, o =§/16, and § < 1 yields

e(G") —e(G.) < (CRL (8 + % + %) + %) qm?
1 o m
< ht =,
< CR1, (2€+ >+2> 4q<2>
<

( “55)+5)o(3)

(18)

é
47
From (17) and (18), we obtain

e(Ge) > <1—€_L1+5> (’;) (19)

We define the cluster graph F. of G’ as the graph with vertex set V(F,) =
{1,...,t} and edge set

) ={{i,i}: (V;,V}) is (e, q)-regular in G' and eg, (Vi, V;) > agn®}.

_|_
m
2

We claim that F,. contains a copy of Ky. To prove this observe first that,
since G' is (&rr, Cri)-bounded with respect to ¢, we have eg, (V;,V;) =
ec(Vi, Vj) < Crrgn® < Crrg(m/t)? for every 1 < i < j < t such that
ch(Vi’ V]) # 0.
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Now using (19), the fact that Crr, = 1+ 6/4, and the definition of F,, we
get

w02 e (e 8) (- 2) ()

Since m > My > 16/62, we have

1 ) 5\ t2 1\ #2

The above implies that F, contains K, as a subgraph by Turdn’s theorem [32]
(see also Exercise 7 on p. 189 in [7]). From this we now deduce that G’
contains H as a subgraph.
Without loss of generality assume {1,...,¢} C V(F,) is the vertex set of
a copy of Ky in F,.. Since G' is (ry,Cry)-bounded with respect to g, it
follows from the definition of F, that the subgraphs G [V;,V;] = G'[V;, V}],
1 <i<j <Y, satisfy
(i) Vil = [Vi| = m,
(i) Crugn® > e(G.[V;, Vj]) > agqn?,
(iii) G.[V;,V;] is (e, g)-regular.
Therefore, we can apply Lemma 9 (Slicing Lemma) with eg;, = ¢ < drap/3
(see (14)), agr, = a, Cs;, = Crr, = 1 + (5/4, and gs;, = ¢q. This yields
subgraphs J;; C G.[V;,V}], 1 <i < j </, such that
(IV) eJij (mu V]) = aqn27
(v) Jij is (3¢, g)-regular and 3¢ < drop.
Now let I' be the subgraph of G induced on V4 U ... UV, and let J be the
subgraph of T" defined by
I= U

1<i<j<t

Note that since G is (q,yq”Hm)—bi—jumbled, n>(1—¢e)m/t, and vy > 2
the graph I is (g, (v¢/(1 — )¢)g*¢n)-bi-jumbled. It follows from (15) and
t < Ty that vt/(1 — )l < yrop. Consequently, I' is (¢, YR2pq*¢n)-bi-
jumbled.

Furthermore, by (iv), J is (¢, n, p)-partite with p = p(n) = ag(n). By (v),
J is also (drap, q)-regular.

Clearly we can apply Proposition 10 (Regularity-to-Pair lemma) with
parameters arsosp = «, Orop = Opor, and grop = ¢ and deduce that J
satisfies PATIRy(dpor).

To conclude that J satisfies the conditions of Proposition 11 (Pair-to-
Tuple Lemma), we just need to show that for all U C V; and W C V},
i # j € [£], we have

(dH+3)/2
es(U,W) < 20w+ eor (£) n/[UW].

«
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From the (g,v¢"# m)-bi-jumbledness of G, p = aq, vy = (dg + Dy +1)/2,
and Dy > 2, we obtain

(Da+dp+1)/2
e (U, W) < ea(U,W) < Zjujiw| + (2) m/UTW]  (20)

P p\ (dr+3)/2
<Lwi+q (%) m/TOW]. (21)
Hence, we just need to show that ym < yporn. This, however, follows from
(15), m < nt/(1 —¢), and t < T} gr:

(1—e)ypor nt
Th rL 1-¢

ym < < yporn. (22)

Thus, we can apply Proposition 11 to J with d = dg, eéper = €rL, and
ppaT = g to infer that J satisfies property TUPLE(epor, dp).

Finally, we verify the hypothesis of Proposition 12 (Embedding Lemma).
The graph J is (¢,n, p)-partite and has property TUPLE(egy,dy). Simi-
larly as in (22) we obtain ym < qgpn. This together with (20) show that
J also satisfies (13). Hence, the conditions of Proposition 12 are met and
we can conclude that J C G’ contains at least (1 — ngr)p®n” = p®n/2 > 1
copies of H. O

5. SETS WITH LARGE NEIGHBORHOODS

The motivation for the results in this section already appeared in the
outline of the proof of Theorem 5. Indeed, recall that, in our discussion in
Section 3.2, we defined the hypergraphs B, (1 < r < Dpg), whose members
are the r-sets B of vertices of J with the joint neighborhood N;(B) over-
shooting a certain bound. In what follows, we shall make this more precise
and we shall prove the “local sparseness” condition of the B, mentioned in
Section 3.2.

¢
Definition 13. Let J be an (¢,n,p)-partite graph with {-partition |J V;.
j=1
For a given C > 1, we say that an s-set S C V(J) is C-exceptionally
neighborly if its common neighborhood in V; satisfies

IN;(S)NV;| > Cp'n

for some j € [€] so that SNV; = 0. The set S is C-reasonable if it is not
C-exceptionally neighborly.

The following lemma states that, under the technical hypothesis (23), in
an (£, n, p)-partite graph J there are only O(y2p??~1~%n) ways how to extend
a C-reasonable (s —1)-set into a C-exceptionally neighborly s-set, where the
implicit constant in the big O notation depends only on C, s, d, and «.
Lemma 14. For a given 0 < a < 1 and d > 0 suppose that an ({,n,p)-

‘
partite graph J with (-partition |J V; also satisfies the property that for
j=1
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alU CVyand W CVj, i # j € [{], we have

es U W) < 2w+~ (2) ny/ 0T (23)

Let s be a positive integer, let S C V(J) be any (s — 1)-set, let i # j € [{] be
such that SNV; =0, and suppose C is such that 1/p > C > 1/a > 1. Set

If [N;(S) N Vi < C*'p* ", then
Wii(S)] < 42(1/a)*(C — 1/a) 2C~ - Dp2d1-sn,

Proof. Let U C V; be a set of vertices of J containing the common neighbor-
hood of S and of size |U| = C* !p*~!n. Note that the definition of W;;(9S)
implies that

eJ(U, Wz](S)) > Cspsn‘Wij(S)‘ = Cp‘UHWU(S)‘
From inequality (23), we deduce that

(C — 1/a)p|U||Wi;(S)] < y(p/a)ny/|U||Wii(S),

whence, recalling that |U| = C* 'p*'n, the claimed bound on |W;;(5)|
follows. O

We now state three corollaries that we later use in our proofs. Although
these corollaries hold in more general settings, we prefer to present them in
the exact way they are used later.

Corollary 15. For a given 0 < o < 1 and a graph H, suppose that an
£

(¢,n, p)-partite graph J with (-partition |J V; satisfies the property that for
7j=1

alU CVyand W CVj, i#j€[l], we have
p P\VH
es(U,W) < ZUl[w] +4 (£) ™ n/IUTWT.

Set C =2/a > 1 and assume p < a/2 holds. Let S be an arbitrary subset
of V(J) not containing any C-exceptionally neighborly s'-set S' for every
1 <s' < Dg. Then, for every i € [{], the number of vertices y € V; \ S such
that S U {y} contains a C-exceptionally neighborly s'-set S' for some 1 <
s' < Dy 1s at most

2151 pep?r—1=DPup, (24)
where

c = 72(1/0/)21/1.172.

Proof. Fix i € [£]. Since S contains no C-exceptionally neighborly s'-set,
1 <" < Dy, the set SU{y} (y € V;\ S) will contain a C-exceptionally
neighborly s’-set with 1 < s’ < Dpg if and only if there exists a set of the
form S’ U {y} with S’ C S that is C-exceptionally neighborly.
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Fix S’ C S and suppose |S'| = s’ — 1, where 1 < s’ < Dy. We apply
Lemma 14, and conclude that the number of y € V; \ S such that S’ U {y}
is C-exceptionally neighborly is at most £ - cp®H1"5'p (we multiply by ¢
to account for all possible j € [¢]). We now take the union over all S’ C S,
S"| < Dy — 1, and get (24), as required. O

Corollary 16. For a given 0 < a < 1 and d > 0 suppose that an (£,n,p)-

l
partite graph J with (-partition |J V; satisfies the property that for all U C
j=1
Viand W CV;, i # j € [{], we have
+3)/

2
ny/|U[[W].

Set C =2/a > 1 and assume p < a/2 holds. Then

(a) all but at most £y%(1/a) 1 pdtln vertices € V; satisfy |[Nj(x) N
Vj| < Cpn for every j #i € [{];

(b) let x € V; be a vertex satisfying |Nj(xz) N V;| < Cpn for every j # i.
Then all but at most €y%(1/20%)pn vertices z' € V; \ {z} satisfy
INj(z,2") N V;| < C?p*n for every j # i.

P p\ @
W) < =— W -
es(U,W) < a’UH |+7(a)

Outline of the proof. The first part of this corollary follows from Lemma 14
applied with s = 1, S = 0, and d replaced with (d + 3)/2, by summing
\W;;(S)| for all j € [£], j # i. In the second part we use s =2 and S = {z}
instead of S = {). O]

6. PROOF OF THE EMBEDDING LEMMA (PROPOSITION 12)

The proof of Proposition 12, our embedding lemma, will generally follow
the same lines as the proof of (*), discussed in Section 3.2. We start with
some preliminary definitions and facts.

6.1. The Extension Lemma and clean embeddings. We first fix a
setup under which we shall work in this section.

Setup 17. Let H and J be graphs such that

£
(a) J is (£,n,p)-partite with L-partition |J Vj;
j=1

14
(b) H has h vertices, e edges, and an {-partition V(H) = |J Uj.
j=1

Recall that an embedding of H in J is an injective, edge-preserving map
f:V(H) = V(J) such that f(U;) C V; forall 1 < j < .

For a given C' > 1 we say that the embedding f of H in J is (Dg,C)-
reasonable if f(H) contains no C-exceptionally neighborly set of size at most
Dyg. Denote by R(H,J; Dy, C) the set of all (Dy, C)-reasonable embed-
dings of H in J.
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Moreover, for t € [h] and t-tuples F = (u1,...,u;) € V(H)! and X =
(x1,...,2¢) € V(J)E, let R(H,J, F, X; Dg,C) denote the set of all (D, C)-
reasonable embeddings f € R(H, J; Dy, C) such that f(u;) = z; for all ¢ €
[t]. Clearly, we may always assume that all u;, 1 < i < ¢, and all z;,
1 < i <t, are distinct. Set F* = {uy,... , us} and X5 = {z1,..., 24}

Below, for any graph H' and any t-tuple F' of vertices of H’', we write
w(H', F) for the number of edges in H' that do not have both endpoints
in . That is,

w(H',F) = |E(H")| — |[E(H'[F*")].

Let u1,...,up be the vertices of H. We denote by H;, 1 < ¢ < h, the
subgraph induced by wu1,...,u;, i.e., H; = H[{u1,...,u;}]. Recall that the
ordering uy, ..., up is d-degenerate if degy (u;) < d for all 1 <4 < h. We
now state the following lemma.

Lemma 18 (Extension Lemma). Let C > 1 be a given constant. Suppose
0<t<max{2,dy}, and let F € V(H)! and X € V(J)! be fized. Then

|R(H, J,F,X; Dy, C)| < Ch=0PmpulHF)ph=t,
In particular, if F5¢ C V(H) is a stable set, then
R(H,J,F,X; Dy, C)| < Ch-OPmpeph-t,
| ( yJy 4Ty Ay ) D

Proof. 1t is observed in [24] that there is a Dy-degenerate ordering ug, . .., up
of the vertices of H with F** = {u,... u;}. Fix such an ordering. We shall
prove

(*) for all t < i < h, we have
[R(H;, J,F, X; Dy, C)| < O 9P peHuF)pit, (25)
where H; = H[{ui,...,u;}].

We prove (*) by induction on i. The case in which ¢ = ¢ is clear. Now
suppose that ¢ < i < h and that (25) holds for all values smaller than i.
Since our ordering wq,...,up of the vertices of H is Dp-degenerate, we
have degy, (u;) < Dg. Therefore, if we let r = degpy, (u;) < Dpg, then
any (Dg,C)-reasonable embedding of H; ; can be extended in at most

C"p"n ways to a (Dg, C)-reasonable embedding of H;. Using the induction
hypothesis and the fact that w(H;, F') = w(H;_1, F) + r, we get

‘R(HZ"LF)XaDHaC” < Crprn"R(H’i—lajaan;DHac)’
< CDHprn . C(i_l_t)Dpr(Hi—l7F)ni_1_t

C(i—t)Dpr(Hh,F)ni—t’

verifying (25). This completes the induction step. Our lemma follows from
setting 1 = h in (25). O

Now we derive two corollaries of Lemma 18. Denote by Ry (H, J; Dy, C)
the set of all mappings f € R(H, J; Dy, C) for which f(H) is a non-induced
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copy of H in J. The next corollary shows that the set Ryi(H, J; Dy, C) is
small.

Corollary 19. Let C > 1 and n > 0 be fized and let p = p(n) = o(1) be a
function of n. Then there exists an integer no = na(p) such that if graphs J
and H satisfy Setup 17 for n > ns, then

|Rui(H, J; D, C)| < npn. (26)

Proof. Let n > 0, C > 1, integers h,¢ > 1, and a function p = p(n) = o(1)
be given. Let n; > 0 be such that

n

Pln) < pagmam (27)

for every n > nq.

Suppose that graphs H and J satisfy Setup 17 with n > ny. The case
in which h = 1 or H is a complete graph is clear, hence we assume h > 2
and H # Kj. To count non-induced (D, C)-reasonable embeddings of H
in J, we select an edge {z,2'} € E(J) and a pair u, u’ of distinct, non-
adjacent vertices of H. By Lemma 18 applied to F' = (u,u') and X = (z, '),
the number of (Dp, C)-reasonable embeddings f: V(H) — V(J) such that
f(u) =z and f(u') = 2’ is at most C(h=2Pupenh=2,

Since {z,2'} € E(J) can be selected in at most pn? ways, the ordered
pair X can be selected in at most 2pn? ways. Similarly, F can be selected
in at most 2(}21) ways. Therefore,

h
‘Rni(Ha J, DH,C)| S 4pn2 (2> . C(h72)DHpenh72 < h20(h*2)DHp6+1nh‘

The inequality |Rui(H, J; D, C)| < npn” follows from Dy < A(H) < h—1
and (27). O

The next two definitions introduce several important terms for our proof
of Proposition 12.

Definition 20. For ¢ > 0, we call an s-set S e-untypical if SNV; = 0 for
some j € [{] and
INJ(S)NVj| # (1 £ e)p’n.

To give some intuition behind Definition 21(i) below, we first recall that
we are dealing with a triangle-free graph H, and hence the neighborhood of
a vertex of H is stable. In view of Corollary 19, we may and shall basically
disregard non-induced embeddings of H in J. Putting these two observations
together, we see that we may disregard embeddings f of H in J in which
we have a vertex u in V(H) with f(Ng(u)) non-stable. Finally, we remark
that, in the inductive proof that will follow, we shall be interested in avoiding
e-untypical sets for f(Ng(u)).

Definition 21. Let graphs J and H be as in Setup 17 and let uy, ..., up
be any dg-degenerate ordering of the vertices of H. For (i)—(iii) below, we
suppose that 1 < ¢ < h.
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(i) Anembedding f: V(H;_1) = V(J) ise-polluted if the set f(Ng,(u;))
is stable but it is e-untypical. Otherwise f is called e-clean.

(ii) Set

Rpon(Hi,l, J;Dg,C)={f € R(H;_1,J;Dyu,C): f is e-polluted}.

(iii) Finally, we say that f: V(H;_1) — V(J) is e-perfect if f is e-clean
and f(H; 1) is an induced copy of H; 1 in J. We also set

Rpert(Hi—1,J;Du,C) = {f € R(Hi—1,J; Du,C): f is e-perfect}.
In Corollary 22 below, we estimate the size of Ryon(H;—1,J; Dg,C) for
1<i<h.

Corollary 22. Let ¢ > 0 and C > 1 be fixred. Let J and H be graphs
satisfying Setup 17 and let uy,...,up be any dy-degenerate ordering of the
vertices of H. Suppose 1 < i < h and set r = degy (u;). If J satisfies
TUPLE(e,dy) and H is triangle-free, then

IRpott(Hi—1,J; Dir, C)| < efCG=1=m)D pe(Hi-1)pyi=1,
In particular, if for a given n > 0 we set ¢ = €'(n, C, H) = n/LChPH | then
|Rpoll(Hi717 J; DH; C)| < npe(Hiil)niil
for all 1 <1 < h.

Proof. By definition, an embedding f € R(H; 1,J; Dy, C) is e-polluted if
f(NHZ(uZ)) is stable and e-untypical. Fix an r-tuple F such that Ft =
N, (u;). Note that we have

Rpoll(Hifl’J; DH’C) = UR(Hifla J, FaX;DHac)a
X

where the union is taken over all stable and e-untypical r-tuples X. There-
fore
‘Rpoll(Hi—la Ja DH7 C)‘ < Z ‘R(Hi—la ‘]ﬂ Fa X: DH) C)‘a (28)
X
where the sum is over the same set of r-tuples X.

Since J satisfies TUPLE;(¢e,dp), the number of r-tuples X that we are
summing over in (28) is at most e/n”, where r = degy, (u;) < dg. Observe
also that Ng,(u;) is a stable set in H;, because H; C H is triangle-free. We
now apply Lemma 18 to deduce from (28) that |Rpon(Hi—1,J; Du, C)| is at
most

eln’ - C(iflfr)DHpe(Hi,l)niflfr — €£C(i717r)DHpe(Hi,1)ni71

)

and our corollary follows. O



22 Y. KOHAYAKAWA, V. RODL, M. SCHACHT, P. SISSOKHO, AND J. SKOKAN

6.2. Proof of Proposition 12. Now we prove the Embedding Lemma.

Proof. Let H be any triangle-free, {-partite graph with A vertices and e
edges. We also fix any dg-degenerate ordering uj,...,up of the vertices
of H, and set H; = H[{uq,...,u;}] for every i, 1 <i < h.

Throughout this proof, we suppose that 0 < a, p < 1 and C =2/a > 1
are fixed constants. We shall prove by induction on ¢ that

(**) for all 1 < 4 < h and all § > 0, there are ¢; = ¢;(H,a,8) > 0,
~vi = vi(H, a,d) > 0 such that for a given function p = p(n) = o(1)
satisfying p%#n > 1 there is n(i) = n(i; H, a, §, p) such that if

(a) J is (£,n,p)-partite and n > n(i),
(b) for all U C Vj and W C Vjr, j # j' € [£], we have

p P\"H
es(U,W) < 20w + 5 (£) ™ ny/OTW],

(c) J satisfies TUPLE(g;,dy),
then
|R(H;, J; Dp, C)| = (1 + 8)peHn)p?, (29)
Note that Proposition 12 follows from (**) by taking § =7, ¢ = ep, v = 7,
and Ny(H, o, n,p) = n(h; H,a,n,p).

Clearly, when h > ¢ = 1, (**) holds with 1 = 6, 1 = n(1) = 1 for
any § > 0 and any p. Suppose now that 1 < ¢ < h and that (**) holds for
all smaller values of i.

For a given § > 0, set

S L
— MR\ 6’ 24Du D
andlet ¢; 1(H,a,d') and v;_1(H, a, ") be given by the induction hypothesis.
Furthermore, let &'(§'/2,C, H) be guaranteed by Corollary 22. We now
define

, 1)
g = min{&l(H;OZ,é')asl (%’C’H>’§}’ (30)
1/2
. &; !
o — e _1(H . 1
Vi min (2ilg(%)2”H_2) ,Yi-1(H, o, 8) (31)

For any p = p(n) = o(1) with p%n > 1, let n(i — 1) = n(i — 1; H,a, 8, p)
be given by the induction hypothesis to guarantee that
[R(Hi-1,7; Dy, C)| = (14 §")p* i)t~ (32)

for and graph J satisfying (a)-(c) for n > n(i — 1).
Now Corollary 19 tells us that for n > ny(8'/2),

!

S ,
[Rui (Hi-1, J; Dpr, ©)] < Sp 2™ (33)

holds for any (¢, n, p)-partite graph J.
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Finally, let n3 be such that p?n > h/e; and p < /2 for n > n3. We set

n(i) = max{n(i - 1), na(5'/2),ns}, (34)
and claim that this choice will do. Observe that we have
(1—-28)(1—3¢;) >1-4, (35a)
)
1+81+¢g) < 1+§, (35b)
§'Pr P < g (35¢)

Let J be a graph satisfying (a)-(c) for n > n(i). Then, in addition to
(32) and (33), the inequality

!

) , -
|Rpot(H;—1,J; Dg, C)| < gpe(H’_l)nz ! (36)

also holds because ¢; < '(¢'/2,C, H) (see Corollary 22).

We start by showing the lower bound on |R(H;,J;Dg,C)|. Let r =
degg. (u;) < min{i — 1,dg}. Note that then e(H; 1) = e(H;) —r. By our
choice of ¢; and n(7), the number of embeddings in R(H;_1,J; Dy, C) that
are either ¢;-polluted or non-induced is at most

!
2—p€(H"*1)ni71 — 5lpe(Hi,1)ni71 _ 5Ipe(Hi)7rni71
2
(see (33) and (36)). Hence, by (32), the number |Rpere(Hi—1,J; D, C)|

of ¢;-perfect embeddings of H; 1 in J is such that
(1-28")p?HD) i < |R e (Hi—1, J; D, C)| < (1+8")pH) i1 (37)

Given any such embedding f' € Rpert(Hi—1,J; Du,C), we estimate the
number of embeddings f € R(H;, J;Du,C) that extend f'. Let V; be
the vertex class into which we need to embed u;.> Since f' is ¢;-clean, by
Definition 21 we must have that either f'(Ng,(u;)) is not a stable set in J,
or f'(Ng,(u;)) is not e;~untypical.

Since H is triangle-free, the set Npg,(u;) is a stable set in H;. Since f' is
induced, the set f'(Ng,(u;)) is also a stable set. Hence, the second option
must be true, and, consequently,

[Ny (f (N, (ui)) N Vi| = p'n| < ep™n. (38)

Note that, to obtain an extension f of f’ that belongs to R(H;, J; Dy, C),
we only need to select f(u;) in (Ny(f'(Ng,(u;)))NV;)\ f'(V(Hi-1)) so that
f{(V(H;—1)) U {f(u;)} does not contain a C-exceptionally neighborly s'-set
for any 1 < s’ < Dy. We apply Corollary 15 with S = f/(V(H; 1)) and
obtain that at most

1,2 (C\" 2 wn-1-Dp, 8 .
2V ey 5 P n < gp'n (39)

3By definition, every embedding f must preserve the vertex classes of H, that is, if
u; € U]‘ then f(ul) € V}
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vertices in V; cannot be chosen as f(u;). The last inequality follows from
the fact that 2vyg — 1 — Dy = 2(DH—|—dH—|—1)/2—1—DH =dyg > r
and from (31). The reader may check that this tight inequality for the
exponents of p in (39) explains why we cannot reduce the exponent of ¢ in
the hypothesis of Proposition 12 that G should be (g, y¢"#m)-bi-jumbled.

From (38) it follows that the size of (N (f'(Ng,(u;)))NV;)\ £ (V(Hi-1))
is at least

(I—g)p"n—(h—1)>(1—2¢)p"n. (40)

Consequently, every embedding f' € Rpert(H;—1,J; D, C) can be extended
to an embedding f € R(H;,J; Dg,C) in at least

(40)

(N (' (Na, () O Vi) N\ (V(Hi-) | = ip'n S (1=3ei)p'n  (41)

ways. Combining (37) and (41) yields

. (35a) .
|R(H;, J; Dy, C)| > (1 —28")pH) it (1= 3g)p™n > (1 - 8)pHilnl.

For the upper bound, we need to show that |R(H;,J;Dyg,C)| < (1 +
§)peHi)nt, Fix an arbitrary f' € R(H;_1,J; Dy, C). The number of exten-
sions of f' to embeddings of H; in J is bounded from above by

| N (' (Vo (ui) | (42)

If, furthermore, f' € Rpert(Hi—1,J; Da,C), then we know that (38) holds
and hence the quantity in (42) is bounded by (14-¢;)p"n. Combining this fact
with the upper bound in (37), we obtain that the number of embeddings f €
R(H;,J; Dy, C) whose restrictions to V(H;_1) are in Rpert(Hi—1,J; Du, C)
is at most

o (H)r il (35b) h) oy i
(1+8)ptH) it 14 e)p'n < (14 2 pHint, (43)

We already know that (see (32) and (37))
|R(H;_1,J; Dz, C) \ Rpext(H;—1, J; Dz, O)| < 38'peH) =1,

Since r = deg;(u;) < dg < Dy and f' is (Dpg,C)-reasonable, each such
embedding f' gives rise to at most C"p"n embeddings f € R(H;, J; Dy, C).
Therefore, the number of embeddings f € R(H;,J; Dy, C) whose restric-
tions to V(H;_1) are not in Rperf(Hi—1,J; D, C) is at most

. (35¢) § .
361pe(Hi)frnzfl_Crprn < §pe(H,;)nz. (44)

From (43) and (44) we deduce that |R(H;, J; Dy, C)| < (14 8)p*Hn?, as
required. ]
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7. PROOF OF THE PAIR-TO-TUPLE LEMMA (PROPOSITION 11)

Recall first the statement we are proving: for given integers d > 1 and
£>1and reals 0 < o, ¢ < 1, we need to find § > 0 and v > 0 such that for
any function p = p(n) with p%n > 1 there exists Ny > 0 with the following
property: any (¢, n,p)-partite graph J, where n > Ny, such that

(i) for all U C V; and W C Vj, @ # j € [{], we have

p p (d+3)/2
esOW) < Zuwi++ (2)7 7 ny/TW (45)

(ii) J possesses PATR,()

also satisfies TUPLE(¢, d).
Let d, 4, o, and ¢ be given. Without loss of generality we may assume

d > 3 because (ii) implies TUPLE(e,d) for d = 1,2 and ¢ < § (we do
not need assumption (i) at all). Hence we must define § and v and, for a
given p = p(n), we must also define Ny and then show that this choice is
correct. Our proof uses a technique from [24, 28] (see Lemma 26 and the
proof of Lemma 43 in [24]) and is based on the following lemma which is a
well-known consequence of the Cauchy—Schwarz inequality.
Lemma 23. For all € > 0, there exists 0 < o = p(¢) < & such that, for any
family of real numbers {a; > 0: 1 <i < M} satisfying the conditions

(1) Zf\il a; > (1—p)Ma and

(2) ¥ af < (1+0)Ma’

for some a > 0, we have
[{é: |a; — a| < ea}| > (1 —e)M.

Our application of Lemma 23 will involve the sets 7 (I) defined at the
beginning of Section 3.5. We first show that for any ¢ > 0 there is 6 > 0 so
that if J possesses PAIR,(§), then for every fixed multiset I = {41,...,i,} C
[¢] with 3 < r < d, and for every j € [{] \ I, we can verify conditions
(1) and (2) for the number M = |T(I)| of r-tuples (x1,...,2,) € T(I),
a = p'n, and each a; corresponding to [Ny, (z1,...,%,)| for some r-tuple
(x1,...,xy) € T(I). This is formally done in the next fact. In what follows
we denote by

>

(z-)eT(I)
the sum over all (z1,...,2,) € T(I).

Fact 24. For every 0 < o < 1 there exist 6 = 6(d,l,a,0) and v =
v(d, ¢, a, 0) such that for every p = p(n) = o(1) with pn > 1 there is
an integer Ny = N4(d, ?, c, 0, p) with the following property: If an (£,n,p)-
partite graph J satisfies conditions (i) and (ii) above for n > Ny, then for
every multiset I = {i1,...,i,} C [{] with 3 <r < d, and for every j € [{]\1,
we have
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(1) > ‘ij(xl,...,xr)‘ =(1xpo)n" -p'n,
(zr)ET(I)

2 Y |Ny(er,.2)]P < (14 o0 (p7n)2
(z-)€T(I)

Comparing Lemma 23 and Fact 24, one may expect that the upper bound
in Fact 24(1) would not be necessary. However, it turns out that this upper
bound is required in the proof of Fact 24(2).

Now we are ready to define § and Ny: let o = p(c?) < €2 be the constant
guaranteed by Lemma 23 and 6 = 6(d, 4, a,0/3), v = v(d, ¢, o, 0/3), and
Ny = Ny(d, 4, o, 0/3,p) be given by Fact 24. Let N5 > 0 be such that for
any n > N5 and 3 < r < d, we have

r

- jg 3 S (=) (46)

Set N(] = maX{N4,N5}.
To prove that J satisfies TUPLE, (¢, d), we fix an arbitrary multiset I =
{i1,...,4,} C [{] with 3 <7 < d and any j € [{] \ I, and show that
Ny, (@1, - )| = (1% )

for all but at most en” r-tuples (x1,...,2,) € T(I).
By (10) and (46), we have

r

1+"Q/3 <(—r) <M=|TI)|<n (47)

By our choice of constants we can apply Fact 24 and obtain

Z ’ij.(xl,...,x,n)‘ > (1_§> nr‘prnu

(z-)ET(D)
Z |Nv, (%1, ... )P < (1 + g) n" - (p'n)?.
(zr)€T(I)

It follows from (47) that
Z ’NVJ.(:L’l,...,xT)‘ >(1—9o)M - -p'n,

(zr)eT(I)
and

>INy (@) < (14 0)M - (p"n)

(zr)e€TI)

We are now clearly in position to apply Lemma 23 with a = p"n and M =
'T(I)|. We deduce that

Ny, (z1,...,2z0)| = (1 & Hp'n=0+e)p"n

holds for at least

(47)< 14+¢

(1—e)M > 1+Q/3)(1—5)nr>(1—5)nr
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r-tuples (z1,...,2z,) € T(I). The last inequality follows from the fact that
0/3 < ¢ < 1. What remains to be proved is Fact 24.

Proof of Fact 2. Let 0 < p < 1, in additiontod > 3,£>2,and 0 < a < 1,
be given. We first set an auxiliary constant C' = 2/« > 1 and then we define

. 0 0 0
6 =4(d,? = 4
(@t =min{ ot L e (48)

and
ad+1 oad
v =7(d, ¢, a,0) = mln{ W} (49)
For any p = p(n) = o(1), p%n > 1, let Ny = N4(d ¢, a, 0,p) be such that
14
d 50
(1_5)5<pn an /8 < pn (50)
and
«
— 1
p< 3 (51)

for every n > Ny.
Now let an (¢, n, p)-partite graph J satisfy conditions (i) and (i
N4. We fix an arbitrary multiset I = {i1,...,i.} C [{], 3 <7

e[\ 1

To prove the lower bound in the first part of this fact, we observe

> V(e e \>ZH |V, ()] — 7). (52)

(z)eT(I) yev; k=1

Since J satisfies PAIR,(9), it follows that for all j € [¢]\ I and any i € I, at
least (1 — &)n vertices y € V; satisfy

‘NVi(y) - pn‘ < dpn. (53)

i) fo
< d

Since I contains at most ¢ distinct numbers, there are at least (1 —£d)n ver-
tices y € V; for which (53) holds simultaneously for all ¢ € I. Consequently,
(52) yields

Z ‘NVj(:cl,...,xr)‘ > (1—55)n((1—5)pn—r)r. (54)
(z)€T(I)
Applying the fact that (a—b)" > a" —ra" " 'bfora > b > 0and (1-6)pn > r
by (50) to the right-hand side of (54), we obtain
(1—£5)n((1—d8)pn—r)"
> (1= £)n [(1=8) (pn)" —r(1 = 8)" " (pn)""']

> (1 £8)" T n(pn)" <1 - (55)

)
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Since /(1 — §)pn < d/(1 —§)pn < § by (50), we deduce from (54) and (55)
that

Z ‘ij(xl, e ,a:r)‘ > (1 —4£8)"2n" - p'n. (56)
(z)€T()
Since § < p/£(d + 2) and r < d, we obtain
(1052 >1—(r+2)6>1—p.

Thus (56) becomes > ‘NV]. (r1,... ,xr)‘ > (1—po)n" - p'n.
(z-)eT(I)
To prove the upper bound in (1) of Fact 24, we first observe that

S Ve < Y0 T IV, ) (57)

(2)ET (D) yev; k=1

For each y € V; such that inequality (53) is satisfied for all ¢ € I, we have
r

T1 1V, )] < (1 + 8 (on)"

k=1
Since J satisfies PAIR,(), there are at most £dn vertices y € V; for which
inequality (53) fails for some i € I.

Define the set A= {y € V; : |Ny,(y)| < Cpn Vi € I}. Corollary 16(a)*

and (49) imply |A4| > (1 —£42(1/a)4 1 pHn > (1 (9/2)p?*1)n. Note that
for every y € A we have

TT 1, ()] < (Cpn)".
k=1

T
Finally, for every y ¢ A we have the trivial bound [] |Ny; (y)| <n". From
k=1
(57) we obtain

Z |Nv,(#1,...,2)| <n-(1+68)(pn)" + £én - (Cpn)" + gpdﬂn -n”
(zr)ET(I)

< ((1 +8)% + 50 + g) n" - p'n

(48)
< <1+§+§+§>nr-p’"n<(1—|—Q)nr-p’"n.

This concludes the proof of the first part of Fact 24.
Now we prove the second part of Fact 24. By counting in two ways the

pairs ((yl,yQ),(IUl,...,fUr)) such that (z1,...,2,) € T(I) and y1 # ys €
Ny, (@1,...,2r), we obtain the following inequality:

Z (‘ij(xlé,xr)‘>2| < Z H‘Nvik(ylay2)|’

(zr)eT(I) (y1,92)€T ({7,53) k=1

4Note that we need (45), C = 2/a, and (51) to verify the assumptions of Corol-
lary 16(a).
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or, equivalently,

T
PURNIACTHES RS DI | A5

(z-)eT(I) (y1,y2)€T ({4,5}) k=1
(zr)eT(I)
The second term on the right-hand side was already estimated in part (1):

(50)
Y INy (1,2 < (L4 n"p'n < gnr(prn)2. (59)

(zr)eT(I)
To estimate the first term in (58), we divide all pairs of vertices (y1,y2) €

T({j,7}) into four categories:
(a) pairs of vertices (y1,y2) such that

|Nv,, (y1,92) — p’n| < dp’n
holds simultaneously for £ = 1,...,r. The contribution of these pairs to the

sum > [T INv;, (y1,92)| is bounded from above by
(y1,92)€T ({5.53) k=1 '

r 2( ) 2
n? (14 8)Pn) < (148 n" - ()’ < (1+5)-n - rm)% (60)

(b) pairs of vertices (y1,y2) not included in (a) for which

[Ny, (y1,92)| < C*p’n

holds simultaneously for all k = 1, ..., r. Since J satisfies condition PATR,(4)
and I contains at most ¢ distinct values, there are at most £dn? pairs
r

not in (a). Their contribution to the sum > [T [Nv;, (y1,92)]
(y1,y2)€T ({4.53) k=1 '
is bounded by

(48)

48
e6n? - (C2p2n)r <6C?* " (p'n)? < =" (pTn)?. (61)

oo |

(c) pairs of vertices (y1,y2) for which y; or yo € A and
|Nv,, (y1,92)| > C?p°n

holds for some k € {1,...,r}. We estimate the number of these pairs as
follows: Suppose y1 € A and define

B={y€V;: y2 #y1, [Nv,, (y1,92)| > C?p?n for some k € {1,...,7r}}.
Then, by Corollary 16(b),

ty? (49) d

d
—2adpn <
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Thus, there are at most 2-(0/8C%)p?n - n pairs in (c), and, by the definition
T
of A, for each pair we have [] [Ny, (y1,y2)| < (Cpn)". Their contribution
k=1 i
to (58) is bounded by

-n" - (p"n)?. (62)

>R

Y r
4—0dpd”2 -(Cpn)" <

(d) pairs of vertices (y1,y2) for which y; ¢ A and y2 ¢ A. Since |A| >

(1 — (0/2)p™1)n, the number of such pairs is at most ((g/2)pd+1n)2. Their
contribution to (58) is bounded by

2
(gderln) .n" < g .. (prn)2. (63)

Using (58)—(63) above, we see that

Z |NVJ-(£U]_,...,ZU7A)|2

()T (1)
e e 0 0o @ 2 2
<(1+&848, 8¢ _) T 1 T
_( tgtgtgtagtyg)n@n) <d+on"(p"n)
which completes the proof of Fact 24(2). O
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